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Preface

The main theme of the book is in two concepts and how they pervade and
structure much of ring and module theory. They are a natural class, and a type
submodule. A natural class K of right modules over an arbitrary associative
ring R with identity is one that is closed under isomorphic copies, submodules,
arbitrary direct sums, and injective hulls. A submodule N of a right R-module
M is a type submodule if there exists some natural class K such that N ⊆ M
is a submodule maximal with respect to the property that N ∈ K. There are
also equivalent but somewhat technical ways of defining this notion totally
internally in terms of the given module M without reference to any outside
classes K. Equivalently a submodule N ≤ M is a type submodule if and only
if N is a complement submodule of M such that, for some submodule C ≤ M ,
N and C do not have nonzero isomorphic submodules and N + C = N ⊕C is
essential in M .

An attempt is made to make this book self contained and accessible to
someone who either has some knowledge of basic ring theory, such as beginning
graduate and advanced undergraduate students, or to someone who is willing
to acquire the basic definitions along the way.

A brief description of the contents of the book is given next. For some
readers such a description will only be useful after they have started reading
the book. The beginning Chapter 1 defines the more or less standard notation
used, and lists a few useful facts mostly without proof. Chapter 2 presents
all the module classes that will be used, among which are torsion, torsion free
classes, σ[M ], natural classes, and pre-natural classes. Chapter 3 utilizes chain
conditions relative to some module class K of right R-modules. These chain
conditions guarantee that direct sums of injective modules in K are injective,
or that nil subrings are nilpotent in certain rings. Chapter 4 develops the
basic theory of type submodules, and the type dimension of a module, which
is analogous to the finite uniform dimension. Here new chain conditions, the
type ascending and descending chain conditions, are explained and used to
obtain structure theorems for modules and rings.

Chapter 5 shows that the collection N (R) of all natural classes of right R-
modules ordered by class inclusion is a Boolean lattice. By use of this lattice,
new natural classes are defined and used to give module decompositions of
a module M as a direct sum of submodules belonging to certain natural
classes. A module M is a TS-module if every type submodule of M is a direct
summand of M . Extending or CS-modules are a very special case of a TS-
module. A decomposition theory for TS-modules is developed which parallels

v
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vi

the much studied theory of CS-modules. Chapter 6 studies the collection
N p(R) of all pre-natural classes of right R-modules. This complete lattice is
significant in several ways. First of all, it contains almost all the well and
lesser known lattices of module classes as sublattices. Many sublattices of
N p(R) are identified. Several connections between ring theoretic properties
of the ring R, and purely lattice theoretic properties of N p(R), or some of its
many sublattices are proved. Thus, N (R) is a sublattice of N p(R), but in
general not a complete sublattice. The interaction between a ring R and the
lattices associated to R is explored.

If ring theory is to progress, it seems that some new kind of finiteness or
chain conditions will be required, such as the type ascending and descending
chain conditions. Also, placing restrictive hypotheses on all submodules of
a module, or even only on all complement submodules, is too restrictive.
However, putting restrictions on the type submodules only is more reasonable.

At the time of this writing, this is the only book on the present subject.
Previously it was very inaccessibly scattered throughout the literature. More-
over, some results in the literature have been either improved or extended, or
proofs have been simplified and made more elegant.

We view this book not merely as a presentation of a certain theory, but
believe that it gives more. It gives tools or new methods and concepts to
do ring and module theory. So we regard the book as a program, a path, a
direction or road, on which so far we have only started to travel with still a
long way ahead.

The second author expresses his gratitude to his wife Hongwa and their son
David for their support and patience during this project, and he gratefully
acknowledges the support by the Natural Sciences and Engineering Research
Council of Canada.

John Dauns

Yiqiang Zhou

Copyright 2006 by Taylor & Francis Group, LLC



Note to the Reader

Lemmas, corollaries, theorems, etc. are labeled by three integers separated
by two periods. Thus (4.2.10) stands for Chapter 4, section 2, and item 10.

Chapter 1 and Chapter 2, section 1 (section 2.1) list many facts without
proof. In order to read the book, knowledge of the proofs of these facts is
not needed. Section 2.1 serves to give an overview of several previously used
module classes or categories so that the reader can see where the present
material fits into the broader picture.

One can read only certain parts of the book without going through every-
thing. However, Chapter 2, section 3 on natural classes and Chapter 4, section
1 on type submodules is basic for everything and should not be omitted. After
reading Chapters 2 and 4, the reader could go anywhere else in the book.

vii
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Chapter 1

Preliminary Background

Section 1.1 gives notation and terminology about rings and modules that
are used throughout. Then section 1.2 briefly outlines some material about
lattices.

1.1 Notation and Terminology

Some notation is introduced that will be used throughout.

1.1.1. Unless said otherwise modules M are right unital over a ring R with
identity. Submodules N are denoted by <,≤,⊂,⊆ as N ≤ M,N ⊂ M ,
etc. If it is understood that we have a submodule and we wish to emphasize
containment, ⊂ and ⊆ are used. Essential or large submodules are denoted
by “≤e” or “<e.” A nonzero module M is uniform if N ≤e M for every
nonzero submodule N of M .

For a module A and index set I, as usual, A(I) =
⊕

I A denotes the direct
sum

⊕
{Ai : i ∈ I} with Ai = A for all i ∈ I. Similarly, AI = ΠIA.

The injective hull of M is written as E(M) = EM . The latter is partic-
ularly useful if M is given by a complex formula. Note that M ≤e E(M).

For sets X and Y , the complement of Y in X is X \Y = {z ∈ X : z /∈ Y }.
Note that Y ⊆ X is not assumed. Sets are denoted as {x : x satisfies P}. The
cardinality of X is denoted by |X|, and P(X) = {A : A ⊆ X} = 2X denotes
the set of all subsets of X. Note that |P(X)| = |2X | = 2|X|.

For a function f : A −→ B of sets and for X ⊆ A, f |X : X −→ B
denotes the restriction of f to X. For Y ⊆ B, f−1(Y ) = f−1Y = {a ∈ A :
f(a) ∈ Y }; it is not required that Y ⊆ f(A). For a singleton {y}, write
f−1(y) = f−1({y}). If f : A −→ B is an R-module homomorphism or more
shortly an R-map, then Ker(f) = f−1(0) ⊆ A, Im(f) = f(A) ⊆ B are
submodules. If clear from context, we just say “f is a map” in place of “f is
an R-homomorphism of right R-modules”. For modules A and B, we write
A � B to mean that B is a homomorphic image of A.

1
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2 CLASSES OF MODULES

Throughout, Mod-R and R-Mod denote the categories of right and left R-
modules. The notation “MR” and “RM” mean that M is a right and a left
R-module, respectively.

1.1.2. For a given module M , a module V is M -generated if V ∼= M (I)/N for
some index set I and submodule N ≤ M (I). A module W is M -cogenerated
or M cogenerates W if W is isomorphic to a submodule of M I for some I
(notation W ↪→ M I). A class F of modules is cogenerated by a module M if
every W in F is cogenerated by M .

A module N is M -injective if for any submodule X ≤ M , every R-
homomorphism f : X −→ N can be extended to a homomorphism f̂ : M −→
N . A module M is quasi-injective if M is M -injective. It is known that M
is quasi-injective if and only if HomR(EM, EM)M ⊆ M where M is viewed
as a submodule M ≤ E(M).

For a right R-module MR and a subset X ⊆ M , define the annihilator
of X in R by X⊥ = {r ∈ R : xr = 0,∀x ∈ X} and write x⊥ for {x}⊥
for all x ∈ M . For a left R-module RM , if X ⊆ M and x ∈ M , then
⊥X and ⊥x are defined similarly. So if I is a subset of the ring R, then
I⊥ = {r ∈ R : ar = 0, ∀a ∈ I} and ⊥I = {r ∈ R : ra = 0, ∀a ∈ I}. For
N ≤ M and x ∈ M , (x + N)⊥ = x−1N = {r ∈ R : xr ∈ N}.

1.1.3. For a module MR, its singular submodule is Z(M) = ZM = {x ∈
M : x⊥ ≤e RR}, and its Goldie torsion (or second singular) submodule
Z2(M) = Z2M is defined by Z[M/Z(M)] = Z2(M)/Z(M). Then Z(M) ≤e

Z2(M). A module M is singular if M = Z(M), and nonsingular if Z(M) =
0; it is not singular if Z(M) 6= M . Thus nonsingular 6= not singular. The ring
R is said to be nonsingular if RR is nonsingular.

1.1.4. A submodule X ≤ M is said to be a complement submodule of M
if it satisfies one of the following two equivalent conditions: (i) There exists a
submodule Y ≤ M such that X is maximal among the submodules of M such
that X ∩ Y = 0 (such an X is also called a complement of Y in M); (ii)
For any X ≤e N ≤ M , N = X. In words, X does not have a proper essential
extension inside M . Because of the latter, complement submodules are also
called closed submodules.

For a submodule X ≤ M , any maximal essential extension C in M of X is
called a complement closure of X. One way to obtain it is to start with
any Y ≤ M such that X ⊕ Y ≤e M , and then take C ≤ M to be maximal
such that X ⊆ C but C ∩ Y = 0. In general, complement closures are not
unique.

Some useful properties of complement submodules are listed.
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Preliminary Background 3

1.1.5. Let X ≤ N ≤ M be modules.

1. TRANSITIVITY. If X is a complement submodule of N and N is a
complement submodule of M then X is a complement submodule of M
(see [66, Prop.1.5, p.15]).

2. N is a complement submodule of M if and only if for any Y ≤e M ,
(N + Y )/N ≤e M/N (see [30, Prop.3-3.5, p.41]).

3. For x ∈ M , N ≤e N + xR =⇒ x−1N ≤e R. The converse holds when
ZM ⊆ N . 2

1.1.6. Let M be nonsingular. Then N ≤ M is a complement submodule if
and only if Z(M/N) = 0. To see this, take any complement closure C of N
and any X ≤ M with X ⊕C ≤e M . “=⇒”. If N = C, then Z[(X ⊕N)/N ] =
(ZX ⊕ N)/N = 0, and M/N contains an essential nonsingular submodule
(X ⊕ N)/N by (1.1.5)(2). “⇐=”. If N 6= C, then 0 6= C/N = Z(C/N) ≤
M/N , a contradiction. 2

Since the following useful fact is often used and stated but seldom proved,
we give a particularly short and simple proof.

1.1.7. LEMMA. Let M be nonsingular and N ≤ M . Then N has a unique
complement closure in M .

PROOF. Let C1, C2 be two complement closures of N in M . Then N ⊆
C1∩C2. Consequently M/(C1∩C2) ↪→ M/C1⊕M/C2. Since M/C1⊕M/C2

is nonsingular by (1.1.6), also M/(C1 ∩ C2) is nonsingular. Hence again by
(1.1.6), C1 ∩ C2 is a complement submodule of M . So C1 = C1 ∩ C2 = C2.2

In view of (1.1.5)(3), for any modules ZM ⊆ N ≤ M , the unique comple-
ment closure of N in M is the module {x ∈ M : x−1N ≤e R}.

1.1.8. An extension of modules N ≤ M is rational if it satisfies any one of
the following equivalent properties:

1. For any N ⊂ A ≤ M , and any homomorphism f : A −→ M such that
the restriction f |N = 0, necessarily f = 0.

2. HomR(M/N,EM) = 0.

3. For any m1, 0 6= m2 ∈ M , m2(m−1
1 N) 6= 0.

If N < M is rational, upon taking m = m1 = m2 ∈ M\N , 0 6= m(m−1N) ≤
N shows that N ≤e M . If ZM = 0 and N ≤e M , then in (3), m−1

1 N ≤e R
for all m1 ∈ M , and since 0 6= m2 /∈ ZM = 0, m2(m−1N) 6= 0. So for a
nonsingular module M , the rational and essential submodules of M coincide.
A right ideal I of R is called dense if IR is rational in RR.

1.1.9. A right quotient ring of a given ring R is a ring S that contains R
as a subring so that the identity element of R is also the identity element of S
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4 CLASSES OF MODULES

and such that RR ≤ SR is a rational extension. A maximal right quotient
ring of R is a right quotient ring Q of R such that for any other right quotient
ring S of R, the inclusion map R −→ Q lifts to a monic ring homomorphism
S −→ Q. It is known that every ring R has a maximal right quotient ring
([66, Thm.2.29, p.58]).

As usual, we write Z, Q, R for the integers, the rationals, and the real num-
bers. For a positive integer n, Zn = Z/nZ denotes the ring of integers modulo
n or the Abelian group of order n.
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Preliminary Background 5

1.2 Lattices

Standard lattice definitions and concepts are used.

1.2.1. DEFINITION. A lattice L is a partially ordered set in which any
two elements x, y ∈ L have a least upper bound x ∨ y ∈ L and a greatest
lower bound x ∧ y ∈ L. Similarly for subsets {xγ : γ ∈ Γ},

∨
{xγ : γ ∈ Γ} =∨

γ∈Γ xγ =
∨

xγ denotes the least upper bound provided it exists at all, and
similarly for the greatest lower bound

∧
γ∈Γ xγ .

1.2.2. DEFINITION. A lattice L with largest element 1 ∈ L and least
element 0 ∈ L is complemented if for every x ∈ L there exists xc ∈ L with
x ∨ xc = 1 and x ∧ xc = 0.

Terms such as the following are used: complete lattice, modular lattice,
distributive lattice, lattice homomorphism.

1.2.3. DEFINITION. A Boolean lattice is a lattice L with least element
0 ∈ L and largest element 1 ∈ L, which is distributive and complemented.
“Boolean lattice” and “Boolean algebra” are synonyms.

1.2.4. DEFINITION. A ring (with or without identity) is a Boolean ring
if all of its elements x satisfy x2 = x. A Boolean lattice and a Boolean
ring are known to be equivalent concepts [71]. Therefore, for example, if L1

and L2 are Boolean lattices and f : L1 −→ L2 is a lattice homomorphism
which preserves zeros, but not necessarily ones, then f is also, equivalently, a
homomorphism of the Boolean rings L1 and L2, or of L1 and f(L1). Note that
if f(1) 6= 1 ∈ L2, then in general f does not preserve complements xc ∈ L1;
in fact, always f(xc) ≤ (f(x))c, where f(xc) 6= (f(x))c holds for x = 1.

1.2.5. DEFINITION. A Boolean lattice L can be specified by listing some
or most of its ingredients L = 〈L,∨,∧, c, 0, 1〉. For any set X, P(X) =
〈P(X),∪,∩, \, 0 = ∅, 1 = X〉.

The following is not used except a couple of times at the end of Chapter 6.

1.2.6. COMPLETION. Let R be a Boolean ring with 1 ∈ R. Then R is
nonsingular. For x, y ∈ R, x ≤ y means that x = yx; x∧y = xy, x∨y = x+y,
and 1 − x is the complement of x. The Boolean ring R is complete if every
subset of R has a least upper bound in this order (equivalently, a greatest
lower bound). Every Boolean ring R has a minimal completion Λ, where Λ is
a complete Boolean ring containing R densely (∀ λ1 < λ2 ∈ R, [λ1, λ2]∩R 6= ∅)
with Λ being unique over R ([71, pp.92-93]).

The completion Λ of R can be equivalently characterized in three ways ([13,
Thm.5, Cor.4, pp.26-27] and [71, Thm.11, p.93]):

1. Λ = ER is the injective hull of RR.
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6 CLASSES OF MODULES

2. Λ is the so-called Dedekind–MacNeille completion of the partially or-
dered set R.

3. Λ is the maximal ring of quotients of R.

Let X be a Boolean space, i.e., a compact Hausdorff space where the closed
and open (clopen) sets form a base for the topology. A field of sets on X
is a sublattice of the lattice P(X) in (1.2.5). By the Stone Representation
Theorem ([71, Thm.6, p.78]), every Boolean ring R is (isomorphic to) the
field of all clopen sets in some Boolean space X. An open set P ⊆ X is
called regular if P is equal to the interior of its closure P . For any set P , its
interior is X\(X\P ) where the upper bar denotes closure. For example, for
any x0 ∈ X, X\{x0} is open but not regular. The completion Λ of the above
R can be viewed as the field of all regular open sets in X by [71, Thm.11,
p.93].
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Chapter 2

Important Module Classes and
Constructions

Section 2.1 outlines the main facts about torsion theories. Proofs are not
given in section 2.1, because it is intended merely for giving definitions. Sec-
tion 2.2 develops the basic properties of the category σ[M ] subgenerated by
an arbitrary module M . It includes the Goldie torsion class in σ[M ]. The
next section 2.3 covers natural classes, which is a central topic here. Then sec-
tion 2.4 is about M -natural classes, which can be regarded as natural classes
relativized to the subcategory σ[M ] of Mod-R. The last section 2.5 on pre-
natural classes gives a generalization of natural classes. A natural class, or
an M -natural class, is a special case of a pre-natural class. Their importance
and usefulness will not become fully apparent until Chapter 6, where it will
be shown that almost all lattices of module classes associated to a ring are
sublattices of the lattice of pre-natural classes.

2.1 Torsion Theory

A brief outline of pretorsion, hereditary pretorsion, torsion, and hereditary
torsion classes is given, and how each of these corresponds to preradicals with
additional properties. Here in this section, unless said otherwise, all classes
of modules are in Mod-R and are closed under isomorphic copies.

Although all definitions here are in the category Mod-R, they can be ex-
tended and used in any full subcategory of Mod-R which has direct products
and sums, injective hulls, and is closed under extensions. A class of modules
will be said to be closed under Ext1R(·, ·), or closed under extensions, if when-
ever A and C belong to the class, and 0 −→ A −→ B −→ C −→ 0 is a short
exact sequence, then also B belongs to the class in question.

2.1.1. DEFINITION. The fact that a class of modules is closed under quo-
tient modules, arbitrary direct sums, submodules, extensions, arbitrary prod-
ucts, and injective hulls is indicated respectively by: /,

⊕
,≤,Ext1R(·, ·),Π,

and E(·). The following table defines seven classes of modules by defining
what they are closed under:

7
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8 CLASSES OF MODULES

Class Closed Under
Pretorsion /,

⊕
Hereditary pretorsion /,

⊕
,≤

Torsion /,
⊕

,Ext1R(·, ·)
Hereditary torsion /,

⊕
,≤,Ext1R(·, ·)

Pretorsion free ≤,Π
Torsion free ≤,Π,Ext1R(·, ·)
Hereditary torsion free ≤,Π,Ext1R(·, ·), E(·)

A module class is called stable if it is closed under injective hulls. Some
classes of modules are uniquely defined by certain functors, and also by sets
of right ideals called filters. Both are defined next.

2.1.2. DEFINITION. For functors ρ, σ : Mod-R −→ Mod-R, ρ is a sub-
functor of σ if for any morphism f : M −→ N , first ρM = ρ(M) ⊆ σ(M) and
secondly ρ(f) = σ(f)|ρ(M) is the restriction of σ(f) to ρ(M). A preradical
ρ is a subfunctor of the identity functor id : Mod-R −→ Mod-R.

For a preradical ρ and a module M , M is ρ-torsion if ρ(M) = M , and
ρ-torsion free if ρ(M) = 0. A submodule N of M is called ρ-dense in M
if M/N is ρ-torsion, and N is called ρ-closed in M if M/N is ρ-torsion free.
A preradical ρ is idempotent if ρ2 = ρ, i.e., ρ(ρM) = ρ(M) for all modules
M . A preradical ρ is called a radical if ρ(M/ρ(M)) = 0 for all modules M ,
and is said to be left exact if the sequence 0 −→ ρ(A) −→ ρ(B) −→ ρ(C) is
exact for every short exact sequence 0 −→ A −→ B −→ C −→ 0 in Mod-R.

Associated to a preradical ρ, there are two classes of modules in Mod-R,
namely Tρ = {N ∈ Mod-R : ρ(N) = N} and Fρ = {N ∈ Mod-R : ρ(N) = 0}.
Note that Tρ is a pretorsion class and Fρ is a pretorsion free class. Let T be
a pretorsion class. For any N ∈ Mod-R, let τ(N) = Σ{X ≤ N : X ∈ T }, and
then τ(N) is the unique largest submodule that belongs to T . Thus, T gives
rise to a preradical τ which is clearly idempotent. The next proposition can
be found in Stenström [112].

2.1.3. PROPOSITION. The following hold in the category Mod-R:

1. The correspondence ρ 7−→ Tρ between idempotent preradicals and pre-
torsion classes is bijective.

2. The correspondence ρ 7−→ Tρ between left exact preradicals and hered-
itary pretorsion classes is bijective.

3. The correspondence ρ 7−→ Tρ between idempotent radicals and torsion
classes is bijective.

4. The correspondence ρ 7−→ Tρ between left exact radicals and hereditary
torsion classes is bijective.
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Important Module Classes and Constructions 9

2.1.4. DEFINITION. A torsion theory for Mod-R consists of a pair
(T ,F) of classes of R-modules satisfying the following conditions:

1. T ∈ T ⇐⇒ ∀F ∈ F ,HomR(T, F ) = 0, and

2. F ∈ F ⇐⇒ ∀T ∈ T ,HomR(T, F ) = 0.

2.1.5. DEFINITION. For a class K of modules, set

F = {F ∈ Mod-R : HomR(K, F ) = 0,∀K ∈ K},
T = {T ∈ Mod-R : HomR(T, F ) = 0,∀F ∈ F};

and dually set

G = {G ∈ Mod-R : HomR(G, K) = 0,∀K ∈ K},
H = {H ∈ Mod-R : HomR(G, H) = 0,∀G ∈ G}.

Then (T ,F) is a torsion theory, called the torsion theory generated by
K, and T is the smallest torsion class containing K. Dually, (G,H) is also a
torsion theory, called the torsion theory cogenerated by K, and H is the
smallest torsion free class containing K.

2.1.6. Let T and F be classes of modules. Then the following hold:

1. There exists a class D such that (T ,D) is a torsion theory if and only if
T is a torsion class.

2. There exists a class C such that (C,F) is a torsion theory if and only if
F is a torsion free class.

3. If (T ,F) is a torsion theory, then T is a hereditary torsion class iff F is a
hereditary torsion free class. In this case, we call (T ,F) a hereditary
torsion theory. It is known ([112, Prop.3.2, p.141]) that a torsion
theory (T ,F) is hereditary if and only if F is closed under injective
hulls.

4. For a preradical ρ and the associated classes of modules Tρ and Fρ as
above, ρ is a left exact radical if and only if Tρ is a hereditary torsion
class if and only if Fρ is a hereditary torsion free class if and only if
(Tρ,Fρ) is a hereditary torsion theory. In this case, we simply write
that ρ = (Tρ,Fρ) is a hereditary torsion theory.

A torsion theory also defines a torsion submodule. For a discussion and
clear proof of the following, see Bland [11, pp.11-14].

2.1.7. TORSION SUBMODULE. Let (T ,F) be any torsion theory such
that τ is the left exact radical associated with T and M any module. Then
τ(M) = Σ{V : V ≤ M,V ∈ T } is the unique largest submodule of M in T ,
is fully invariant in M , and M/τ(M) ∈ F .
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10 CLASSES OF MODULES

There are different equivalent ways of describing hereditary pretorsion clas-
ses and torsion theories. We state the next proposition mainly for general
orientation purposes. It can be found in [112, Cor.1.8, p.138 and Prop.3.1,
p.141]. Below, we do not use the associated torsion free classes.

2.1.8. DEFINITION. For a ring R, a prefilter A is a nonempty set of
right ideals satisfying the following:

1. ∀A ⊆ B ≤ R, A ∈ A =⇒ B ∈ A;

2. ∀A ∈ A, B ∈ A =⇒ A ∩B ∈ A;

3. ∀x ∈ R,A ∈ A =⇒ x−1A ∈ A.

A prefilter A will be called a hereditary filter if also (4) below holds:

4. ∀B ≤ R,∀A ∈ A, if {a−1B : a ∈ A} ⊆ A, then also B ∈ A.

Prefilters and hereditary filters are sometimes called linear topologies and
Gabriel topologies, respectively.

For a prefilter A, set TA = {M ∈ Mod-R : x⊥ ∈ A,∀x ∈ M}.

2.1.9. PROPOSITION. The following hold in the category Mod-R:

1. The correspondence A 7−→ TA between prefilters and hereditary pretor-
sion classes is bijective.

2. The correspondence A 7−→ TA between hereditary filters and hereditary
torsion classes is bijective.

2.1.10. REMARK. For a module M , any prefilter A defines a topology on
M whose open subsets around the point 0 ∈ M are

{V ≤ M : m−1V ∈ A,∀m ∈ M}.

In other words, V ≤ M is open iff M/V ∈ TA. For an arbitrary v ∈ M , the
open neighborhood system of v is obtained from that of “0” by translation as
{v + V : V ≤ M,V is open}. We make no further use of this remark. The
completion of the topological space M is a module that so far has not been
extensively studied.

2.1.11. EXAMPLE. (1) The semisimple modules form a hereditary pretor-
sion class.

(2) The singular modules form a hereditary pretorsion class whose asso-
ciated left exact preradical is the functor Z, where Z(M) is the singular
submodule of M .

(3) The class of all Goldie torsion modules is, by definition, the smallest
hereditary torsion class containing the singular modules. Its associated left
exact radical is the functor Z2, where Z2(M) is the Goldie torsion submod-
ule of M . Note that both Z(M) ≤ Z2(M) are fully invariant in M , while
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Important Module Classes and Constructions 11

M/Z2(M) is nonsingular. Let G be the class of the Goldie torsion modules.
Then G = {N ∈ Mod-R : Z(N) ≤e N} is indeed a stable hereditary torsion
class; F = {N ∈ Mod-R : Z(N) = 0} is a hereditary torsion free class; fur-
thermore, (G, F) is a hereditary torsion theory, called the Goldie torsion
theory.

2.1.12. EXAMPLE. The hereditary torsion theory (T ,F) cogenerated by
E(R) is called the Lambek torsion theory. In this case, a module M is in
T if and only if HomR(M,E(R)) = 0; and clearly HomR(M,E(R)) = 0 if and
only if HomR(N,R) = 0 ∀N ≤ M . A right ideal I of R is dense if and only
if R/I ∈ T ; and this is the case if and only if Hom(J/I, R) = 0 ∀I ≤ J ≤ R
if and only if ⊥(a−1I) = 0 ∀a ∈ R (see [112, Prop.6.4, p.149]). Every dense
right ideal of R is essential in R; a ring R is right nonsingular if and only if
every essential right ideal of R is dense. Thus, for a right nonsingular ring,
the Goldie torsion theory and the Lambek torsion theory coincide.
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12 CLASSES OF MODULES

2.2 Module Class σ[M ]

For a ring R and an arbitrary R-module M , σ[M ] is the full subcategory of
Mod-R subgenerated by M . As shown in Wisbauer [131], most of the known
theorems in ring and module theory carry over to their analogues in σ[M ].
Later in sections 2.4 and 2.5 and other places, facts about σ[M ] will be used
for various purposes, in particular, to study the so called M -natural classes,
and pre-natural classes.

2.2.1. DEFINITION. For any ring R and any fixed right R-module M ,
the category σ[M ] is the smallest full subcategory of Mod-R consisting of
submodules of M -generated modules. That is,

σ[M ] = {N ∈ Mod-R : ∃I,∃V ≤ M (I) such that N ↪→ M (I)/V }.

Its morphisms are all possible module morphisms. Let N⊕(W/V ) ≤e M (I)/V
for N ∈ σ[M ] as above where W/V is a complement of N in M (I)/V . Then
N ↪→ M (I)/W as an essential submodule. Consequently, N ∈ σ[M ] if and
only if N ≤e M (I)/W for some I and some W ≤ M (I). Note that σ[RR] =
Mod-R.

It will be useful later that if the sum of modules make sense in σ[M ], then
that sum also belongs to σ[M ]. That is, σ[M ] is closed under arbitrary sums.

2.2.2. LEMMA. If Y is an R-module and Xi, i ∈ I, are submodules of Y
with all Xi ∈ σ[M ] (i ∈ I), then Σi∈IXi ∈ σ[M ].

PROOF. If g is the sum map g : ⊕i∈IXi −→ Σi∈IXi ≤ Y , and P = Ker(g),
then Σi∈IXi

∼= (⊕i∈IXi)/P ∈ σ[M ]. 2

The next lemma shows how categories of the form σ[M ] arise naturally.

2.2.3. DEFINITION AND LEMMA. For any class or set F of right
R-modules, select any set {Xi : i ∈ I} of representatives of isomorphy classes
of cyclic submodules of modules in F . That is, for any A ∈ F and a ∈ A
(where aR need not be in F), there exists i ∈ I for which aR ∼= Xi. Then
define “MF” by MF = ⊕{Xi : i ∈ I}. Note that the cardinal |I| is unique,
and MF is unique up to an isomorphism of the direct summands Xi, after
a permutation of the index set. Then the following hold for a class F of
modules:

1. σ[MF ] is the unique smallest hereditary pretorsion class containing F .

2. F is a hereditary pretorsion class iff F = σ[MF ].

PROOF. (1). It is straightforward to verify that σ[MF ] is a hereditary pre-
torsion class. The intersection of all hereditary pretorsion classes containing
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F is also a hereditary pretorsion class, which, moreover, contains σ[MF ]. It
only remains to show that F ⊆ σ[MF ]. For N ∈ F and x ∈ N , xR ↪→ MF
and so xR ∈ σ[MF ]. Thus N = Σ{xR : x ∈ N} ∈ σ[MF ] by (2.2.2).

(2) follows from (1). 2

2.2.4. COROLLARY. A class F of modules is a hereditary pretorsion class
iff F = σ[M ] for some module M . 2

The next lemma will be used several times later.

2.2.5. Let M be an R-module and xR be a cyclic R-module. Then xR ∈ σ[M ]
if and only if there exist x1, · · · , xn ∈ M such that x⊥1 ∩ · · · ∩ x⊥n ⊆ x⊥.

PROOF. The implication “⇐=” follows because σ[M ] is a hereditary pre-
torsion class.

“=⇒”. If xR ∈ σ[M ], then xR ⊆ M (I)/V where I is an index set and
V ⊆ M (I). Write x = (x1, · · · , xn) + V where (x1, · · · , xn) ∈ Mn. Then
x⊥1 ∩ · · · ∩ x⊥n ⊆ x⊥. 2

2.2.6. DEFINITION. For R-modules N and M , the trace of M in N is
defined to be

tr(M,N) = Σ{f(M) : f ∈ HomR(M,N)} ≤ N.

Recall that a module N is M -injective if for any X ≤ M and any map f :
X −→ N , f extends to f : M −→ N . It is a consequence of these definitions
that tr(M,EN) is an M -injective module. It is called the M -injective hull
of N , and denoted by EM (N) = tr(M,EN) ≤ E(N). For any set or class K
of modules, the trace of K in N is tr(K, N) = Σ{tr(M,N) : M ∈ K}. We say
that a module N is K-injective if N is M -injective for every M ∈ K.

2.2.7. LEMMA. Let N and M be modules and I any index set. The
following hold:

1. tr(M,N) ∈ σ[M ].

2. EM (N) ∈ σ[M ].

3. tr(M,EN) = tr(M (I), EN) = tr(σ[M ], EN).

PROOF. Since σ[M ] is a hereditary pretorsion class and tr(M,N) is a quo-
tient of a direct sum of copies of M , (1) follows. Similarly, (2) follows.

(3) For any module N , tr(M,EN) = tr(M (I), EN) ⊆ tr(σ[M ], EN). For
any A ∈ σ[M ] and any f : A −→ EN , we may assume A ≤ M (J)/V for some
J and V . Then f extends to f : M (J)/V −→ EN . Let π : M (J) −→ M (J)/V
be the canonical homomorphism. Then

f(A) ⊆ f(M (J)/V ) = (fπ)(M (J)) ≤ tr(M,EN).

2
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14 CLASSES OF MODULES

2.2.8. LEMMA. Let N and M be modules. If N is M -injective then N is
σ[M ]-injective.

PROOF. For any A ∈ σ[M ], A ≤ M (I)/V for some I and V . First, by
Mohamed and Müller [87, Prop.1.5], EM (N) is M (I)-injective. Then apply
[87, Prop.1.3] two times to conclude that first EM (N) is M (I)/V -injective,
and secondly, it is A-injective. 2

2.2.9. LEMMA. For any module N ∈ σ[M ], N ⊆ EM (N).

PROOF. Let N ≤ M (I)/V as in (2.2.1) for some I and some V ≤ M (I).
Then N = L/V for some L ≤ M (I). Let π : L −→ L/V be the canonical
homomorphism, and π : M (I) −→ EN be the extension of π to M (I). But
then N = π(L) ⊆ π(M (I)) ⊆ tr(σ[M ], EN) = EM (N) by (2.2.7)(3). 2

The next proposition is used frequently. It says that EM (·) behaves the
same as E(·).

2.2.10. PROPOSITION. For any module M , let Y ≤ X ∈ σ[M ] and
N ∈ σ[M ]. Then the following hold:

1. If Y is M -injective, then Y is a summand of X.

2. EM (X) = EM (Y )⊕ EM (Z) for some Z ≤ X.

3. If N = N1 ⊕ · · · ⊕Nm, then EM (N) = EM (N1)⊕ · · · ⊕ EM (Nm).

4. N is M -injective iff N = EM (N).

5. If N is M -injective, then N is quasi-injective.

PROOF. (1) If Y is M -injective, then Y is σ[M ]-injective, and hence is
X-injective. So Y is a summand of X.

(2) It follows from Y ≤ X ∈ σ[M ] that EM (Y ) ≤ EM (X) ∈ σ[M ]. Since
EM (Y ) is M -injective, EM (X) = EM (Y ) ⊕ V for some V by (1). Let Z =
X ∩ V . Then Z ≤ V and so EM (Z) = EM (V ) (since EZ = EV ). It follows
that

EM (X) =EM (Y )⊕ V

≤EM (Y )⊕ EM (V )
=EM (Y )⊕ EM (Z) ≤ EM (X).

(3) It suffices to show this for m = 2. Let pi : E(N1 ⊕ N2) −→ E(Ni)
(i = 1, 2) be the projection. We have

EM (N1)⊕ EM (N2) ⊆ EM (N1 ⊕N2) = EM (N),

since pj(EM (Ni)) = 0 if i 6= j. Since EM (N1) ⊕ EM (N2) is M -injective and
is essential in EM (N), it follows from (1) that EM (N) = EM (N1)⊕EM (N2).
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(4) EM (N) is clearly M -injective by its definition. Assume that N is M -
injective. Since N ⊆ EM (N) by (2.2.9) and N ≤e EM (N), it follows from (1)
that N is a summand of EM (N), and hence N = EM (N).

(5) If N is M -injective, then N is σ[M ]-injective, and hence is N -injective.
2

It is essential that in the previous proposition the modules X and N are in
σ[M ]. The next proposition, which appeared in [101], explains the case where
N may not be in σ[M ].

2.2.11. PROPOSITION. The following are equivalent for R-modules M
and N :

1. N is M -injective.

2. EM (N) ∩N is M -injective.

3. EM (N) ⊆ N .

PROOF. (1) =⇒ (2). Let f : K −→ EM (N) ∩ N be an R-homomorphism,
where K ≤ M . Because N is M -injective, f extends to an R-homomorphism
g : M −→ N . Note that g(M) ⊆ EM (N) and so g(M) ⊆ EM (N) ∩N . Thus,
EM (N) ∩N is M -injective.

(2) =⇒ (3). We may assume EM (N) 6= 0. Let T = EM (N) ∩ N . Then
T ≤e EM (N) ⊆ E(N) and hence EM (N) ⊆ E(T ) ⊆ E(N). It follows that
EM (T ) ⊆ EM (N). But if f ∈ Hom(M,EN), then f(M) ⊆ EM (N) ⊆ E(T ),
implying EM (N) ⊆ EM (T ). So, EM (N) = EM (T ). By (2), T is M -injective.
Note that T ∈ σ[M ]. Then T = EM (T ) by (2.2.10)(4). Therefore, EM (N) ⊆
N .

(3) =⇒ (1). Let f : K −→ N be an R-homomorphism, where K ≤ M .
Now f can be extended to g : M −→ E(N). Since g(M) ⊆ EM (N) ⊆ N , N
is M -injective. 2

2.2.12. DEFINITION. For M,N ∈Mod-R, N is defined to be M -singular
if N ∼= L/K for some L ∈ σ[M ] and K ≤e L; consequently, N ∈ σ[M ]. The
class of all M -singular modules is closed under submodules, quotient modules,
and direct sums. It then follows from this that for any N ∈Mod-R, Σ{V : V ≤
N,V is M -singular} is M -singular. This unique largest M -singular submodule
of N is denoted by ZM (N) = ZMN . Note that ZM (N) ⊆ EM (N) ∈ σ[M ]
even if N is not in σ[M ], and that ZM (N) ⊆ Z(N). N is called non M -
singular if ZM (N) = 0. For any A,B ∈ Mod-R and any R-map f : A −→ B,
since f(ZMA) ⊆ ZMB, ZM is a subfunctor of the identity functor of Mod-R.

Recall that a module M is Goldie torsion if and only if M = Z2(M). Con-
sequently, the class of Goldie torsion modules is precisely the class G = {M ∈
Mod-R : ZM ≤e M}. The latter is clearly closed under extensions and injec-
tive hulls, and it is easy to see that the class of Goldie torsion modules is the
unique smallest hereditary torsion class containing all the singular modules.

Copyright 2006 by Taylor & Francis Group, LLC



16 CLASSES OF MODULES

2.2.13. DEFINITION. For a given module M , the Goldie torsion class GM

in σ[M ] is GM = {N ∈ σ[M ] : ZM (N) ≤e N}.

2.2.14. LEMMA. The above class GM is the smallest hereditary torsion
class in the category σ[M ] containing all M -singular modules.

PROOF. Let C be a subclass of σ[M ] such that C contains all M -singular
modules and is closed under extensions. Then for any N ∈ GM , since
ZM (N) ≤e N ∈ σ[M ], N/ZM (N) is M -singular. From the short exact se-
quence 0 −→ ZM (N) −→ N −→ N/Z2(N) −→ 0 in σ[M ], it follows that
N ∈ C. Thus GM ⊆ C.

In order to show that GM actually is a hereditary torsion class in σ[M ],
it has to be shown that it is closed under the following operations: ≤, /,⊕,
and Ext1R(·, ·). For C ≤ A ∈ GM , we have ZM (A) ≤e A and hence ZM (C) =
ZM (A)∩C ≤e A∩C = C. So C ∈ GM . There exists a B/C ≤ A/C such that
ZM (A/C) ⊕ B/C ≤e A/C. Since [(ZM (A) ∩ B) + C]/C ⊆ ZM (B/C) = 0,
ZM (A) ∩ B ⊆ C. Since ZM (A) ≤e A, it follows that ZM (A) ∩ B ≤e B and
hence C ≤e B. So B/C = ZM (B/C) = 0. Thus ZM (A/C) ≤e A/C, so
A/C ∈ GM .

The closure of GM under arbitrary direct sums is clear.
For a short exact sequence 0 −→ A −→ B −→ B/A −→ 0 in Mod-R with

A,B/A ∈ GM , let D ≤ B such that ZM (B) ⊕ D ≤e B. Thus ZM (D) = 0.
Since ZM (A) ⊆ ZM (B) and ZM (A) ≤e A, A∩D = 0. Thus D ∼= (D+A)/A ≤
B/A and so ZM ((D + A)/A) = 0. Hence

ZM (B/A) ∩ (D + A)/A ⊆ ZM ((D + A)/A) = 0.

Since ZM (B/A) ≤e B/A, it follows that (D + A)/A = 0 and so D = 0. Thus
ZM (B) ≤e B. So if also B ∈ σ[M ], then B ∈ GM , and GM is closed under
extensions. 2

Some properties of the Goldie torsion theory in σ[M ] are described as fol-
lows. For any N ∈ σ[M ], by (2.2.14) N has a unique largest submodule in
GM , which is denoted by GM (N).

2.2.15. PROPOSITION. For any N ∈ GM and A ∈ σ[M ], the following
hold:

1. EM (N) ∈ GM .

2. GM (A) = A ∩ EM (ZMA) ∈ GM .

PROOF. (1) Since N ∈ σ[M ] and N ≤e EM (N) ∈ σ[M ], EM (N)/N ∈ GM .
From the short exact sequence 0 −→ N −→ EM (N) −→ EM (N)/N −→ 0,
we conclude that EM (N) ∈ GM .

(2) First, ZM (A) ≤e A ∩ EM (ZMA) ∈ GM . Suppose that ZM (A) ≤e L ≤
A. At this point the hypothesis that A ∈ σ[M ] is needed to conclude that
L ⊆ EM (L) ∩ A. But since ZM (A) ≤e L, EM (L) = EM (ZMA) and hence
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L ⊆ A∩EM (ZMA). Therefore, A∩EM (ZMA) is the unique largest submodule
of A that belongs to GM . So GM (A) = A ∩ EM (ZMA). 2

Whenever M is a generator of Mod-R, such as M = R, we have σ[M ] =
Mod-R, and concepts in σ[M ] become the usual ones in Mod-R. In particular,
EM (N) = E(N), ZM (N) = Z(N),GM = G, and GM (N) = Z2(N).

2.2.16. Recall that a nonzero submodule L of a module N is a rational
submodule if for every submodule A of N with L ⊂ A and every homomor-
phism f : A −→ N , f(L) = 0 implies that f = 0. The module N is strongly
uniform if every nonzero submodule of N is a rational submodule (see Stor-
rer [113, pp.621-622]). A synonym for strongly uniform is monoform (see
Gordon and Robson [69, p.11]). Thus 0 6= L ≤ N is a rational submodule iff
for any m1,m2 ∈ M with m2 6= 0, m2(m−1

1 L) 6= 0.
If M is strongly uniform, then M is uniform. For if L⊕mR ≤ M with L 6= 0

and m 6= 0, take m1 = m2 = m. Then m−1L = m⊥. Hence m(m−1L) =
mm⊥ = 0, a contradiction.

It is known that if U is uniform and nonsingular, then U is strongly uniform.
However, in the category σ[M ], U may be non M -singular but with U = Z(U)
singular.

2.2.17. LEMMA. Let U ∈ σ[M ] be uniform and non M -singular. Then U
is strongly uniform.

PROOF. If not, there exists a nonzero essential submodule L of U such that
L is not rational. Hence there exist m1 ∈ U, 0 6= m2 ∈ U with m2(m−1

1 L) = 0.
Then there is an epimorphism

(m1R + L)/L −→ m2R, m1r + L 7−→ m2r, r ∈ R.

But L ≤e m1R + L ∈ σ[M ] shows that m2R is M -singular, a contradiction.
2

2.2.18. For any module N ∈ Mod-R, let N = (EndREN)N ≤ EN be its
quasi-injective hull. Then

1. EM (N) is quasi-injective.

2. If N ∈ σ[M ], then N ⊆ N ⊆ EM (N).

PROOF. (1) This follows, since EM (N) is σ[M ]-injective, or see (2.2.10)(5).
(2) For f ∈ EndR(EN), we may assume that N ⊆ EM (N) ≤ M (I)/V for

some I and V , and f |N : N −→ EN extends to g : M (I)/V −→ EN . Hence
f(N) ⊆ tr(σ[M ], EN) = EM (N). Thus N ⊆ EM (N). 2

Since strongly uniform modules occasionally arise in the study of natural
and M -natural classes, we list a few of their known properties below.

2.2.19. Let U be any module and U = (EndREU)U its quasi-injective
hull. Then the following hold:
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18 CLASSES OF MODULES

1. U is strongly uniform iff EndRU is a division ring ([113, Prop.7.5, p.656]
or [69, p.103]).

2. U is strongly uniform iff U is ([113, Prop.7.5, p.656 and pp.622-624]).

3. If U is strongly uniform, there is a natural embedding EndRU ⊆ EndRU .
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2.3 Natural Classes

A key feature here is the concept of a natural class. Historically, many
results were first proven for the set N (R) of natural classes and then later
extended to the set N p(R) of pre-natural classes, since N (R) ⊆ N p(R).

When possible, we give the proofs for N p(R), but in such a way that the
relevant facts and conclusions for N (R) are transparent. For this reason, in
this section, we will state two theorems, but postpone the proofs to a later
section on pre-natural classes.

The operators “d” and “c”, which can be applied to any nonempty set or
class of modules, will be used frequently in this section as well as later on.

2.3.1. DEFINITION. For any nonempty class F of right R-modules, define
d(F) and a complementary class c(F) of d(F) as

d(F) = {N ∈ Mod-R : ∀0 6= W ≤ N,∃0 6= V ≤ W,V ↪→ A for some A ∈ F},
c(F) = {W ∈ Mod-R : ∀0 6= V ≤ W,V 6↪→ A for any A ∈ F}.

In words, d(F) consists of those modules N whose every nonzero submodule
W contains a nonzero submodule V which embeds into some module A of
F , while c(F) consists of all modules W which do not contain any nonzero
submodules V embeddable in some module A of F . Thus

c(c(F)) = {N ∈ Mod-R : ∀0 6= W ≤ N,W 6↪→ A for any A ∈ c(F)}
= {N ∈ Mod-R : ∀0 6= W ≤ N,∃0 6= V ≤ W,V ↪→ A for some A ∈ F}
= d(F).

Let F = {N ∈ Mod-R : N ↪→ A for some A ∈ F}. Most of the time we will
think in terms of F , for which the above definitions simplify as

d(F) = d(F) = {N ∈ Mod-R : ∀0 6= W ≤ N,∃0 6= V ≤ W,V ∈ F},
c(F) = c(F) = {W ∈ Mod-R : ∀0 6= V ≤ W,V /∈ F}.

An application of the very last formula to F in place of F shows that
c(c(F)) = c(c(F)) = d(F). We already saw that d(F) = c(c(F)). For this
reason, “d” and “c” are thought of as complementary operations. For example,
if F is the class of all singular modules, then c(F) is the class of all nonsingular
modules and d(F) is the class of all Goldie torsion modules.

Modules N ∈ d(F) can be regarded as being “F-dense”, because every
nonzero submodule of N contains a possibly smaller, but still nonzero sub-
module of F . Such modules N may be thought of as being locally in F .
Modules W ∈ c(F) can be regarded as being “F-free” (or free of F), because
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they do not contain any nonzero submodules of F . Note that 0 ∈ d(F) and
0 ∈ c(F), and that c(F) ∩ d(F) = {0}.

For a singleton set F = {P} for P ∈ Mod-R, we sometimes abbreviate
c({P}) = c(P ) and d({P}) = c(P ). If F = ∅, then the above definitions
require that c(∅) = Mod-R and d(∅) = {0}.

The concept of a natural class will be a unifying thread running throughout.

2.3.2. DEFINITION. A nonempty class K of modules is a natural class
(also called saturated class or type) if it is closed under submodules, arbi-
trary direct sums, and essential extensions (equivalently injective hulls). The
collection of all natural classes of right R-modules will be denoted by N (R).
When we will also be considering left modules, we will distinguish the natural
classes of left R-modules from the right ones by Nl(R) and Nr(R).

In order to work with natural classes, the following argument will be used
repeatedly later on, sometimes without mentioning that it is used.

2.3.3. PROJECTION ARGUMENT. Let Wα, α ∈ Λ, be any indexed
family of modules, and 0 6= x ∈ E(⊕α∈ΛWα). Then there exists α ∈ Λ, 0 6=
r ∈ R, and 0 6= w ∈ Wα such that 0 6= xrR ∼= wR ≤ Wα with (xr)⊥ = w⊥.
In other words, every nonzero submodule of E(⊕α∈ΛWα) contains a nonzero
submodule isomorphic to a submodule of some Wα.

2.3.4. The following hold for a nonempty class F of modules:

1. d(F), c(F) are natural classes, and d(F) ∩ c(F) = 0.

2. d(F) = c(c(F)) is the unique smallest natural class containing F .

3. ∀K ∈ N (R), K = c(c(K)).

PROOF. (1) By (2.3.2), d(F) ∈ N (R). The projection argument (2.3.3)
shows that c(F) is closed under injective hulls of arbitrary direct sums. Hence
c(F) ∈ N (R). It follows from (2.3.1) that d(F) ∩ c(F) = 0.

(3) For any 0 6= M ∈ c(c(K)), by (2.3.1) and Zorn’s Lemma, there exists
⊕α∈ΛVα ≤e M with 0 6= Vα ∈ K. Hence by (2.3.2), M ∈ K. Thus K =
c(c(K)).

(2) By (2.3.1), F ⊆ c(c(F)). If F ⊆ K ∈ N (R), then c(c(F)) ⊆ c(c(K)) =
K. Moreover, d(F) = c(c(F)) by (2.3.1). 2

2.3.5. COROLLARY. Every natural class K is closed under extensions.

PROOF. Suppose that 0 −→ A −→ B −→ C −→ 0 is exact with A,C ∈ K
but B /∈ K. So B /∈ c(c(K)) by (2.3.4)(3). Thus there exists a 0 6= D ≤ B
with D ∈ c(K). Then A∩D = 0, and 0 6= D ∼= (D+A)/A ↪→ C, contradicting
that C ∈ K. 2
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2.3.6. REPRESENTATIVE OF A NATURAL CLASS.

1. For any module A, d(A) = {B ∈ Mod-R : ∃I, B ↪→ E(A(I))}.

2. For any class F of modules, d(F) = d(MF ) (see 2.2.3).

3. ∀K ∈ N (R), K = d(MK) = c(Mc(K)).

For K,L ∈ N (R), define K ≤ L if K ⊆ L. This defines a partial order
on N (R) with smallest and largest elements 0 = {0} and 1 = Mod-R. For
K,L ∈ N (R), whenever their greatest lower and least upper bounds exist in
the poset N (R), they are denoted as K∧L and K∨L, and similarly for infinite
sups and infs of subsets of N (R). Later it will be shown that the collection
N (R) actually is a set. We call K ∈ N (R) an atom if K is an atom with
respect to the partial order in N (R), i.e., K 6= 0 and, whenever 0 6= L ≤ K
with L ∈ N (R), we have that L = K.

2.3.7. DEFINITION. A nonzero module A is atomic if d(A) is an atom
of N (R). It can easily be verified that a module A is atomic iff A 6= 0 and,
for any x, y ∈ A\{0}, xR and yR have isomorphic nonzero submodules.

2.3.8. DEFINITION. Let F be any nonempty set or class of modules. For
any module M , define

HF (M) = {N ≤ M : M/N ∈ F} and
HF (R) = {I ≤ R : R/I ∈ F}.

The proof below is omitted. Later, a more general proof is given for pre-
natural classes and see (2.5.6) for this. We let L(R) be the lattice of right
ideals of R.

2.3.9. The correspondence K 7−→ HK(R) from N (R) to P(L(R)), the power
set of L(R), is one-to-one. Hence |N (R)| ≤ |P(L(R))| ≤ 2|P(R)|.

In the same way as a torsion theory is determined by a filter of right ideals
of the ring, it will also turn out that a natural class (and later also pre-natural
class) can be determined by sets of right ideals, as in the next definition. This
definition first appeared in [136, 2.1]. Later we will expand it for pre-natural
classes in (2.5.7).

2.3.10. DEFINITION. A nonempty set A of right ideals of R is a natural
set of right ideals if the following hold:

1. If I, J ∈ A, then I ∩ J ∈ A.

2. If I ∈ A, then a−1I ∈ A for all a ∈ R.

3. If I /∈ A, then there exists a right ideal J of R such that J properly
contains I and a−1I /∈ A for all a ∈ J \I.
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A nonempty set B of right ideals of R is a torsion free set if B is a natural
set, and if B is closed under arbitrary intersections.

As already observed in Page and Zhou [98], it was the sets of the form
“HK(R)” which played a significant role in various module theoretic proofs.
The next theorem due to [136, 2.2] shows why these proofs are really proofs
about natural classes.

The proof of the next result is given in a more general context in (2.5.8).

2.3.11. THEOREM. For a set A of right ideals of R, the following are
equivalent:

1. A = HK(R) for some K ∈ N (R).

2. A is a natural set.

2.3.12. COROLLARY. For a natural class K and any R-module M , M ∈ K
iff x⊥ ∈ HK(R) for all x ∈ M .

The next proposition was proved in [99, Prop.20].

2.3.13. PROPOSITION. The following hold for a natural class K:

1. K is a hereditary torsion class iff, for any I ⊆ J ≤ R, I ∈ HK(R) implies
J ∈ HK(R).

2. K is a hereditary torsion free class iff HK(R) is closed under arbitrary
intersections.

PROOF. See [99, Prop.20]. 2

As seen in (2.1.9), there is a bijective correspondence between hereditary
torsion classes and hereditary filters. In [136, Prop.2.3] the following similar
and complementary result was obtained.

2.3.14. COROLLARY. For any ring R, there is a bijective correspondence
between hereditary torsion free classes of right R-modules and torsion free
sets of right ideals of R.

For the readers’ convenience we summarize in one place some of the ways
how a natural class can be described.

2.3.15. THEOREM. The following are equivalent for a class K of modules:

1. K is a natural class.

2. K = c(F) for a class F .

3. K = d(F) for a class F .

4. K = c(X) for a module X.
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5. K = d(Y ) for a module Y .

6. K = d(K).

7. K = d(MK).

8. K = c(Mc(K)).

9. HK(R) is a natural set.

Below, (3) was first observed in [99, Example (ii)]. See (3.1.18) for its proof.

2.3.16. EXAMPLES. All of the following are natural classes:

1. A hereditary torsion free class.

2. A stable hereditary torsion class.

3. K = {N ∈ Mod-R : E(N) is singular}.

4. K = {N ∈ Mod-R : Soc(N) ≤e N}.

PROOF. (1) and (2) are clear. See (3.1.18) for the proof of (3).
(4) If D is the class of all simple modules, then K = d(D), and by (2.3.4),

K is a natural class. 2

A natural class is, in general, not a hereditary torsion class or a hereditary
torsion free class. The torsion Z-modules is a natural class that is not closed
under products, and hence is not a hereditary torsion free class. The torsion
free Z-modules is a natural class that is not closed under quotient modules,
and hence is not a hereditary torsion class.

2.3.17. EXAMPLE. A natural class which is neither a hereditary torsion
class nor a hereditary torsion free class is given as follows.

Let R be the trivial extension of the ring Z and the Z-module ⊕∞i=1Zpi

where pi is the ith prime number, i.e., R =
{(

a x
0 a

)
: a ∈ Z, x ∈ ⊕∞i=1Zpi

}
,

with addition and multiplication as matrix addition and matrix multiplication.
Let

I0 =
{(

0 x
0 0

)
: x ∈ ⊕∞i=1Zpi

}
, I =

{(
0 x
0 0

)
: x ∈ Zp1

}
, and

J =
{(

0 x
0 0

)
: x ∈ ⊕∞i=2Zpi

}
.

Let K = d(J). Then K is a natural class and R/I ∈ K but R/I0 /∈ K. So K is
not closed under quotient modules and hence is not a hereditary torsion class.

Let Ii =
{(

a x
0 a

)
: a ∈ piZ, x ∈ ⊕∞i=1Zpi

}
. Then, for i ≥ 2, R/Ii ∈ K and

∩i≥2Ii = I0 and R/I0 /∈ K. Thus K is not closed under products and hence
is not a hereditary torsion free class.
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2.4 M-Natural Classes

After [98] was written about the injectivity of direct sums of singular in-
jective modules, it became apparent to these authors that the natural setting
for investigating the injectivity of direct sums of injectives, was an M -natural
class. Thus for the very first time M -natural classes were introduced in [99].
Later they were further studied in [135, 138], and many subsequent publi-
cations. Throughout, M is an arbitrary fixed R-module, and σ[M ] is as in
section 2.2.

2.4.1. DEFINITION. A subclass of σ[M ] which is closed under isomorphic
copies, submodules, arbitrary direct sums, and M -injective hulls is called
an M -natural class. The collection of all M -natural classes is denoted by
N (R,M).

The next lemma shows that M -natural classes are closed under essential
extensions inside σ[M ].

2.4.2. LEMMA. Let K be an M -natural class and X ≤e N ∈ σ[M ]. If
X ∈ K, then N ∈ K.

PROOF. Since X ≤e N , E(X) = E(N) and hence EM (X) = EM (N). By
(2.2.9), N ⊆ EM (N) ∈ K, and hence N ∈ K. 2

2.4.3. LEMMA. Let F be a subclass of σ[M ]. Then

1. d(F) ∩ σ[M ] is the unique smallest M -natural class containing F .

2. F is an M -natural class iff F = d(F) ∩ σ[M ].

PROOF. (1) Since d(F) is a natural class, d(F)∩σ[M ] is clearly closed under
submodules, direct sums, and M -injective hulls, and hence is an M -natural
class. Moreover, it is obvious that F ⊆ d(F) ∩ σ[M ]. Suppose that F ⊆ L
where L is an M -natural class. For N ∈ d(F) ∩ σ[M ], N contains as an
essential submodule a direct sum ⊕{Ni : i ∈ I} where all Ni ∈ F . Then
⊕{Ni : i ∈ I} ∈ L since L is closed under direct sums. Thus by (2.4.2),
N ∈ L. Thus d(F) ∩ σ[M ] ⊆ L, so (1) follows.

(2) follows from (1). 2

2.4.4. COROLLARY. A class F of modules is an M -natural class iff F =
K ∩ σ[M ] for some natural class K.

PROOF. One direction is by (2.4.3). Suppose that F = K ∩ σ[M ] where K
is a natural class. It is easy to see that F is closed under submodules, direct
sums, and M -injective hulls, and hence is an M -natural class. 2
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2.4.5. COROLLARY. Let K be an M -natural class and X ⊆ N ∈ σ[M ].

1. If N /∈ K, then there is a 0 6= Y ≤ N with Y ∈ c(K).

2. If X ∈ K and N/X ∈ K, then N ∈ K.

PROOF. (1) Since N ∈ σ[M ] but N /∈ K = d(K) ∩ σ[M ], N /∈ d(K). This
requires the existence of a 0 6= Y ≤ N with Y ∈ c(K).

(2) Suppose that N /∈ K. By (1) there exists a 0 6= Y ⊆ N such that
Y ∈ c(K). Since X ∈ K, it must be that X ∩ Y = 0. Thus, Y ↪→ N/X ∈ K,
showing that Y ∈ K, a contradiction. 2

The next definition appeared in [135, Lemma 1.5].

2.4.6. DEFINITION. Given an M -natural class K, a module U is K-
cocritical if 0 6= U ∈ K, but U/P /∈ K for any 0 6= P ⊂ U ; a submodule V of
U is called K-critical if U/V is K-cocritical.

This is the same as saying that 0 6= U ∈ K, but every proper nonzero
quotient U/P is in c(K). For if not, then by Zorn’s Lemma there exists an
A/P ≤ U/P maximal with respect to A/P ∈ K. Let B/P be the complement
of A/P in U/P . Then B/P ∈ c(K) and A/P embeds as an essential submodule
in U/B. By (2.4.2), this implies that U/B ∈ K with 0 6= B ≤ U . Hence
U/B ∈ K ∩ c(K) = {0} and hence U = B, a contradiction.

2.4.7. LEMMA. For an M -natural class K, suppose that U is a K-cocritical
module. Then the following hold:

1. Every nonzero submodule of U is K-cocritical.

2. U is strongly uniform (see 2.2.16).

3. ∀X ≤ U,∀Y ∈ K, every nonzero R-map X −→ E(Y ) is monic.

PROOF. (1) Let 0 6= B ≤ U . Then B ∈ K. Suppose that B/V ∈ K for some
0 6= V ⊂ B. Let C/V be a complement of B/V in U/V . Then B/V embeds
in U/C as an essential submodule. By (2.4.2), 0 6= U/C ∈ K, a contradiction.

(2) If not, then there exists an 0 6= L ⊆ U such that U is not a ratio-
nal extension of L. Hence by (2.2.16), there exist m1, 0 6= m2 ∈ U with
m2(m−1

1 L) = 0. Then m1 /∈ L and m1R + L is K-cocritical by (1). But

f : (m1R + L)/L −→ m2R, m1r + L 7→ m2r (r ∈ R)

is a well defined nonzero homomorphism. Then, with Ker(f) = U/L, 0 6=
(m1R + L)/U ∼= m2R ∈ K contradicts that m1R + L is K-cocritical.

(3) Let 0 6= f : X −→ E(Y ) for X ≤ U with Y ∈ K. Define 0 6= W =
f−1[Y ∩f(X)] ≤ X. Then Ker(f) ⊆ W , and f |W : W −→ Y . If Ker(f) 6= 0,
then 0 6= W/Ker(f) ∼= f(W ) ≤ Y shows that W/Ker(f) ∈ K. But by (1),
0 6= W ≤ U is K-cocritical, a contradiction. Hence Ker(f) = 0. 2
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Later, conditions will be given under which direct sums of M -injective mod-
ules belonging to an M -natural class K are M -injective. This will require that
K contains enough K-cocritical (uniform) modules. The condition (∗) in the
next definition will assure this. This condition was introduced in [99] and
[135].

2.4.8. DEFINITION. An M -natural class K satisfies the condition (∗) if
for any cyclic submodule 0 6= X ≤ M and every ascending chain C = {Xi}
with Xi ⊂ X and Xi ∈ HK(X) for each i, the union ∪iXi ∈ HK(X). Since
X = xR is cyclic with 0 6= x ∈ M , and since all Xi 6= X, we see ∪iXi 6= X.
Since every totally ordered set such as C contains a so called cofinal ordinal
indexed subset {X1 ⊆ X2 ⊆ · · · } ⊆ C such that, for every Y ∈ C, Y ⊆ Xi ∈ C
for some ordinal i, we may just as well assume that the above chain C is of
the form X1 ⊆ X2 ⊆ · · · ⊆ Xi ⊆ · · · < X and is indexed by ordinals i ≥ 1.

For any i, Xi = xIi, where Ii = x−1Xi, and X/Xi = xR/xIi
∼= R/Ii with

x⊥ ⊆ Ii. Equivalently, (∗) holds if, for every X = xR ≤ M with x ∈ M and
every chain x⊥ ⊆ I1 ⊆ I2 ⊆ · · · ⊆ Ii ⊆ · · · < R with Ii ∈ HK(R), we have
∪iIi ∈ HK(R). In particular, if R has ACC on HK(R), then K satisfies (∗).

Note that the difference between x⊥ and I1 is that R/x⊥ ↪→ M but pos-
sibly R/x⊥ /∈ K, while perhaps R/I1 6↪→ M , but R/I1 ∈ K. For a natural
class K, we can omit “x” and “M” altogether. Let M be the direct sum of
representatives of isomorphy classes of all cyclic R-modules. Then a natural
class is an M -natural class and all cyclics embed in M .

By definition, a natural class K satisfies (∗) if for any chain of right ideals
I1 ⊆ I2 ⊆ · · · ⊆ Ii ⊆ · · · < R with Ii ∈ HK(R), also ∪iIi ∈ HK(R).

2.4.9. EXAMPLES. The following M -natural classes K satisfy the condi-
tion (∗):

(1) The M -natural class σ[M ].
(2) An M -natural class K such that HK(X) satisfies the ascending chain

condition for any cyclic submodule X of M .
(3) By (2.2.14) and (2.2.15), the class GM = {N ∈ σ[M ] : ZM (N) ≤e N}

is an M -natural class because it is closed under M -injective hulls. Since it is
closed under quotient modules, it satisfies (∗).

(4) The same argument as in (3) shows that any hereditary torsion class in
σ[M ] that is closed under M -injective hulls satisfies (∗).

(5) Any stable hereditary torsion class is a natural class that satisfies (∗).
In particular, the class of all Goldie torsion modules satisfies (∗).

(6) The following example of a natural class K satisfying (∗) such that K is
not closed under quotient modules and HK(R) does not have ACC appeared
in [99, Example 5(3)].

Let R =
{(

a x
0 a

)
: a ∈ Z, x ∈ Z2∞

}
be the trivial extension of Z and the

Z-module Z2∞ . Then J =
{(

a x
0 a

)
: a ∈ 3Z, x ∈ Z2∞

}
is a maximal right
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ideal of R, and V = R/J is a simple module. Then

K = c(V ) = {N ∈ Mod-R : V 6↪→ N}

is a natural class. Nonzero right ideals of R are of one of the following forms:

It =
{(

0 x
0 0

)
: x ∈ Z2t

}
(t = 1, · · · ,∞),

I∞ =
{(

0 x
0 0

)
: x ∈ Z2∞

}
, and

Kn =
{(

a x
0 a

)
: a ∈ nZ, x ∈ Z2∞

}
(n = 1, 2, · · · ).

Then

HK(R) = {It : t = 1, · · · } ∪ {I∞} ∪ {Kn : n ∈ Z with (n, 3) = 1}.

Thus K does not have the ACC, and since R ∈ K, K is not closed under
quotient modules. 2

We next show how (∗) guarantees abundantly many K-cocritical modules.

2.4.10. LEMMA. Let K be an M -natural class satisfying (∗). Then every
nonzero cyclic submodule of M which also belongs to K has a K-cocritical
image.

PROOF. For a fixed cyclic module 0 6= xR ≤ M with xR ∈ K, by (∗) the
set {I < RR : x⊥ ⊆ I, 0 6= R/I ∈ K} 6= ∅ is inductive and contains a maximal
element J . Then xR has the K-cocritical image xR/xJ ∼= (R/x⊥)/(J/x⊥) ∼=
R/J . 2

In general, an M -natural class need not contain any nonzero cyclic submod-
ules of M . However, as seen in (2.4.8), for natural classes we can dispense
with M and xR ≤ M .

2.4.11. COROLLARY. Let K be a natural class satisfying (*). Then every
nonzero cyclic module in K has a K-cocritical image. 2

2.4.12. PROPOSITION. Suppose that K is an M -natural class satisfying
(*). Then every 0 6= N ∈ K has a K-cocritical subfactor B/A ∈ K where
0 ≤ A < B ≤ N .

PROOF. By (2.2.1), take N ≤e M (I)/W . Since W 6= M (I), without loss of
generality there is an element in M (I)/W which we may take to be of the form
0 6= x = (m, 0, · · · , 0, · · · ) + W with exactly one nonzero component m ∈ M
only. There is an r0 ∈ R with 0 6= xr0 ∈ N . Then

N ≥ xr0R + W

W
∼=

(mr0, 0, · · · , 0, · · · )R
(mr0, 0, · · · , 0, · · · )R ∩W

∼=
X

X1
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where the last isomorphism is obtained by taking the projection on the first
component in the numerator and denominator. Thus, X = xr0R, while

X1 = {mr0b : b ∈ R, (mr0b, 0, · · · , 0, · · · ) ∈ W} ∈ HK(X).

By (∗), the inductive set {Y : X1 ≤ Y < X, 0 6= X/Y ∈ K} has a maximal
element, say Y . Set A = Y/Y1 < X/X1 = B ≤ N . Then B/A ∼= X/Y ∈ K is
K-cocritical. 2
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2.5 Pre-Natural Classes

Pre-natural classes were first introduced in [138] and later exhaustively
studied in [142]. One reason for their importance is that they contain almost
all the other module classes which are of interest. The readers should recall
(2.2.5) for the next definition.

2.5.1. DEFINITION. A nonempty class K of modules is a pre-natural
class if it is closed under submodules, arbitrary direct sums, and tr(K, EN) ∈
K for every N ∈ K. Let N p

r (R) denote the collection of all pre-natural classes
of right R-modules, and similarly N p

l (R) for the left ones. As before for N (R),
we frequently abbreviate N p(R) = N p

r (R).

The following simple facts in the next two lemmas sometimes will be the
deciding factors in many subsequent arguments.

2.5.2. LEMMA.

1. For any module M , every M -natural class is a pre-natural class.

2. For any pre-natural class K, K is an MK-natural class.

PROOF. (1) If K ⊆ σ[M ] is an M -natural class, then for any N ∈ K,
tr(K, EN) ≤ tr(σ[M ], EN) = tr(M,EN) ∈ K. Since K is closed under sub-
modules, tr(K, EN) ∈ K, so K is a pre-natural class.

(2) In view of (2.5.2)(1), it suffices to show that for N ∈ K, tr(MK, EN) ∈
K. Since MK ∈ K, tr(MK, EN) ≤ tr(K, EN) ∈ K. As above, tr(MK, EN) ∈
K, and K is an MK-natural class. 2

We can now use the last lemma to conclude that pre-natural classes have
many of the same properties that M -natural classes have.

2.5.3. COROLLARY. Let K be a pre-natural class, and suppose that
P ≤e N ∈ σ[MK]. If P ∈ K, then N ∈ K. 2

2.5.4. LEMMA. Let F be a class of modules. Then

1. d(MF ) ∩ σ[MF ] is the smallest pre-natural class containing F .

2. F is a pre-natural class iff F = d(MF ) ∩ σ[MF ].

PROOF. We note that d(MF ) = d(F) by (2.3.6).
(1) By (2.4.3), d(F) ∩ σ[MF ] is an MF -natural class, and hence is a pre-

natural class by (2.5.2). Moreover, it is clear that F ⊆ d(F)∩σ[MF ]. Suppose
that F ⊆ L ∈ N p(R). By (2.5.2), L is an ML-natural class, and hence
L = K ∩ σ[ML] for some K ∈ N (R) by (2.4.4). Since F ⊆ K ∩ σ[ML],
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d(F) ⊆ K and σ[MF ] ⊆ σ[ML], so d(F) ∩ σ[MF ] ⊆ K ∩ σ[ML] = L. Thus,
(1) follows. And (2) follows by (1). 2

2.5.5. LEMMA. A class of modules is a pre-natural class iff it is the inter-
section of a natural class and a hereditary pretorsion class.

PROOF. One direction is by (2.5.4). Suppose that F = K ∩ L where K is
a natural class and L a hereditary pretorsion class. By (2.2.4), L = σ[M ] for
some module M . Thus, F = K ∩ σ[M ] is an M -natural class by (2.4.4), and
hence is a pre-natural class by (2.5.2). 2

2.5.6. THEOREM. The correspondence K 7−→ HK(R) from N p(R) to
P(L(R)), the power set of L(R), is one-to-one. Consequently, N p(R) =⋃
{N (R,M) : M ∈ Mod-R} is a set.

PROOF. For K,L ∈ N p(R), if HK(R) = HL(R), then K and L have the
same cyclics. Let 0 6= N ∈ K\L. Then for any x ∈ N , xR is in K and hence
in L. By (2.5.2), there exists a module M such that L ⊆ σ[M ] and L is an M -
natural class. Thus by (2.4.5), there exists a 0 6= Y ≤ N with Y ∈ c(L). But,
yR ∈ L for all y ∈ Y , a contradiction. Finally, N p(R) =

⋃
{N (R,M) : M ∈

Mod-R} by (2.5.2). 2

Let A be a nonempty set of right ideals, and set GA = ⊕{R/I : I ∈ A}.
If there exists a pre-natural class K such that A = HK(R), then MK ↪→ GA,
and in fact, σ[MK] = σ[GA]. Suppose that I ≤ R,R/I /∈ K = d(K) ∩ σ[MK].
So either R/I /∈ σ[GA], or R/I /∈ d(K). The latter implies that there is a
0 6= J/I ≤ R/I with J/I ∈ c(K). And the latter is equivalent to (3)(a) below.
It is not difficult to see why the next definition has the form that it has.

2.5.7. DEFINITION. For a nonempty set A of right ideals of R, set
GA = ⊕{R/I : I ∈ A}. Then A is called a pre-natural set if the following
conditions are satisfied:

1. If I ∈ A and J ∈ A, then I ∩ J ∈ A.

2. If I ∈ A, then a−1I ∈ A for all a ∈ R.

3. For I ≤ R with I /∈ A, at least one of (a) and (b) below holds:

(a) ∃J ≤ R such that I ⊂ J and a−1I 6∈ A for all a ∈ J \I.

(b) R/I /∈ σ[GA].

Recall that A is called a natural set if (1), (2), and (3)(a) are satisfied.

The next theorem was proved in two stages, first for a natural class in
[136] and later in [142, Prop.1.6] for a pre-natural class. We have already
encountered a result very similar to the next theorem, namely Proposition
(2.1.9).
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2.5.8. THEOREM. The following hold for a set A of right ideals of R:

1. A is a natural set iff A = HK(R) for some K ∈ N (R).

2. A is a pre-natural set iff A = HK(R) for some K ∈ N p(R).

PROOF. “⇐=” of (1) and (2). Assume A = HK(R). For right ideals I
and J of R and any a ∈ R, from R/(I ∩ J) ↪→ R/I ⊕ R/J and R/a−1I ∼=
(aR + I)/I ⊆ R/I it follows that (1), (2) of (2.5.7) hold.

In case (1), if I /∈ HK(R), then R/I /∈ K = d(K). The latter implies
that there exists a 0 6= J/I ≤ R/I with J/I ∈ c(K), or equivalently for any
a ∈ J \I, R/a−1I ∼= (aR + I)/I /∈ K, i.e., a−1I /∈ HK(R) = A. So (2.5.7)(3a)
holds.

In case (2), if I /∈ HK(R), then R/I /∈ K = d(K) ∩ σ[GA]. If R/I /∈
d(K), then (2.5.7)(3a) holds as above. Otherwise we have R/I /∈ σ[GA] and
(2.5.7)(3b) holds.

“=⇒” of (1) and (2). In either case, let K = {V ∈ Mod-R : x⊥ ∈ A for all
x ∈ V } and form HK(R) = {I ≤ R : R/I ∈ K} = {I ≤ R : x−1I ∈ A for all
x ∈ R}. It follows from (2.5.7)(2) that A ⊆ HK(R). If I ∈ HK(R), for x = 1,
I = x−1I ∈ A. So HK(R) = A.

Clearly, K is closed under submodules. Let V = ⊕iVi with each Vi ∈ K.
For any x ∈ V , write x = x1 +x2 + · · ·+xn with xi ∈ Vi. Then x⊥ = ∩n

i=1x
⊥
i .

Since each x⊥i ∈ A, x⊥ ∈ A and hence V ∈ K. Thus, K is closed under direct
sums.

We now assume A is a pre-natural set and show that K is an M -natural class
where M = GA. For V ∈ K, since the sum map f : ⊕{R/x⊥ : x ∈ V } −→ V
is surjective, V ∼= ⊕{R/x⊥ : x ∈ V }/Ker(f) ∈ σ[M ]. Thus K ⊆ σ[GA]. If
K is not an M -natural class, then for some N ∈ K, EM (N) /∈ K. Thus for
some 0 6= x ∈ EM (N), x⊥ 6∈ A. Since N ∈ K and K ⊆ σ[M ], N ∈ σ[M ],
which insures that R/x⊥ ∼= xR ∈ EM (N) ∈ σ[M ]. Thus (2.5.7)(3a) holds for
I = x⊥ /∈ A. Hence there exists a right ideal J of R such that x⊥ ⊂ J and
(xa)⊥ = a−1x⊥ /∈ A for all a ∈ J \x⊥. Thus every nonzero submodule of xJ
does not belong to K. Next, 0 6= J/x⊥ ∼= xJ ≤ EM (N), and 0 6= xJ ∩ N ≤
N ∈ K, a contradiction.

Assume A is a natural set. To show that K is a natural class, let N ∈ K
but E(N) /∈ K. Then for some 0 6= x ∈ E(N), x⊥ /∈ A. Using (2.5.7)(3a), we
get a J ≤ R as in the previous paragraph with 0 6= J/x⊥ ∼= xJ ≤ E(N), and
the rest of the proof is the same as above. 2.

2.5.9. REMARK. In the proof of “=⇒” of (2) above, reference to an
I /∈ A with R/I /∈ σ[GA] never occurred. This does not mean that the
latter condition could be omitted from the definition of a pre-natural set.
Condition (2.5.7)(3b) in the definition of a pre-natural set may be replaced
by the following condition (b̄).

(b̄) For any I ≤ R with R/I ∈ σ[GA] but I /∈ A, there exists an I ⊂ J ≤ R
with a−1I /∈ A for all a ∈ J \I.
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Natural classes and hereditary pretorsion classes are pre-natural classes.
The following example, which appeared in [138], gives a pre-natural class
which is neither a natural class nor a hereditary pretorsion class.

2.5.10. EXAMPLE. Let R =
{(

a x
0 a

)
: a, x ∈ Z

}
be the trivial extension

of Z and the Z-module Z. Let I =
{(

0 x
0 0

)
: x ∈ Z

}
and M = I. Set

K = d(M)∩ σ[M ]. Then K is a pre-natural class by (2.4.4). Clearly, K is not
closed under quotient modules and hence not a hereditary pretorsion class.
Note that M ∈ K. We consider E(M). Since M = I ≤e RR, E(M) = E(R).
Suppose that E(M) ∈ K. Then R ∈ K and hence R ∈ σ[M ]. It follows that R
is embeddable in a quotient of M (J) for an index set J . But MI = 0, implying
I = RI = 0, a contradiction. So E(M) /∈ K. Thus K is not a natural class.
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Chapter 3

Finiteness Conditions

Natural classes and pre-natural classes provide a nice setting for study of
chain conditions of rings and modules. For a fixed pre-natural class K of right
R-modules and a fixed right R-module M , the ascending chain condition and
descending chain condition on HK(M) are characterized in terms of certain
decomposition properties of modules in K. This gives a unifying treatment of
chain conditions of rings and modules in torsion theory and in the category
σ[M ], because of the fact that all hereditary torsion classes, hereditary torsion
free classes, and σ[M ] are pre-natural classes. When K is specialized to some
well-selected pre-natural classes that are not of the previous three kinds, then
new results are obtained by this approach.

Section 3.1 focuses on the ascending chain conditions, and section 3.2 con-
tains discussions on the descending chain conditions as well as applications
to endomorphism rings. Section 3.3 gives a connection between covers of
modules with the ascending chain conditions of rings.

3.1 Ascending Chain Conditions

For a fixed module M , and an M -natural class K, a certain chain condition
on submodules of M will guarantee that every direct sum of M -injective
modules in K is M -injective. This result arose out of [98] and was proved in
the above generality in [99] and [135]. It has many consequences.

In this section M is an arbitrary but fixed right R-module, and K ⊆ σ[M ]
is an M -natural class. We can write

K = c(F) ∩ σ[M ] = {N ∈ σ[M ] : ∀0 6= V ≤ N,∀W ∈ F , V 6↪→W}

where F is a module class. Recall that for N ∈ Mod-R,HK(N) is defined
by HK(N) = {P ≤ N : N/P ∈ K}; in particular HK(R) = {I ≤ R : R/I ∈
K}. We now investigate the ascending chain condition on HK(N) for various
modules N .

33
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3.1.1. LEMMA. For N ∈ σ[M ], suppose B1 ⊆ B2 ⊆ · · · ⊆ Bi ⊆ · · · is a
chain of submodules of N such that Bi+1/Bi ∈ K for all i. Let B = ∪{Bi :
i = 1, 2, · · · }. Then B/Bi ∈ K for all i.

PROOF. Let i be smallest such that B/Bi /∈ K. Note that K = c(F)∩σ[M ]
for a module class F . Then there exists a 0 6= X/Bi ⊆ B/Bi such that
X/Bi ↪→ F for some F ∈ F . Since X = ∪{X ∩ Bj : i ≤ j}, there exists
a smallest j such that j > i and (X ∩ Bj)/Bi 6= 0. So Bi = X ∩ Bj−1 =
X ∩Bj ∩Bj−1. Then

Bj/Bj−1 ≥ (X ∩Bj +Bj−1)/Bj−1
∼= (X ∩Bj)/Bi ≤ X/Bi ↪→ F.

All of the modules are not zero, and F ∈ F ⊆ c(K). This contradicts that
Bj/Bj−1 ∈ K. Thus all B/Bi ∈ K. 2

3.1.2. LEMMA. Let B1 ⊆ B2 ⊆ · · · ⊆ Bi ⊆ · · · ≤ N ∈ σ[M ] be a chain
as in (3.1.1). Then there exists a K ⊆ N such that N/K ∈ K, B1 ⊆ K, and
(Bi+1 +K)/(Bi +K) ∼= Bi+1/Bi for all i.

PROOF. If N/B1 ∈ K, then let K = B1 and we are done. The following
proof will work in general, irrespective of whether N/B1 ∈ K or not. As
before, set B = ∪{Bi : 1 ≤ i}. Then there exists a submodule B1 ⊆ K ≤ N
such that K/B1 is a complement of B/B1 in N/B1. Thus K ∩ B = B1 and
hence K ∩Bj = B1 for all j ≥ 1. Note that

Bi+1 ∩ (Bi +K) = Bi +Bi+1 ∩K = Bi +B1 = Bi.

Consequently for all i ≥ 1, we have

(Bi+1 +K)/(Bi +K) ∼= Bi+1/[Bi+1 ∩ (Bi +K)] = Bi+1/Bi.

Since K/B1 is a complement of B/B1 in N/B1, B/B1 embeds as an essential
submodule in N/K. Thus, EM (B/B1) ∼= EM (N/K). By (3.1.1), B/B1 ∈ K.
Hence EM (B/B1) ∈ K, showing that N/K ∈ K. 2

3.1.3. LEMMA. The following are equivalent for a module N ∈ σ[M ] and
an M -natural class K:

1. Every chain of submodules B1 ⊆ B2 ⊆ · · · ≤ N with all Bi+1/Bi ∈ K
terminates.

2. HK(N) has the ascending chain condition (abbreviation ACC).

PROOF. (1) =⇒ (2). This follows because K is closed under submodules.
(2) =⇒ (1). Suppose there exists a strictly ascending chain

B1 ⊂ B2 ⊂ · · · ⊂ Bn ⊂ · · ·
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of submodules of N such that Bi+1/Bi is in K for every i. We show that this
leads to a contradiction by constructing a strictly ascending chain

K1 ⊂ K2 ⊂ · · · with every N/Ki ∈ K.

By (3.1.2), there is a K1 ⊆ N such that N/K1 ∈ K, B1 ⊆ K1, and

(Bi+1 +K1)/(Bi +K1) ∼= Bi+1/Bi for all i.

Then
B1 ⊆ K1 ⊂ B2 +K1

and
B2 +K1 ⊂ B3 +K1 ⊂ · · ·

is a strictly ascending chain with (Bi+1 +K1)/(Bi +K1) in K for all i ≥ 1.
Suppose we have constructed K1,K2, · · · ,Kn such that all N/Ki are in K,

K1 ⊂ K2 ⊂ · · · ⊂ Kn, Kn ⊂ Bn+1 +Kn

and
Bn+1 +Kn ⊂ Bn+2 +Kn ⊂ · · ·

is a strictly ascending chain with

(Bi+1 +Kn)/(Bi +Kn) ∈ K for all i ≥ n.

Applying (3.1.2) to the chain

Bn+1 +Kn ⊂ Bn+2 +Kn ⊂ · · · ,

we have a Kn+1 ⊆ N such that

N/Kn+1 ∈ K, Bn+1 +Kn ⊆ Kn+1 ⊂ Bn+2 +Kn+1

and
Bn+2 +Kn+1 ⊂ Bn+3 +Kn+1 ⊂ · · ·

is a strictly ascending chain with

(Bi+1 +Kn+1)/(Bi +Kn+1) ∈ K for all i ≥ n+ 1.

The induction principle implies that there exists a sequence {Ki : i ∈ N} such
that

N/Ki ∈ K for all i and K1 ⊂ K2 ⊂ · · ·Kn ⊂ · · ·

is a strictly ascending chain. The lemma is proved. 2

3.1.4. COROLLARY. Let K be an M -natural class and Y ≤ N ∈ σ[M ].
Then HK(N) has ACC iff both HK(Y ) and HK(N/Y ) have ACC.
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PROOF. “=⇒”. The ACC on HK(N) clearly implies the ACC on HK(Y )
by (3.1.3). Any chain

B1/Y ⊆ B2/Y ⊆ · · · ⊆ Bi/Y ⊆ · · ·

in HK(N/Y ) gives rise to a chain

B1 ⊆ B2 ⊆ · · · ⊆ Bi ⊆ · · ·

in HK(N), and hence must be finite.
“⇐=”. Suppose that

X1 ⊆ X2 ⊆ · · · ≤ N

is a chain in HK(N). Thus,

X1 ∩ Y ⊆ X2 ∩ Y ⊆ · · · ≤ Y

and
(X1 + Y )/Y ⊆ (X2 + Y )/Y ⊆ · · · ≤ N/Y.

Since Y/(Xi ∩ Y ) ∼= (Xi + Y )/Xi ≤ N/Xi, we have that Y/(Xi ∩ Y ) ∈ K for
all i. By the ACC on HK(Y ), there exists an m such that Xm+s∩Y = Xm∩Y
for all s ≥ 0. Then for any j ≥ m, we have that

[(Xj+1 + Y )/Y ]/[(Xj + Y )/Y ] ∼= (Xj+1 + Y )/(Xj + Y )
∼= Xj+1/[Xj + (Xj+1 ∩ Y )]
= Xj+1/Xj ∈ K.

Because HK(N/Y ) has ACC, by using (3.1.3), there exists an n (n ≥ m) such
that Xn+k + Y = Xn + Y for all k ≥ 0. It follows that, for all k,

Xn+k = Xn+k ∩ (Xn + Y )
= Xn + (Xn+k ∩ Y )
= Xn + (Xn ∩ Y ) = Xn.

2

The next theorem is due to [99, Theorem 10].

3.1.5. THEOREM. The following are equivalent for an M -natural class K:

1. Every direct sum of M -injective modules in K is M -injective.

2. For every cyclic (or finitely generated) submodule A of M , any chain of
submodules B1 ⊆ B2 ⊆ · · · ≤ A with all Bi+1/Bi ∈ K terminates.

3. For any cyclic (or finitely generated) submodule A ⊆ M , HK(A) has
ACC.

4. R satisfies ACC on HK(R).
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PROOF. (1) =⇒ (2). Suppose that (2) fails. Then there exists a finitely
generated submodule A of M and a strictly ascending chain B1 ⊂ B2 ⊂
· · · ≤ A such that all Bi+1/Bi ∈ K. Set F = ⊕iEM (Bi+1/Bi) and B =
∪iBi. Let pi be the canonical map from Bi+1 onto Bi+1/Bi and `i be the
inclusion of Bi+1/Bi to EM (Bi+1/Bi). Because EM (Bi+1/Bi) is M -injective,
the map `ipi : Bi+1 −→ EM (Bi+1/Bi) extends to fi : M −→ EM (Bi+1/Bi).
Define f : B −→ F by πif(b) = fi(b), where πi is the projection of F onto
EM (Bi+1/Bi). Then f is well-defined. Since F is M -injective by (1), f
extends to g : A −→ F . Then f(B) ⊆ g(A) ⊆ ⊕mi=1EM (Bi+1/Bi) for some
m since A is finitely generated. Hence πif = 0 for all i > m. For b ∈ Bm+1,
0 = πm+1f(b) = fm+1(b) = b + Bm. This implies that Bm+1 = Bm, a
contradiction.

(2) =⇒ (1). By [87, Theorem 1.7, p.3], it suffices to show that every
countable direct sum of M -injective modules in K is M -injective. So let
N = ⊕∞i=1Ni, where each Ni ∈ K is M -injective. The generalized Baer’s
criterion ([87, Prop.1.4, p.2]) will be verified for N ; that is that for every
x ∈M , N is xR-injective. So let B ≤ xR and f : B −→ N a homomorphism.
Set Bk = {b ∈ B : f(b) ∈ ⊕ki=1Ni}. Thus B1 ⊆ B2 ⊆ · · · ⊆ Bi ⊆ · · · ≤ B and,
for all k ≥ 1,

Bk+1/Bk
φ
↪→ (⊕k+1

i=1Ni)/(⊕ki=1Ni) ∼= Nk+1 ∈ K
by φ(b+Bk) = f(b) +⊕ki=1Ni.

Thus Bk+1/Bk ∈ K for all k ≥ 1. By (2), there exists an m such that
Bm+i = Bm for all i. Consequently f(B) ⊆ ⊕mi=1Ni where the latter is M -
injective. Hence f extends to g : xR −→ N1 ⊕ · · · ⊕ Nm ⊆ N . Hence N is
M -injective.

(2) ⇐⇒ (3). It follows from (3.1.3).
(4) =⇒ (3). Every n-generated submodule A of M is an image of Rn. By

(3.1.4), (4) implies the ACC on HK(Rn) and further the ACC on HK(A).
(3) =⇒ (4). For any I ∈ HK(R), R/I is embeddable in a quotient of Y ,

where Y is a finite direct sum of cyclic submodules of M . In view of (3.1.4),
(3) implies the ACC on HK(Y ). Hence HK(R/I) has ACC again by (3.1.4).
Thus, we proved that HK(R/I) has ACC for every I ∈ HK(R). It follows that
HK(R) has ACC. 2

3.1.6. Recall [8, p.141] that a maximal direct summand of a module N is
any submodule K such that N = K⊕P for some indecomposable submodule
P ≤ N . A direct sum decomposition N = ⊕{Ci : i ∈ I} of a module N is
said to complement direct summands (complement maximal direct
summands) if for any direct summand (any maximal direct summand) K of
N , N = K ⊕ (⊕{Ci : i ∈ J}) for some J ⊆ I.

3.1.7. LEMMA. For a module decomposition D = ⊕{Dα : α ∈ Γ}, let Λ be
a subset of Γ such that (i) for α and β in Λ, Dα

∼= Dβ iff α = β, and (ii) for
any α ∈ Γ, Dα

∼= Dγ for some γ ∈ Λ. Set C = ⊕{Dα : α ∈ Λ} and let M be
a module.
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1. If C(N) is M -injective, then D is M -injective.

2. If all Dα (α ∈ Γ) are uniform M -injective and EM (C(N)) has a de-
composition that complements maximal direct summands, then C(N) is
M -injective.

PROOF. Partition Γ = ∪{Γt : t ∈ T} in such a way that, for α1 ∈ Γt1 and
α2 ∈ Γt2 , Dα1

∼= Dα2 iff t1 = t2. Therefore D = ⊕t∈T {Dα : α ∈ Γt}. For
each t, choose one αt ∈ Γt and let F = {αt : t ∈ T}. Then C ∼= ⊕α∈FDα.

(1) Let Γ be the disjoint union of {Γt : t ∈ T}. By [87, Theorem 1.7], C(N)

being M -injective implies that C(Γ) is M -injective. We have

D = ⊕t∈T {Dα : α ∈ Γt} ∼= ⊕t∈TDαt

(Γt)

⊆⊕ ⊕t∈TDαt

(Γ) ∼= (⊕t∈TDαt)
(Γ) ∼= C(Γ).

It follows that D is M -injective.
(2) Set E = EM (C(N)). By (2), E has a decomposition E = ⊕{Eα : α ∈ A}

that complements maximal direct summands of E. For each α ∈ F , set
A(α) = {β ∈ A : Eβ ∼= Dα}. Now for each n > 0 and each α ∈ F , the module
Dα

(n) is isomorphic to a summand of E. At this point, [8, Lemma 12.2] has
to be invoked to conclude that the cardinality of A(α) satisfies |A(α)| ≥ n.
Hence |A(α)| ≥ |N|. Let U = ∪α∈FA(α). Then C(N) is isomorphic to a
summand of ⊕UEα ⊆⊕ E. Therefore C(N) is M -injective. 2

3.1.8. THEOREM. The following are equivalent for an M -natural class K:

1. Every direct sum of M -injective modules in K is M -injective.

2. N (N) is M -injective for every M -injective module N ∈ K.

3. D(N)
0 is M -injective, where D0 = ⊕{EM (R/I) : I ∈ HK(R)}.

PROOF. (1) =⇒ (2) is obvious.
(2) =⇒ (3). Set E = EM (D0) ∈ K. By (2), E(N) is M -injective. Thus

E(HK(R)) is M -injective by [87, Theorem 1.7]. For each I ∈ HK(R), EM (R/I)
is a direct summand of E, and hence

D0 = ⊕{EM (R/I) : I ∈ HK(R)} ⊆⊕ E(HK(R)).

So D0 is M -injective. Thus D(N)
0 is M -injective by (2).

(3) =⇒ (1). First we note that if N = ⊕αEα such that each Eα ∼= EM (R/I)
for some I ∈ HK(R), then N is M -injective by (3) and (3.1.7). Now to show
(1), it suffices to show that every M -injective module P ∈ K is a direct
sum of modules of form EM (R/I) with I ∈ HK(R). Since xR ∼= R/x⊥ for
any x ∈ P , EM (xR) is isomorphic to EM (R/I) for some I ∈ HK(R). Set
F = {A : A is an independent set of nonzero cyclic submodules of P}. We
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define a partial order ≤ on F by A1 ≤ A2 iff A1 ⊆ A2. Then (F ,≤) is
an inductive set. By Zorn’s Lemma, there exists a maximal element, say A,
in F . Then

∑
X∈AEM (X) = ⊕X∈AEM (X) is M -injective as seen above.

Thus P = [⊕X∈AEM (X)]⊕ Y for some Y . But the maximality of A implies
that Y = 0. Therefore P = ⊕X∈AEM (X), with each EM (X) isomorphic to
EM (R/I) for some I ∈ HK(R). 2

3.1.9. Consider the following conditions on a module N :
(C1) Every submodule of N is essential in a direct summand of N .
(C2) For A,B ≤ N , if A ∼= B ⊆⊕ N , then also A ⊆⊕ N .
(C3) For A ⊆⊕ N and B ⊆⊕ N , if A ∩B = 0, then also A⊕B ⊆⊕ N .

The module N is extending if it satisfies (C1), and quasi-continuous if
it satisfies (C1) and (C3). Any direct summand of an extending module is
again extending [87, Prop.2.7, p.20]. If a module N is quasi-injective, then it
is quasi-continuous by [87, p.18].

3.1.10. A family {Nλ : λ ∈ Λ} of submodules of a module N is said to
be a local summand of N if the sum

∑
λ∈ΛNλ is direct, and every finite

direct sum of the Nλ’s is a summand of N . In this case, the sum
∑
λ∈ΛNλ

is also called a local summand of N . If every local summand of a module
N is a summand, then N is a direct sum of indecomposable modules by [87,
Theorem 2.17].

3.1.11. THEOREM. Let K be an M -natural class and N ∈ K be an
extending module. If HK(A) has ACC for every cyclic submodule A of M ,
then every local summand of N is a summand.

PROOF. Let Γ = {Xλ : λ ∈ Λ} be a local summand ofN andX =
∑
λ∈ΛXλ.

Since N is an extending module, X ≤e Y ⊆⊕ N for some Y . Then Y ∈ K is
an extending module. So without loss of generality, we can assume that

X ≤e Y = N ≤e EM (N) = Σ{f(M) : f ∈ Hom(M,EN)}.

We need to show that X = N . Suppose that X 6= N . There exists a smallest
positive integer t such that, for some x ∈ N \X and some fi ∈ Hom(M,EN)
(i = 1, · · · , t), x ∈ f1(M) + · · · + ft(M). Choose ai ∈ M (i = 1, · · · , t) such
that Σti=1fi(ai) ∈ N \X.

For gi ∈ Hom(M,EN) (i = 1, · · · , t), we denote by ⊕ti=1gi the sum map
M (t) −→ E(N) which maps (x1, · · · , xt) ∈M (t) to g1(x1) + · · ·+ gt(xt), and
denote by ⊕ti=1gi| the restriction of ⊕ti=1gi on a1R⊕ · · · ⊕ atR ≤M (t). Now
let

Ω = {Ker(⊕ti=1gi|) :[g1(a1R) + · · ·+ gt(atR)] ∩ (N \X) 6= ∅,
gi ∈ Hom(M,EN) (i = 1, · · · , t)}.

By the choice of t and the ai’s, we see that Ω is a non-empty subset of
HK(a1R ⊕ · · · ⊕ atR). Since each HK(aiR) has ACC by our assumption,
HK(a1R⊕ · · · ⊕ atR) has ACC by (3.1.4), and thus there exist y ∈ N \X and
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gi ∈ Hom(M,EM (N)) (i = 1, · · · , t), such that y ∈ g1(a1R) + · · · + gt(atR)
and Ker(⊕ti=1gi|) is a maximal element in Ω. Since X ≤e N , 0 6= yr ∈ X
for some r ∈ R. Let yr ∈ ⊕ni=1Xλi

. By assumption, N = (⊕ni=1Xλi
)⊕ Z for

some Z ⊆ N . Then E(N) = E(⊕ni=1Xλi) ⊕ E(Z). Let pZ be the projection
of E(N) onto E(Z). Write y = y1 +y2, where y1 ∈ ⊕ni=1Xλi , y2 ∈ Z. Clearly,
y2 /∈ X and yr = y1r. Let hi = pZgi (i = 1, · · · , t). Then

y2 = pZ(y) ∈ Σti=1hi(aiR) ⊆ E(Z).

Therefore, Ker(⊕ti=1hi|) ∈ Ω. It is easy to check that

Ker(⊕ti=1gi|) ⊆ Ker(⊕ti=1hi|).

Choose ri ∈ R (i = 1, · · · , t) such that g1(a1r1) + · · · + gt(atrt) = y. Then
Σti=1gi(airir) = yr 6= 0, but Σti=1hi(airir) = pZ(yr) = 0. Thus, we have

(a1r1r, · · · , atrtr) ∈ Ker(⊕ti=1hi|) \Ker(⊕ti=1gi|).

Hence
Ker(⊕ti=1gi|) ⊂ Ker(⊕ti=1hi|),

contradicting the maximality of Ker(⊕ti=1gi|). Hence X = N , and every local
summand of N is a summand. 2

The proof of a subsequent theorem here will require the following result
from [87, Theorems 2.17]. Note that an indecomposable extending module is
uniform.

3.1.12. The following are equivalent for a quasi-continuous module N :

1. Every local summand of N is a summand.

2. N is a direct sum of indecomposable (uniform) modules.

3. N has a direct sum decomposition that complements direct summands.

Finally we have essentially all the ingredients needed to explain the next
theorem due to [99, Theorem 16] and [135, Theorem 2.4]. A module M is said
to be c-generated if there is an indexed set {xt : t ∈ C} that spans M with
c = |C|. A module N is called Σ-quasi-injective if N (Λ) is quasi-injective
for every index set Λ.

3.1.13. THEOREM. The following are equivalent for an M -natural class
K:

1. Every direct sum of M -injective modules in K is M -injective.

2. Every M -injective module in K is a direct sum of uniform modules.

3. Every extending module in K is a direct sum of uniform modules.
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4. Every M -injective module in K has a direct sum decomposition that
complements direct summands.

5. Every module in K contains a maximal M -injective submodule.

6. Every quasi-injective module in K is Σ-quasi-injective.

7. There exists a cardinal c such that every M -injective module in K is a
direct sum of c-generated modules.

PROOF. Before beginning, note that anM -injective module in σ[M ] is quasi-
injective by (2.2.10)(5). As explained in (3.1.9), a quasi-injective module is
quasi-continuous and hence extending. Thus (3) implies (2).

(2) ⇐⇒ (4). Since a quasi-injective module is quasi-continuous, the claim
follows from (3.1.12).

(1) =⇒ (3). LetN ∈ K be an extending module. By (3.1.5), (1) implies that
HK(A) has ACC for any cyclic submodule A of M . The latter and (3.1.11)
show that every local summand of N is a summand. Hence, as explained in
(3.1.10), N is a direct sum of indecomposable modules. But every extending
indecomposable module is a uniform module, so N is a direct sum of uniform
modules.

(4) =⇒ (1). Let D = ⊕{Dα : α ∈ Γ} where all Dα ∈ K are M -injective.
Because of the equivalence (2) ⇐⇒ (4), each Dα is a direct sum of M -injective
uniform modules. Without loss of generality, we may assume that each Dα

is an M -injective uniform module in K. Then (4) ensures that (2) of (3.1.7)
holds, and hence D is M -injective by (3.1.7).

(1) =⇒ (5). For any N ∈ K, 0 is an injective submodule of N . By Zorn’s
Lemma, there exists a maximal independent set of M -injective submodules
of N , say X . Set X = ΣP∈XP = ⊕P∈XP . Then X is M -injective by (1).
Suppose that Y ≤ N is M -injective with X ⊆ Y . Then Y = X ⊕ Z for some
Z ≤ Y by (2.2.10)(1). Thus Z = 0, otherwise X ∪ {Z} is an independent
set of M -injective submodules of N , contradicting the maximality of X . It
follows that X is a maximal M -injective submodule of N .

(5) =⇒ (1). Let E = ⊕iEi be a direct sum of M -injective modules with
all Ei ∈ K. By (5), E has a maximal M -injective submodule, say E0. If
E0 ∩ Ei = 0, then E0 ⊕ Ei is M -injective. Therefore, the maximality of E0

implies that E0 ∩ Ei 6= 0 for all i. Moreover, E0 ∩ Ei is essential in Ei.
For, if A ⊆ Ei and A ∩ E0 = 0, then EM (A) ⊆ EM (Ei) = Ei and hence
EM (A)∩E0 = 0. It follows that EM (A)⊕E0 is M -injective. The maximality
of E0 implies that EM (A) = 0, so A = 0. Consequently, E0 ∩Ei ≤e Ei for all
i, and so E0 ≤e E. But E0 ⊆⊕ E by (2.2.10)(1), so E = E0 is M -injective.

(1) =⇒ (6). Let N ∈ K be quasi-injective. Then, for every index set I,
EM (N)(I) is M -injective by (1), and hence is EM (N)-injective. By [87, 1.7],
for any choice of mi ∈ EM (N) (i = 1, 2, · · · ) and a ∈ EM (N) such that
a⊥ ⊆ ∩∞i=1m

⊥
i , the ascending sequence ∩i≥nm⊥

i terminates. Thus, for any
choice of mi ∈ N (i = 1, 2, · · · ) and a ∈ N such that a⊥ ⊆ ∩∞i=1m

⊥
i , the
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ascending sequence ∩i≥nm⊥
i terminates. Since N is quasi-injective, it follows

from [87, 1.7] that N (I) is N -injective. So N (I) is quasi-injective by [87, 1.5].
(6) =⇒ (1). It suffices to show that HK(R) has ACC by (3.1.5). So let

I1 ⊆ I2 ⊆ · · · be an ascending chain of right ideals of R with all Ii ∈ HK(R).
Set N = ⊕iEM (R/Ii). Then N ∈ K. By (2.2.10)(1), for each i, EM (N) =
EM (R/Ii)⊕Xi for some Xi ≤ EM (N). Then

EM (N)(N) ∼= ⊕i[EM (R/Ii)⊕Xi] = [⊕iEM (R/Ii)]⊕ (⊕iXi).

Since EM (N)(N) is quasi-injective by (6), N is quasi-injective. Let I = ∪iIi.
For each i, we have a map fi : I/Ii −→ EM (R/Ii) defined by fi(a+Ii) = a+Ii
(for a ∈ I). Define f : I/I1 −→ N by πi(f(a + I1)) = fi(a + Ii), where πi
is the projection of N onto EM (R/Ii). Then f is well-defined, and thus f
extends to g : N −→ N since N is quasi-injective. It follows that f(I/I1) ⊆
g(R/I1) ⊆ N . Let x = g(1 + I1) ∈ N , where 1 is the identity of R. Then
f(I/I1) ⊆ xR ⊆ Σki=1EM (R/Ii) for some k, implying Ik+1 = Ik+2 = · · · = I.

(2) =⇒ (7). Since the set {EM (R/I) : I ∈ HK(R)} contains an isomorphic
copy of each uniform M -injective module in K, there exists a cardinal c (e.g.,
c = |⊕{EM (R/I) : I ∈ HK(R)}|) such that every uniform M -injective module
in K is c-generated. Consequently (2) implies that every M -injective module
in K is a direct sum of c-generated modules.

(7) =⇒ (1). It suffices to show that N (N) is M -injective whenever N ∈ K is
M -injective by (3.1.8). But the necessary argument has been given by Faith
and Walker (see [49] or the proof of [8, 25.8, p.293]). 2

3.1.14. REMARK. The class K = {N ∈ σ[M ] : N is non M -singular}
is an M -natural class. Applying (3.1.5) and (3.1.13) to this class yields the
characterizations of modules M for which direct sums of non M -singular M -
injective modules are M -injective.

3.1.15. COROLLARY. The following are equivalent for a natural class K:

1. R satisfies ACC on HK(R).

2. Every direct sum of injective modules in K is injective.

3. Every injective module in K is a direct sum of uniform modules.

4. Every extending module in K is a direct sum of uniform modules.

5. Every injective module in K has a decomposition that complements
direct summands.

6. Every module in K contains a maximal injective submodule.

7. Every quasi-injective module in K is Σ-quasi-injective.

8. There exists a cardinal c such that every injective module in K is a direct
sum of c-generated modules.
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3.1.16. REMARK. Let τ = (Tτ ,Fτ ) be a hereditary torsion theory. Ap-
plying (3.1.15) to Fτ yields the characterizations of rings R for which direct
sums of injective τ -torsion free R-modules are injective (see Golan [59]). In
particular, we obtain Teply’s characterizations of the rings R for which di-
rect sums of non-singular injective modules are injective when τ is the Goldie
torsion theory (see Teply [115]).

Next, we characterize the rings R for which direct sums of singular injective
R-modules are injective. The starting point is the following lemma.

3.1.17. LEMMA. For a module M , Z(EM) = EM iff, for any 0 6= X ≤M ,
X is not embeddable in R.

PROOF. Suppose EM is singular. If 0 6= N ≤ M and f : N ↪→ R is an R-
monomorphism, then E(N) ∼= E(f(N)) is singular and E(R) = E(f(N))⊕X
for some X. Write 1 = q + w, q ∈ E(f(N)) and w ∈ X. Then q⊥ is essential
in R, implying that q⊥ ∩ f(N) 6= 0. Hence

0 6= q⊥ ∩ f(N) = (q + w)(q⊥ ∩ f(N))

= w(q⊥ ∩ f(N)) ⊆ f(N) ∩X.

This is a contradiction.
Conversely, if E(M) is not singular, then x⊥ is not essential in R for some

0 6= x ∈ E(M). There exists a nonzero right ideal I of R such that x⊥∩I = 0.
Thus xI ∼= I ↪→ R. 2

3.1.18. COROLLARY. For a ring R, the class

S(R) = {N ∈ Mod-R : Z(EN) = EN}

is a natural class.

PROOF. It suffices to show that, for Wα ∈ S(R) (α ∈ Γ), E(⊕α∈ΓWα) ∈
S(R). If not, then there exists a 0 6= x ∈ E(⊕α∈ΓWα) and an embedding
xR ↪→ R by (3.1.17). By the projection argument (2.3.3), for some r ∈ R,
0 6= xrR ∼= wR ≤ Wα for some α ∈ Γ. Thus 0 6= wR ↪→ xR ↪→ R shows that
Z(EWα) 6= EWα, a contradiction. 2

For K = S(R), we now reinterpret (3.1.15) and obtain the following result
in [98].

3.1.19. THEOREM. Let S = S(R). The following are equivalent:

1. R satisfies ACC on HS(R) = {I ≤ R : Z(E(R/I)) = E(R/I)}.

2. Every direct sum of singular injective modules is injective.

3. Every singular injective module is a direct sum of uniform modules.

4. Every singular extending module is a direct sum of uniform modules.
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5. Every singular injective module has a decomposition that complements
direct summands.

6. There exists a cardinal c such that every singular injective module is a
direct sum of c-generated modules.

We next give a ring R such that S(R) is closed neither under quotient
modules nor under arbitrary products. So S(R) is neither a pretorsion class
nor a torsion free class. This explains that Theorem (3.1.19) can not be
obtained in Torsion Theory setting or in the setting of σ[M ]. We need the
following facts for the example.

3.1.20. PROPOSITION. Let R be a ring and S = S(R).

1. HS(R) contains all dense right ideals of R.

2. Let H1 be a non-empty subset of HS(R) which contains all dense right
ideals of R. Then H1 forms a Gabriel topology iff H1 is the set of all
dense right ideals of R.

PROOF. Note that I is a dense right ideal of R iff HomR(J/I,R) = 0 for all
right ideals J with I ⊆ J ⊆ R (see 2.1.12).

(1) If I is a dense right ideal of R, then clearly no submodules of R/I embed
in R. So I ∈ HS(R) by (3.1.17).

(2) The set of all dense right ideals of R is a Gabriel topology by (2.1.12).
Now suppose H1 is a Gabriel topology and I ∈ H1. If 0 6= f ∈ Hom(J/I,R),
where J ⊆ R, then Ker(f) = K/I for some K ⊆ J , and J/K embeds in R.
Thus, E(R/K) is not singular by (3.1.17). Hence K /∈ H1, contracting the
fact that H1 is a Gabriel topology. So HomR(J/I,R) = 0 for all right ideals
J with I ⊆ J ⊆ R. Thus, I is a dense right ideal. 2

3.1.21. PROPOSITION. Given a ring R, let S0 = ∩{I : R/I ∈ S(R)} and
Z0 = {r ∈ R : rI = 0 for some I ⊆ R with R/I ∈ S(R)}. Then the following
hold:

1. Z0 and S0 both are ideals of R.

2. S(R) is closed under quotient modules iff Z0 = 0.

3. S(R) is closed under arbitrary products iff S0 is essential in RR.

PROOF. Let S = S(R).
(1) Suppose r1, r2 ∈ Z0 and a ∈ R. Then there exist I1, I2 ∈ HS(R) such

that r1I1 = 0, r2I2 = 0. Hence (ar1)I1 = 0, (r1 + r2)(I1 ∩ I2) = 0, and
(r1a)(a−1I1) = 0. Since S(R) is a natural class by (3.1.18), I1 ∩ I2 and a−1I1
both are in HS(R) by (2.3.11). It follows that ar1, r1 − r2, and r1a all are in
Z0. Hence Z0 is an ideal.
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Suppose S0 is not an ideal. Then aS0 6⊆ I for some a ∈ R and some
I ∈ HS(R). Then ab /∈ I for some b ∈ S0. This implies that

0 6= (abR+ I)/I ∼= R/(ab)−1I = R/[b−1(a−1I)]

and thus b−1(a−1I) 6= R. But, on the other hand, we have

R/a−1I ∼= (aR+ I)/I ⊆ R/I ∈ S.

So R/a−1I ∈ S, since S is closed under submodules. Therefore, b ∈ S0 ⊆ a−1I
and we have b−1(a−1I) = R. This is a contradiction. So S0 is an ideal.

(2) First we note that S is closed under quotient modules iff S is a hereditary
torsion class iff HS(R) is a Gabriel topology iff, by (3.1.20), HS(R) is the set
of all dense right ideals of R.

Suppose 0 6= x ∈ Z0. Then I ⊆ x⊥ ⊂ R for some I ∈ HS(R). Since
R/x⊥ ∼= xR, we have Hom(R/x⊥, R) 6= 0. Hence x⊥ is not a dense right ideal
of R. It follows that I is not a dense right ideal.

For the converse, suppose Z0 = 0. If I ∈ HS(R), then a−1I ∈ HS(R) for
any a ∈ R by (3.1.18) and (2.3.11). So ⊥(a−1I) = 0 since Z0 = 0. Hence I is
a dense right ideal of R by (2.1.12).

(3) Suppose S0 is an essential right ideal of R. Let M = ΠtMt with each
Mt ∈ S. Then E(M) = ΠtE(Mt). For any x ∈ E(M), write x = (xt) with
xt ∈ E(Mt) for all t. We have x⊥t ∈ HS(R) since E(R/x⊥t ) ∼= E(xtR) ⊆
E(Mt) and E(Mt) is singular. Then S0 ⊆ x⊥t for all t, implying xS0 = 0. It
follows that E(R) is singular. Therefore, M ∈ S.

Now suppose S is closed under arbitrary products. Then E(R/S0) embeds
in Π{E(R/I) : I ∈ HS(R)} ∈ S. So E(R/S0) ∈ S and hence S0 ∈ HS(R). It
follows by (3.1.17) that S0 is an essential right ideal of R. 2

3.1.22. EXAMPLE. There exists a ring R such that S(R) is closed neither
under quotient modules nor under arbitrary products.

Let R1 = Z and R2 =
{(

a x
0 a

)
: a ∈ Z, x ∈ Z2∞

}
. And let R = R1×R2 be

the direct product of rings. Let A =
{(

0 x
0 0

)
: x ∈ Z2∞

}
. Then A is an ideal

of R2, and so I = R1 ×A is an ideal of R.
Claim 1. R/I ∈ S(R). First, (R/I)R ∼= (R2/A)R which has no nonzero

submodules embeddable in (R1)R. Since AZ is torsion and (R2/A)Z is torsion
free, AZ and (R2/A)Z have no nonzero isomorphic submodules. Thus, AR
and (R2/A)R have no nonzero isomorphic submodules. Since AR ≤e (R2)R,
it follows that (R2)R and (R2/A)R have no nonzero isomorphic submodules.
So, by (2.3.3), no nonzero submodules of (R/I)R embed in RR. Hence R/I ∈
S(R) by (3.1.17). Because ⊥I 6= 0, S(R) is not closed under quotient modules
by (3.2.21).

For any prime number p, let Ip = pZ×R2. Then all Ip are ideal of R.
Claim 2. R/Ip ∈ S(R) for any prime p 6= 2. In fact, (R/Ip)R ∼= (Z/pZ)R

has no nonzero submodules embeddable in (R1)R or in (R2)R. So no nonzero
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submodules of R/Ip embed in RR by (2.3.3). Thus, R/Ip ∈ S(R) by (3.1.17).
Now ∩{Ip : p 6= 2 a prime} = 0×R2 ⊆ R. So S0 ⊆ 0×R2, and hence S0 is not
an essential right ideal of R. By (3.1.21), S(R) is not closed under arbitrary
products. 2

It is known that every direct sum of injective modules is injective (= right
Noetherian) iff every direct sum of uniform injective modules is injective iff
every injective module has a decomposition that complements maximal direct
summand. This result can be extended to the setting of an M -natural class
which contains “enough” uniform modules. For a cardinal c, a module N is
called c-limited if every direct sum of nonzero submodules of N contains at
most c direct summands. For the condition (∗), see (2.4.8). The following
result is proved in [135].

3.1.23. THEOREM. The following are equivalent for an M -natural class
K with (∗):

1. Every direct sum of M -injective modules in K is M -injective.

2. Every direct sum of uniform M -injective modules in K is M -injective.

3. Every direct sum of M -injective hulls of K-cocritical modules is M -
injective.

4. Every M -injective module in K has a decomposition that complements
maximal direct summands.

5. There exists a cardinal c such that every direct sum of M -injective
modules in K is a direct sum of an M -injective module and a c-limited
module.

PROOF. The implications (1) =⇒ (2) =⇒ (3) and (1) =⇒ (5) are obvious.
(3) =⇒ (1). Suppose that A ≤ M is a finitely generated submodule and

X1 ⊂ X2 ⊂ · · · ≤ A is a strictly ascending chain with all Xi ∈ HK(A). Then,
by (2.4.10), there exist right ideals Ki, Ji+1 of R such that

Xi ⊆ Ki ⊂ Ji+1 ⊆ Xi+1

and Ji+1/Ki is K-cocritical. Let fi : Ji+1 −→ EM (Ji+1/Ki) be the canonical
map. Then fi extends to gi : A −→ EM (Ji+1/Ki). Set X = ∪Xi and let E =
⊕iEM (Ji+1/Ki). Define f : X −→ E = ⊕iEM (Ji+1/Ki) by πif(a) = gi(a),
where πi is the projection of E onto EM (Ji+1/Ki). Clearly f is well-defined.
By (3), E is M -injective, and hence f extends to g : A −→ E. This implies
that, for some n, f(X) ⊆ g(A) ⊆ ⊕j<nEM (Jj+1/Kj). For any a ∈ Jn+1, we
have 0 = πnf(a) = gn(a) = a+Kn, implying that a ∈ Kn. So, Jn+1 = Kn, a
contradiction. This shows that HK(A) has ACC. So (1) follows by (3.1.5).

(1) =⇒ (4) is by (3.1.13).
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(4) =⇒ (3). Let D = ⊕ADα where each Dα = EM (Nα) for a K-cocritical
module Nα. Since all Dα are uniform, (2) of (3.1.7) holds. Thus, by (3.1.7),
D is M -injective.

(5) =⇒ (3). Suppose that (5) holds. Let {Sx : x ∈ I} denote a collection
of representatives of the isomorphism classes of cyclic K-cocritical modules
and let C = ⊕x∈ISx. Let J be an index set with |J | ≥ c and, for each
y ∈ J , let Cy = C. We define B = ⊕y∈JCy. Let Nα (α ∈ A) be K-cocritical
modules and Eα = EM (Nα) for each α. Set E = ⊕αEα. It suffices to show
that E is M -injective. Choose an index set K with |K| > |E(B)|. For each
β ∈ K let Dβ = E and consider D = ⊕β∈KDβ . By (5), D = X ⊕ Y for
an M -injective module X and a c-limited module Y . Let N = ⊕αNα be the
submodule of E. Then N is essential in E. Let Z = ⊕β∈KZβ with each
Zβ = N . Then Z ≤e D and so Z ∩ Y ≤e Y . By Zorn’s Lemma, there exists
a maximal independent set of cyclic K-cocritical submodules of Z ∩ Y , say
F . Write F = ΣP∈FP = ⊕P∈FP . We claim that F is essential in Z ∩ Y .
For, if F ∩ Q = 0 for some nonzero submodule Q of Z ∩ Y , then we can
find a smallest t such that, for some a ∈ Q, a = a1 + a2 + · · · + at with
0 6= ai ∈ Nαi

(i = 1, 2, · · · , t). The choice of t assures us that a1r 7−→ ar is a
well-defined nonzero epimorphism from a1R to aR. By (2.4.7), aR ∈ K and
a1R is K-cocritical, and hence aR ∼= a1R is K-cocritical. Then F ∪ {aR} is
an independent set of cyclic K-cocritical submodules of Z ∩ Y , contradicting
the maximality of F . It follows that F is essential in Z ∩ Y , implying that
F is essential in Y . Since Y is a c-limited module, F is the direct sum of at
most c cyclic K-cocritical submodules. Thus, we have an embedding F ↪→ B
which can be extended to an embedding Y ↪→ E(B) since F ≤e Y . Then we
have that |Y | ≤ |E(B)| < |K|. For each b ∈ Y , there exists a finite subset
Kb of K such that b ∈ ⊕β∈Kb

Dβ . We let K1 = ∪b∈YKb and K2 = K \K1.
Clearly, |K1| ≤ |E(B)| and hence K2 is not empty since |E(B)| < |K|. Now
let G = ⊕β∈K1Dβ andH = ⊕β∈K2Dβ . Then D = G⊕H = X⊕Y and Y ⊆ G.
It follows that G = (G ∩ X) ⊕ Y and so D = (G ∩ X) ⊕ Y ⊕ H = X ⊕ Y .
This implies that X ∼= (G∩X)⊕H. Since X is an M -injective module, H is
M -injective, and thus E is M -injective since E ∼= Dβ (for some β ∈ K2) is a
summand of H. 2

The next example shows that the condition (∗) in (3.1.23) cannot be re-
moved.

3.1.24. EXAMPLE. Let R be a domain such that R2 ∼= R3 as right R-
modules. Such a ring R exists by J.D. O’Neill [93]. Clearly, RR has infinite
Goldie dimension. Since every nonzero cyclic right ideal of R is isomorphic to
RR, every nonzero right ideal of R has infinite Goldie dimension. It follows
that every nonzero right ideal of R is not uniform. Let K = d(RR). That is,
M ∈ K iff, for any 0 6= N ⊆ M , N has a nonzero submodule embeddable in
R. Then K is a natural class. Now for any 0 6= M ∈ K, M has a nonzero
submodule embeddable in R, so M is not uniform. This shows that there are
no uniform modules in K.
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For the M -natural class K above, (2), (3), and (4) of (3.1.23) hold since
there are no uniform modules in K. But (1) of (3.1.23) fails to hold, because
(1) holds iff every injective module in K is a direct sum of uniform modules.

The next corollary is obtained by applying (3.1.5), (3.1.13), and (3.1.23)
to the M -natural class σ[M ]. A locally Noetherian module is a module
whose finitely generated submodules are Noetherian.

3.1.25. COROLLARY. The following are equivalent for an R-module M :

1. M is a locally Noetherian module.

2. Every direct sum of M -injective modules in σ[M ] is M -injective.

3. Every direct sum of uniformM -injective modules in σ[M ] isM -injective.

4. Every direct sum of M -injective hulls of simple modules in σ[M ] is M -
injective.

5. Every M -injective module in σ[M ] is a direct sum of uniform modules.

6. Every extending module in σ[M ] is a direct sum of uniform modules.

7. Every M -injective module in σ[M ] has a decomposition that comple-
ments direct summands.

8. Every M -injective module in σ[M ] has a decomposition that comple-
ments maximal direct summands.

9. Every module in σ[M ] contains a maximal M -injective submodule.

10. Every quasi-injective module in σ[M ] is Σ-quasi-injective.

11. There exists a cardinal c such that every M -injective module in σ[M ] is
a direct sum of c-generated modules.

12. There exists a cardinal c such that every direct sum of M -injective
modules in σ[M ] is a direct sum of an M -injective module and a c-
limited module.

3.1.26. REMARK. For a stable hereditary torsion theory τ = (Tτ ,Fτ ), Tτ
is a natural class satisfying (∗). Thus, applying (3.1.15) and (3.1.23) (with
M = R) to Tτ yields the various characterizations of the rings R for which
direct sums of τ -torsion injective modules are injective.

3.1.27. REMARK. In view of Remark (3.1.14) and Corollary (3.1.18), it
is interesting to characterize the modules M for which direct sums of M -
singular M -injective modules are M -injective. This relates to the open ques-
tion whether the class {N ∈ σ[M ] : EM (N) is M -singular} is an M -natural
class (see [31]).
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3.1.28. REFERENCES. Anderson and Fuller [8]; Dauns [31]; Faith and
Walker [49]; Mohamed and Müller [87]; Golan [59]; Page and Zhou [98,99,100];
Teply [115]; Wisbauer [131]; Zhou [135].
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3.2 Descending Chain Conditions

For a module class K, recall that for N ∈ Mod-R,HK(N) is defined by
HK(N) = {P ≤ N : N/P ∈ K}. In particular, HK(R) = {I ≤ R : R/I ∈ K}.
In this section, we investigate the DCC (the descending chain condition) on
HK(N) and the relation between DCC and ACC on HK(N) when K is a
pre-natural class. As an application, a nil-imply-nilpotent theorem is proved
for the endomorphism ring of a module N ∈ K satisfying ACC or DCC on
HK(N).

Throughout this section, τK = (TK,FK) is the torsion theory cogenerated
by a module class K, that is,

TK = {T ∈ Mod-R : Hom(T,C) = 0 for allC ∈ K},
FK = {F ∈ Mod-R : Hom(T, F ) = 0 for allT ∈ TK}.

By (2.1.5)-(2.1.7), TK is a torsion class and FK is a torsion free class, and
every module N has a largest submodule, denoted by τK(N), in TK. It should
be noted that τK is not necessarily a hereditary torsion theory, even for a
hereditary pretorsion class K. For example, let R = Z and M = Z/2Z. Set
K = σ[M ]. Then K is a hereditary pretorsion class. Since M is a simple
module, every module in σ[M ] is semisimple. Thus, Z2∞ ∈ TK. But M ↪→
Z2∞ . So TK is not closed under submodules.

3.2.1. LEMMA. Let K be an M -natural class and P ⊆ N ∈ σ[M ]. If
N ∈ TK then P ∈ TK.

PROOF. If P /∈ TK, then P/X ∈ K for some X ⊂ P . There exists a
submodule Q/X of N/X which is maximal with respect to the property that
(P/X) ∩ (Q/X) = 0. Then P/X is embeddable as an essential submodule in
N/Q. Since N/Q ∈ σ[M ], it follows from (2.4.2) that N/Q ∈ K, contradicting
the fact that N ∈ TK. 2

3.2.2. LEMMA. Let P be a submodule of N and E be a quasi-injective

module such that N/P
θ
↪→ E. If W = {α ∈ HomR(N,E) : P ⊆ Ker(α)}

and S = End(ER), then W = S(θv) is a cyclic submodule of the left S-
module HomR(N,E) where v : N −→ N/P is the natural homomorphism,
and P = ∩{Ker(α) : α ∈W}.
PROOF. It is clear that S(θv) ⊆ W . Let α ∈ W . Since α(P ) = 0, α = βv
for some β ∈ HomR(N/P,E). Since E is quasi-injective, there exists a γ ∈ S
such that β = γθ. Thus, α = γ(θv) ∈ S(θv), so W = S(θv). Now it is clear
that P = ∩{Ker(α) : α ∈W}. 2

3.2.3. LEMMA. Let E be a quasi-injective module with S = End(ER). If
W = Sα1 + · · ·+ Sαn is a finitely generated submodule of the left S-module
HomR(N,E), then W = {β ∈ HomR(N,E) : ∩α∈WKer(α) ⊆ Ker(β)}.
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PROOF. For β ∈HomR(N,E) with ∩α∈WKer(α) ⊆ Ker(β), ∩ni=1Ker(αi) ⊆
Ker(β). Since E is quasi-injective, the diagram with exact row

0 −→ N/Ker(β)
(αi)−→ En

↓ β
E

can be extended commutatively by some Σsi : En → E, si ∈ S. Thus β =
Σni=1siαi ∈W , and so W = {β ∈ HomR(N,E) : ∩α∈WKer(α) ⊆ Ker(β)}. 2

A module E is called a cogenerator of K if E ∈ K and every module
in K can be cogenerated by E. For an M -natural class K and a family
{Xα : α ∈ Λ} ⊆ K, if X = (⊕αXα) ⊕MK, then EM (X) is an M -injective
cogenerator of K and contains each Xα.

3.2.4. PROPOSITION. The following are equivalent for an M -natural
class K and a module N ∈ σ[M ]:

1. HK(N) has ACC.

2. For any X ⊆ N , X/Y ∈ TK for some finitely generated submodule Y of
X.

3. HFK(N) has ACC.

4. For any chain N1 ⊆ N2 ⊆ · · · of submodules of N , there exists a positive
integer k such that Ni+1/Ni ∈ TK for all i ≥ k.

5. Every chain N1 ⊆ N2 ⊆ · · · of submodules of N with each Ni+1/Ni ∈ K
terminates.

6. For any M -injective cogenerator E of K, let S = End(ER) and let
N∗ = HomR(N,E). Then N∗ satisfies DCC on finitely generated left
S-submodules.

PROOF. (1) ⇐⇒ (5) is by (3.1.3).
(5) =⇒ (2). Suppose that there exists a submodule X of N such that

X/Y /∈ TK for any finitely generated submodule Y of X. Choose 0 6= x1 ∈ X.
Then X/(x1R) /∈ TK and so X/N1 ∈ K for some submodule N1 with x1R ⊆
N1 ⊂ X. Choose x2 ∈ X \N1. By the assumption onX, X/(x1R+x2R) /∈ TK.
Therefore, we have X/N2 ∈ K for some N2 with x1R + x2R ⊆ N2 ⊂ X. By
a simple induction, we can choose a sequence {xi : i = 1, 2, · · · } and a family
{Ni : i = 1, 2, · · · } of submodules of X such that X/Ni ∈ K, x1R+· · ·+xiR ⊆
Ni and xi+1 /∈ Ni for all i. Let Y = ⊕∞i=1X/Ni and K = Σ∞i=1xiR. Define
f : K −→ Y by πif(x) = x + Ni, where x ∈ K and πi is the projection of
Y onto X/Ni. Then f is a well-defined homomorphism. Let Ki = {x ∈ K :
f(x) ∈ ⊕j=ij=1X/Nj}. Then K1 ⊆ K2 ⊆ · · · is a chain of submodules of K and

Ki+1/Ki
φ
↪→ (⊕i+1

j=1X/Nj)/(⊕
i
j=1X/Nj) ∼= X/Ni+1 ∈ K via

φ(x+Ki) = f(x) +⊕ij=1X/Nj .
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Thus Ki+1/Ki ∈ K for all i. By (5), we have Km+j = Km for some m and all
j. Thus, f(K) ⊆ ⊕mj=1X/Nj , implying 0 = πm+1f(xm+2) = xm+2 + Nm+1,
i.e., xm+2 ∈ Nm+1, a contradiction.

(2) =⇒ (4). Let N1 ⊆ N2 ⊆ · · · be a chain of submodules of N and
X = ∪iNi. Then, there exists a finitely generated submodule Y ofX such that
X/Y ∈ TK by (2). It follows that Y ⊆ Nk for some k and hence X/Ni ∈ TK
for all i ≥ k. If Ni+1/Ni /∈ TK for some i ≥ k, then Ni+1/P ∈ K for
some P with Ni ⊆ P ⊂ Ni+1. Take a submodule Q/P of X/P maximal
with respect to (Q/P ) ∩ (Ni+1/P ) = 0. Then Ni+1/P is embeddable as an
essential submodule in X/Q. Noting that X/Q ∈ σ[M ] and Ni+1/P ∈ K, we
have X/Q ∈ K by (2.4.2). But X/Q ∈ TK since X/Q is a quotient of X/Ni.
So X/Q = 0, implying Ni+1/P = 0, a contradiction.

(4) =⇒ (3). Let N1 ⊆ N2 ⊆ · · · be a chain of submodules of N with
N/Ni ∈ FK for all i. By (4), there exists a k > 0 such that Ni+1/Ni ∈ TK for
all i ≥ k. But since FK is a torsion free class, Ni+1/Ni ∈ FK for all i ≥ 1. It
follows that Nk = Nk+1 = · · · .

(3) =⇒ (6). Let W1 ⊇W2 ⊇ · · · be a descending chain of finitely generated
S-submodules of HomR(N,E). Then ∩α∈W1Ker(α) ⊆ ∩α∈W2Ker(α) ⊆ · · ·
is an ascending chain of modules in HFK(N). By (3), there exists a k > 0
such that ∩α∈Wk

Ker(α) = ∩α∈Wk+1Ker(α) = · · · . Thus, by (3.2.3), Wk =
Wk+1 = · · · .

(6) =⇒ (1). Let N1 ⊆ N2 ⊆ · · · be a chain of submodules of N with
N/Ni ∈ K for all i. There exists an M -injective cogenerator E of K such that

for each i there is an embedding N/Ni
θi
↪→ E (see the remark before 3.2.4).

Note that E is quasi-injective by (2.2.10). Let S = End(ER) and, for each i, let
Wi = {α ∈ HomR(N,E) : Ni ⊆ Ker(α)}. Then, by (3.2.2), W1 ⊇ W2 ⊇ · · ·
is a chain of cyclic submodules of the left S-module HomR(N,E). Therefore,
by (6), there exists a k > 0 such that Wk = Wk+1 = · · · . It follows that
Nk = Nk+1 = · · · , since Ni = ∩{Ker(α) : α ∈Wi} for all i by (3.2.2). 2

The assumption N ∈ σ[M ] in (3.2.4) cannot be removed because of the
following example.

3.2.5. EXAMPLE. Let R = Z, N = Z2∞ , and Nj = {x ∈ Z2∞ : 2jx = 0}
for all j > 0. Set K = σ[M ] where M = N1. Then HK(N) = {N} and so N
has ACC on HK(N). Moreover, N1 ⊂ N2 ⊂ · · · is a strictly ascending chain
of submodules of N such that Ni+1/Ni ∼= N1 ∈ K for all i > 0.

3.2.6. PROPOSITION. The following are equivalent for an M -natural
class K and a module N ∈ σ[M ]:

1. HK(N) has DCC.

2. For any non-empty set {Nα : α ∈ Λ} ⊆ HK(N), ∩α∈ΛNα = ∩α∈FNα
for a finite subset F of Λ.

3. HFK(N) has DCC.
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4. For any chain N1 ⊇ N2 ⊇ · · · of submodules of N , there exists a positive
integer k such that Ni/Ni+1 ∈ TK for all i ≥ k.

5. Every chain N1 ⊇ N2 ⊇ · · · of submodules of N with each Ni/Ni+1 ∈ K
terminates.

6. For any M -injective cogenerator E of K, if S = End(ER) and N∗ =
HomR(N,E), then N∗ is a Noetherian left S-module.

PROOF. (1) =⇒ (3). Suppose that there exists a strictly descending chain
N1 ⊃ N2 ⊃ · · · of submodules of N such that N/Ni ∈ FK for all i. Consider
the set

A1 = {X ⊆ N : N1 ⊆ X ⊆ N,N/X ∈ K}.

By (1), there exists a minimal element, say X1, in A1. The same reason
implies that there exists a minimal element, say X2, in

A2 = {X ⊆ N : N2 ⊆ X ⊆ X1, N/X ∈ K}.

By a simple induction, we have a descending chain X1 ⊇ X2 ⊇ · · · of sub-
modules of N such that, for each i, N/Xi ∈ K and Xi+1 is a minimal element
in

{X ⊆ N : Ni+1 ⊆ X ⊆ Xi, N/X ∈ K}.

By (1), there exists a natural number m such that Xm+j = Xm for all j ≥ 0.
Without loss of generality, we may assume that m = 1 and N1 ⊂ X1. Since
N/N2 ∈ FK, we have X1/N2 /∈ TK. Then X1/P ∈ K for some P with N2 ⊆
P ⊂ X1. Consider the exact sequence 0 −→ X1/P −→ N/P −→ N/X1 −→ 0.
Since N/P ∈ σ[M ], we have N/P ∈ K by (2.4.5). But N2 ⊆ P ⊂ X1 = X2,
contradicting the minimality of X2.

(3) =⇒ (4). Let N1 ⊇ N2 ⊇ · · · be a chain of submodules of N and, for each
i, let Pi/Ni = τK(N/Ni). Then we have P1 ⊇ P2 ⊇ · · · and N/Pi ∈ FK for all
i. By (3), there exists a number k such that Pk = Pk+1 = · · · . Then for i ≥ k,
Ni/Ni+1 ⊆ Pi/Ni+1 = Pi+1/Ni+1 ∈ TK. By (3.2.1), we have Ni/Ni+1 ∈ TK
for all i ≥ k.

(4) =⇒ (2). Suppose that (2) does not hold. Then there exists a sequence
{αi : i = 1, 2, · · · } ⊆ Λ such that Nα1 ⊃ Nα1 ∩ Nα2 ⊃ · · · is a strictly
descending chain. By (4), there exists a k > 0 such that

∩ni=1Nαi
/ ∩n+1

i=1 Nαi
∈ TK for all n ≥ k.

But
∩ni=1Nαi

/ ∩n+1
i=1 Nαi

∼= [∩ni=1Nαi
+Nαn+1 ]/Nαn+1 ∈ K,

so ∩ni=1Nαi
= ∩n+1

i=1 Nαi
, a contradiction.

The implications (2) =⇒ (1), (5) =⇒ (1), and (4) =⇒ (5) are clear.
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(3) =⇒ (6). Assume that (3) holds and let W1 ⊆W2 ⊆ · · · be an ascending
chain of finitely generated S-submodules of HomR(N,E). Then

∩α∈W1Ker(α) ⊇ ∩α∈W2Ker(α) ⊇ · · ·

is a descending chain of modules in HFK(N). By (3), there exists a k > 0
such that

∩α∈Wk
Ker(α) = ∩α∈Wk+1Ker(α) = · · · .

Thus, by (3.2.3), Wk = Wk+1 = · · · .
(6) =⇒ (1). Let N1 ⊇ N2 ⊇ · · · be a chain of submodules of N with

N/Ni ∈ K for all i. There exists an M -injective cogenerator E of K such that

for each i there is an embedding N/Ni
θi
↪→ E (see the remark before 3.2.4).

Note that E is quasi-injective by (2.2.10). Let S = End(ER) and, for each i, let
Wi = {α ∈ HomR(N,E) : Ni ⊆ Ker(α)}. Then, by (3.2.2), W1 ⊆ W2 ⊆ · · ·
is a chain of cyclic submodules of the left S-module HomR(N,E). Therefore,
by (6), there exists a k > 0 such that Wk = Wk+1 = · · · . It follows that
Nk = Nk+1 = · · · , since Ni = ∩{Ker(α) : α ∈Wi} for all i by (3.2.2). 2

The next example shows that we cannot remove the condition N ∈ σ[M ]
from (3.2.6).

3.2.7. EXAMPLE. Let R = Z and Ni = 2iZ for i ≥ 0. We let N = N0,
M = N0/N1, and K = σ[M ]. Then HK(N) = {N1, N} and hence N has DCC
on HK(N). But we have N = N0 ⊃ N1 ⊃ N2 ⊃ · · · such that Ni/Ni+1 ∈ K
for all i ≥ 0.

3.2.8. COROLLARY. Let K be an M -natural class and X ⊆ N ∈ σ[M ].
Then HK(N) has DCC iff both HK(X) and HK(N/X) have DCC.

PROOF. Because of the equivalence (1) ⇐⇒ (5) of (3.2.6), the proof is
similar to that of (3.1.4). 2

3.2.9. DEFINITION. Let K be a pre-natural class and let N be a module.
By a K-composition series for N we mean a chain

N0 ⊂ N1 ⊂ N2 ⊂ · · · ⊂ Nm = N

of submodules of N such that N0 = ∩{X : X ∈ HK(N)}, N/N0 ∈ K, and
Nj/Nj−1 is K-cocritical for each 0 < j ≤ m.

3.2.10. LEMMA. Let K be a pre-natural class and let the module N have
DCC on HK(N).

1. If N ∈ K, then every nonzero submodule A of N has a K-cocritical
submodule B with A/B ∈ K.

2. Every nonzero factor module in K of N has a K-cocritical submodule.
In particular, if R has DCC on HK(R), then every nonzero module in
K has a K-cocritical submodule.
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PROOF. (1) Let 0 6= A ⊆ N . Then A has DCC on HK(A) by (3.2.8); so A
has a submodule B which is a minimal element of

{0 6= X ⊆ A : A/X ∈ K}.

Suppose that B is not K-cocritical. Then B/Y ∈ K for some Y with 0 ⊂
Y ⊂ B. Let us assume K is an M -natural class for some module M . Consider
the exact sequence 0 −→ B/Y −→ A/Y −→ A/B −→ 0. Note that A/Y ∈
σ[M ] since A ⊆ N ∈ K. Therefore, by (2.4.5), A/Y ∈ K, contradicting the
minimality of B.

(2) For P ⊆ N , DCC on HK(N) clearly implies DCC on HK(N/P ). So if
0 6= N/P ∈ K, then N/P has a K-cocritical submodule by (1). 2

3.2.11. THEOREM. Let K be a pre-natural class. Then a module N has
ACC and DCC on HK(N) iff N has a K-composition series.

PROOF.“=⇒”. The DCC on HK(N) implies that N0 := ∩{X : X ∈
HK(N)} is an intersection of a finite number of elements in HK(N). So
N/N0 ∈ K, and we have DCC on HK(N/N0). By (3.2.10), there exists a sub-
module N1 of N such that N1/N0 is K-cocritical and N/N1 ∈ K. Inductively,
we have a chain N0 ⊂ N1 ⊂ N2 ⊂ · · · ⊂ Nm of submodules of N such that
N/Ni+1 ∈ K and Ni+1/Ni is K-cocritical for each i = 0, · · · ,m− 1. Since N
has ACC on HK(N), the inductive process stops at m steps for some m > 0.
So the chain N0 ⊂ N1 ⊂ N2 ⊂ · · · ⊂ Nm = N is a K-composition series.

“⇐=”. If necessary, we may replace N by N/N0. So, without loss of
generality, we may assume that N0 = 0 and 0 = N0 ⊂ N1 ⊂ · · · ⊂ Nm = N
is a K-composition series for N . Then HK(Ni+1/Ni) has ACC and DCC for
i = 0, 1, · · · ,m − 1. Note that N ∈ K. Therefore, by (3.1.4) and (3.2.8),
HK(N) has ACC and DCC. 2

3.2.12. COROLLARY. The following are equivalent for an M -natural class
K and N ∈ σ[M ]:

1. N has a K-composition series.

2. For any M -injective cogenerator E of K, HomR(N,E) has a composition
series as a left module over End(NR).

PROOF. This follows from (3.2.4), (3.2.6), and (3.2.11). 2

3.2.13. LEMMA. Let K be a pre-natural class and N a module for which
0 is an intersection of finitely many K-critical submodules of N . Then there
exist submodules Ni ⊆ N (i = 1, · · · , n) such that each Ni is K-cocritical,
Σni=1Ni = ⊕ni=1Ni ≤e N , and N/(⊕ni=1Ni) ∈ TK.

PROOF. If N is K-cocritical, we are done. So we can assume that N is
not K-cocritical. Thus 0 is an intersection of finitely many nonzero K-critical
submodules of N . So N embeds in a direct sum of finitely many K-cocritical
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modules. Note that every K-cocritical module X has ACC and DCC on
HK(X) by (3.2.11). So N ∈ K has DCC and ACC on HK(N) by (3.1.4)
and (3.2.8). By (3.2.10), there exists N1 ⊆ N such that N1 is K-cocritical.
Let 0 6= x ∈ N1. Then there exists a K-critical submodule C1 of N such
that x /∈ C1 by hypothesis. Thus, 0 6= N1/(N1 ∩ C1) ∼= (N1 + C1)/C1 ∈ K,
so N1 ∩ C1 = 0 since N1 is K-cocritical. Assume that N1, N2, · · · , Nt and
C1, C2, · · · , Ct have been chosen such that Ni is K-cocritical, Ci is K-critical,
Ni ⊆ ∩j≤i−1Cj , and Ni ∩ Ci = 0 for each i ≤ t. If ∩tj=1Cj 6= 0, then
there exists an Nt+1 ⊆ ∩tj=1Cj such that Nt+1 is K-cocritical by (3.2.10).
As in the case N1, there exists a K-critical submodule Ct+1 of N such that
Nt+1∩Ct+1 = 0. Since N has DCC on HK(N), there exists a k > 0 such that
∩kj=1Cj = 0; so the inductive process stops after k steps. It now can be seen
by induction that

(N1 +N2 + · · ·+Ni) ∩Ni+1 ⊆ (N1 + · · ·+Ni) ∩ (C1 ∩ · · · ∩ Ci) = 0

for all i = 1, · · · , k − 1. So Σki=1Ni is direct.
Next we show that N/(⊕ki=1Ni) ∈ TK. It suffices to show by induction that

N/(Σji=1Ni +∩ji=1Cj) ∈ TK for all j = 1, 2, · · · , k. Since N/C1 is K-cocritical
and (N1 + C1)/C1 6= 0, N/(N1 + C1) ∈ TK. Assume that

N/(Σk−1
i=1Ni + ∩k−1

i=1 Ci) ∈ TK.

Since N/Ck is K-cocritical and

0 6= (Nk + Ck)/Ck ⊆ (∩k−1
i=1 Ci + Ck)/Ck,

we have (∩k−1
i=1 Ci + Ck)/Ck is K-cocritical and so

∩k−1
i=1 Ci/(Nk + ∩ki=1Ci) ∼= (∩k−1

i=1 Ci + Ck)/(Nk + Ck) ∈ TK.

Since TK is closed under quotient modules and

(Σk−1
i=1Ni + ∩k−1

i=1 Ci)/(Σ
k
i=1Ni + ∩ki=1Ci)

is an epic image of ∩k−1
i=1 Ci/(Nk + ∩ki=1Ci), we have

(Σk−1
i=1Ni + ∩k−1

i=1 Ci)/(Σ
k
i=1Ni + ∩ki=1Ci) ∈ TK.

Since TK is closed under extensions, we obtain thatN/(Σki=1Ni+∩ki=1Ci) ∈ TK
from the induction hypothesis and from the following exact sequence

0 −→ Σk−1
i=1Ni + ∩k−1

i=1 Ci
Σki=1Ni + ∩ki=1Ci

−→ N

Σki=1Ni + ∩ki=1Ci
−→ N

Σk−1
i=1Ni + ∩k−1

i=1 Ci
−→ 0.

If ⊕ki=1Ni ≤e N , it is done. If not, since N has DCC and ACC on HK(N),
there exist finitely many submodules Nk+1, · · · , Nn of N with Nj K-cocritical
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for all j = k+1, · · · , n such that Σni=1Ni = ⊕ni=1Ni ≤e N . Thus, N/(⊕ni=1Ni)
∈ TK. 2

3.2.14. THEOREM. Let R have DCC on HK(R) where K is a pre-natural
class. If a module N has DCC on HK(N) then N has ACC on HK(N). In
particular, R has ACC on HK(R).

PROOF. Suppose that N does not have ACC on HK(N). Let

N0 = ∩{X : X ∈ HK(N)}.

The DCC on HK(N) implies that N0 is an intersection of finitely many ele-
ments of HK(N). So N/N0 ∈ K. Let N1 be a minimal element of {X ⊆ N :
N0 ⊂ X and N/X ∈ K}; the DCC on HK(N) guarantees the existence of
such a submodule. Moreover, N1/N0 is K-cocritical by the minimality of N1.
Since N does not have a K-composition series by (3.2.12), we have N1 ⊂ N .
So as above (with replacing N0 by N1), there exists a minimal element, say
N2, of {X ⊆ N : N1 ⊂ X and N/X ∈ K} and N2/N1 is K-cocritical. A
simple induction shows that there exists an infinite strictly ascending chain
N0 ⊂ N1 ⊂ N2 ⊂ · · · of submodules of N such that Nj/Nj−1 are K-cocritical
and N/Nj−1 ∈ K for all j ≥ 1.

Now let

C = ∩{x⊥ : x ∈W, W is a K-cocritical module}.

Since R has DCC on HK(R), C is an intersection of finitely many K-critical
right ideals. Set

h(0) = 0,
h(t+ 1) = max{j > 0 : xC ⊆ Nh(t) for somex ∈ Nj \Nj−1}.

Note that h(t) + 1 ≤ h(t+ 1) since, by the K-cocriticalness of Nh(t)+1/Nh(t),
Nh(t)+1C ⊆ Nh(t). Inductively, assume h(t) exists; we show next that h(t+1)
exists.

Suppose that h(t + 1) does not exist. Then for an infinite set Ω of indices
j greater than h(t) we can choose elements xj ∈ Nj \Nj−1 satisfying xjC ⊆
Nh(t). By (3.2.13), there exist right ideals A1, · · · , Ak of R such that

Σki=1(Ai/C) = ⊕ki=1(Ai/C) ≤e (R/C)R, (R/C)/[⊕ki=1(Ai/C)] ∈ TK,

and each Ai/C is K-cocritical. Note that if xj(Σki=1Ai) ⊆ Nh(t), then 0 6=
(xjR + Nh(t))/Nh(t) ∈ TK, which will contradict the fact that N/Nh(t) ∈ K.
Hence for at least one of the Ai, xjAi 6⊆ Nh(t). We continue to show that,
for some such Ai with xjAi 6⊆ Nh(t), (xjAi + Nh(t)) ∩ Nj−1 = Nh(t). If not,
then (xjAi + Nh(t)) ∩ Nj−1 ⊃ Nh(t) whenever xjAi 6⊆ Nh(t). Since Ai/C is
K-cocritical and (xjAi +Nh(t))/Nh(t) ∈ K, the epimorphism

Ai/C −→ (xjAi +Nh(t))/Nh(t)
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is an isomorphism. So (xjAi +Nh(t))/Nh(t) is K-cocritical and hence we have

xjAi +Nh(t)

(xjAi +Nh(t)) ∩Nj−1

∼=
(xjAi +Nh(t))/Nh(t)

[(xjAi +Nh(t)) ∩Nj−1]/Nh(t)
∈ TK.

But (xjAi+Nh(t))/[(xjAi+Nh(t))∩Nj−1] ∼= (xjAi+Nj−1)/Nj−1 ∈ K, so we
conclude that xjAi ⊆ Nj−1 whenever xjAi 6⊆ Nh(t). For each of the remaining
Ai, we have xjAi ⊆ Nh(t) ⊆ Nj−1. Hence xj(Σki=1Ai) ⊆ Nj−1, which leads
to (xjR + Nj−1)/Nj−1 ∈ TK ∩ K since R/(Σki=1Ai) ∈ TK, i.e., xj ∈ Nj−1, a
contradiction.

So we have established that, for each j ∈ Ω, there exists a right ideal Aj
of R and an xj ∈ Nj \Nj−1 such that xjAj 6⊆ Nh(t), (xjAj + Nh(t))/Nh(t)
is K-cocritical, and (xjAj + Nh(t)) ∩ Nj−1 = Nh(t). One easily checks that
Y := Σj∈Ω[(xjAj +Nh(t))/Nh(t)] ⊆ N/Nh(t) is direct. By (3.2.8), the DCC on
HK(N) implies the DCC on HK(Y ) which, since Y ∈ K, in turn implies that
Ω must be a finite set. This contradiction establishes our claim that h(t+ 1)
exists.

Therefore, {h(t)}∞t=1 is a strictly increasing infinite sequence. Moreover,
since HK(R) has DCC, there exists an n > 0 such that Ci/Ci+1 ∈ TK for all
i ≥ n by (3.2.6)(4). Let x ∈ Nh(n)+1 \Nh(n). Then xC 6⊆ Nh(n−1), so xc1 /∈
Nh(n−1) for some c1 ∈ C. But (xc1)C 6⊆ Nh(n−2). Thus, we inductively obtain
c1, c2, · · · , cn−1 ∈ C such that (xc1 · · · ci)C 6⊆ Nh(n−i−1) for i = 1, · · · , n− 1.
In particular, (xc1 · · · cn−1)C 6⊆ Nh(0) = N0. Hence xCn 6⊆ N0. However,
since x ∈ Nh(n)+1, we have xCh(n)+1 ⊆ N0. So there exists an integer l ≥ n

such that xCl 6⊆ N0, but xCl+1 ⊆ N0.
Consider the R-epimorphism

α : R/Cl+1 −→ (xR+N0)/N0, r + Cl+1 7−→ xr +N0.

Then 0 6= α(Cl/Cl+1) ⊆ N/N0 ∈ K. But, since l ≥ n, Cl/Cl+1 ∈ TK and
hence α(Cl/Cl+1) ∈ TK. Thus, K∩TK 6= 0. This contradiction shows that N
has ACC on HK(N). 2

3.2.15. COROLLARY. For a pre-natural class K, R satisfies DCC on
HK(R) iff R has a K-composition series.

PROOF. This follows by (3.2.11) and (3.2.14). 2

3.2.16. COROLLARY. The following are equivalent for an M -natural class
K:

1. R has DCC on HK(R).

2. (a) Every M -injective module in K is a direct sum of M -injective hulls
of K-cocritical modules.

(b) HK(R) is closed under arbitrary intersections.

3. (a) R has ACC on HK(R).
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(b) Every nonzero module in K has a K-cocritical submodule.

(c) HK(R) is closed under arbitrary intersections.

PROOF. (1) =⇒ (2). By (3.2.14), R has ACC on HK(R); so every M -
injective module in K is a direct sum of M -injective uniform modules by
(3.1.5) and (3.1.13). By (3.2.10)(2), every nonzero module in K has a K-
cocritical submodule. Thus, every M -injective uniform module in K is an
M -injective hull of some K-cocritical module, so (2a) follows.

(2) =⇒ (3). Since every K-cocritical module is uniform (see 2.4.7), (2a)
certainly implies that everyM -injective module in K is a direct sum of uniform
modules. So R has ACC on HK(R) by (3.1.5) and (3.1.13). Moreover, for
0 6= N ∈ K, EM (N) = ⊕tEM (Nt) where each Nt is a K-cocritical module by
(2a). Thus, by (2.3.3), N contains a nonzero submodule X which embeds in
some Nt, so X is K-cocritical by (2.4.7).

(3) =⇒ (1). Let I1 ⊇ I2 ⊇ · · · be a chain of right ideals of R with R/Ii ∈ K
for all i and let I = ∩i≥1Ii. Then R/I ∈ K by (3c), so EM (R/I) ∈ K. By
(3.1.5) and (3.1.13), the hypothesis implies that EM (R/I) = ⊕nj=1EM (Nj)
where each Nj is a K-cocritical module. Let N = ⊕nj=1Nj . Then N has DCC
on HK(N) by (3.2.11), and hence N

′
has DCC on HK(N

′
) by (3.2.8) where

N
′
= (R/I) ∩N . There is a descending chain

N
′
= (R/I) ∩N ⊇ (I1/I) ∩N ⊇ · · ·

with
[(R/I) ∩N ]/[(Ij/I) ∩N ] ↪→ (R/I)/(Ij/I) ∼= R/Ij ∈ K

for all j ≥ 1. The DCC on HK(N
′
) implies that

(Ik/I) ∩N = (Ik+1/I) ∩N = · · ·

for some integer k > 0; so

(Ik/I) ∩N = ∩j≥k[(Ij/I) ∩N ]
= [∩j≥k(Ij/I)] ∩N
= [(∩j≥kIj)/I] ∩N = 0.

Thus Ik = I since N is essential in EM (R/I), proving the DCC on HK(R). 2

Condition (2b) or (3c) cannot be removed from (3.2.16) as the following
example shows.

3.2.17. EXAMPLE. Let R =
{(

a x
0 a

)
: a ∈ Z, x ∈ Z2

}
be the trivial

extension of Z and the Z-module Z2. Let X =
{(

0 x
0 0

)
: x ∈ Z2

}
and

K = d(X), i.e., K = {N ∈ Mod-R : X is embeddable in every nonzero
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submodule of N}. Then K is a natural class. As a simple module, X ∈ K is
K-cocritical. It follows that every nonzero module in K contains a K-cocritical
submodule. Obviously R is a right Noetherian ring and hence HK(R) has

ACC. It is also easily noticed that
{(

a x
0 a

)
: a ∈ 2nZ, x ∈ Z2

}
is in HK(R)

for any natural number n. Therefore, R does not have DCC on HK(R).

If K = σ[M ] is a hereditary pretorsion class, then (2b) or (3c) of (3.2.16)
can be replaced by the condition that ∩{I : I ∈ HK(R)} ∈ HK(R).

3.2.18. COROLLARY. The following are equivalent for a hereditary pre-
torsion class K = σ[M ]:

1. R has DCC on HK(R).

2. (a) Every M -injective module in K is a direct sum of M -injective hulls
of simple modules.

(b) ∩{I : I ∈ HK(R)} ∈ HK(R).

3. (a) R has ACC on HK(R).

(b) Every nonzero module in K has a simple submodule.

(c) ∩{I : I ∈ HK(R)} ∈ HK(R).

For a hereditary torsion theory τ = (T ,F), a submodule X of N is called
τ -closed if N/X ∈ F ; the module N is called τ -cocritical if 0 6= N ∈ F and
N/X ∈ T for any 0 6= X ⊆ N ; and a τ -composition series for N means a
finite chain τ(N) = N0 ⊂ N1 ⊂ · · ·Nm = N of submodules of N such that
Ni+1/Ni is τ -cocritical for i = 0, 1, · · · ,m− 1. Thus in our terminology, N is
τ -cocritical iff N is F-cocritical and τ -composition series for N are precisely
F-composition series for N . Applying the results to the hereditary torsion
free class F , one obtains several results in torsion theory; among them is the
well-known generalization, due to Miller and Teply, of the Hopkins–Levitzki
Theorem.

3.2.19. COROLLARY. [86, Miller-Teply] Let R have DCC on τ -closed
right ideals for a hereditary torsion theory τ . If a module N has DCC on τ -
closed submodules, then N has ACC on τ -closed submodules. In particular,
R has ACC on τ -closed right ideals.

There is a ring R and a pre-natural class K such that HK(R) has DCC, but
K is neither a hereditary torsion free class nor a hereditary pretorsion class.

3.2.20. EXAMPLE. Let R =
{(

a x
0 a

)
: a, x ∈ Z

}
be the trivial extension

of Z and the Z-module Z. Let I =
{(

0 x
0 0

)
: x ∈ Z

}
and M = I. Set

K = d(M)∩σ[M ]. Then K is a pre-natural class, but it is neither a hereditary
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pretorsion class nor a natural class by (2.5.10). However, it can easily be seen
that HK(R) = {I,R}, so R has DCC on HK(R).

3.2.21. COROLLARY. The following are equivalent for a hereditary tor-
sion theory τ :

1. R has DCC on τ -closed right ideals.

2. Every τ -torsion free injective module is a direct sum of injective hulls
of τ -cocritical modules.

3. (a) R has ACC on τ -closed right ideals.

(b) Every nonzero τ -torsion free module has a τ -cocritical submodule.

3.2.22. COROLLARY. Let τ be a hereditary torsion theory. Then a mod-
ule N has ACC and DCC on τ -closed submodules iff N has a τ -composition
series.

A result of Small says that for a Noetherian module M , every nil subring
of the endomorphism ring End(M) is nilpotent. Fisher [52] showed that the
same result holds for an Artinian module. These results were then extended
to any τ -torsion free module with ACC (or DCC) on τ -closed submodules for
a hereditary torsion theory τ by Gómez Pardo [64] and Wu and Golan [133].
In the last part of this section, we present a generalization of those results.

3.2.23. LEMMA. Let K be a pre-natural class and N ∈ K with S =
End(N).

1. If HK(N) has ACC, then S satisfies DCC on left annihilators.

2. If HK(N) has DCC, then S satisfies ACC on left annihilators.

PROOF. We give the proof of (1) only. Let

⊥S1 ⊇ ⊥S2 ⊇ · · ·

be a chain of left annihilators of S, where ⊥Si = {r ∈ S : ra = 0 for all
a ∈ Si}. We may assume S1 ⊆ S2 ⊆ · · · . For each i, write (SiN)c/(SiN) =
τK(N/SiN). Then there exists a chain (S1N)c ⊆ (S2N)c ⊆ · · · of submodules
of N , such that N/(SiN)c ∈ FK for each i. Therefore, by (3.2.4), we have

(∗) (SmN)c = (Sm+1N)c = · · · for somem.

Now if f ∈ ⊥Si, then fSi = 0 and so f(SiN) = 0. Thus, f induces a
homomorphism f̄ : N/SiN −→ N such that

f̄((SiN)c/SiN) = f̄(τK(N/SiN)) ∈ TK ∩K.

Therefore, f̄((SiN)c/SiN) = 0, implying f((SiN)c) = 0.
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Conversely, f((SiN)c) = 0 implies f(SiN) = 0, i.e., (fSi)N = 0, and hence
f ∈ ⊥Si since N is a faithful S-module. Therefore,

⊥Si = {f ∈ S : f((SiN)c) = 0}.

By (∗), we have ⊥Sm =⊥Sm+1 = · · · . 2

Recall a concept used by Shock [108]. For modules Y ⊆ X, X is called a
rational extension of Y if every homomorphism f from a submodule of X to X
such that Ker(f) ⊇ Y must be the zero map. And Y is called a rationally
closed submodule of X if Y has no proper rational extension in X. Note
that the rationally closed submodules of X are the X (X)-closed submodules,
where X (X) is the largest hereditary torsion theory relative to which X is
torsion free. Therefore, Y is a rationally closed submodule of X iff X/Y is
cogenerated by E(X). A non-empty subset A of a ring R is said to be left
T -nilpotent if, for any sequence {a1, a2, · · · , an, · · · } ⊆ A, there exists n ≥ 1
such that a1 · · · an = 0.

3.2.24. THEOREM. Let K be a pre-natural class and N ∈ K with endo-
morphism ring S = End(N). If N satisfies ACC (or DCC) on HK(N) then
every nil subring of S is nilpotent.

PROOF. We may assume that K ⊆ σ[M ] is an M -natural class for a module
M .

Suppose that N has ACC on HK(N). If X is a rationally closed submodule
of N , then N/X can be cogenerated by E(N) and so we may write N/X ⊆
E(N)I . Noting that, for each α ∈ I, the α-component of N/X in the product
is contained in EN (N), we have N/X ↪→ EN (N)I ∈ FK. Therefore, all
rationally closed submodules of N are contained in HFK(N). By (3.2.4), we
deduce that N satisfies ACC on the rationally closed submodules. It follows
from [108, Theorem 10] that every nil subring of S is nilpotent.

Suppose that N has DCC on HK(N). By (3.2.23), S satisfies the ACC on
left annihilators. For a nil subring A of S, to show that A is nilpotent, it
suffices to show that A is left T -nilpotent by [51, Proposition 1.5]. Suppose
A is not left T -nilpotent. Then

G = {f1 ∈ A : ∃{f2, f3, · · · } ⊆ A such that f1 · · · fn 6= 0 ∀n}

is not empty. For each P ⊆ N , we define P c by P c/P = τ(N/P ), where
τ = τK, and write c(f) = (f(N))c for any f ∈ S. Note that, for any f, g ∈ S,
c(f) ∈ FK and c(fg) = [f(c(g))]c (as (fg)(N) ⊆ f(g(N)c) ⊆ (fg(N))c). Since
N satisfies DCC on HK(N), N has DCC on HFK(N) by (3.2.6). Therefore,
by a simple induction, there exists a sequence {f1, f2, · · · } such that, for each
n ≥ 1, c(fn) is a minimal element of {c(f) : f ∈ G and f1 · · · fn−1f ∈ G}. Let
gn = f1 · · · fn. For n ≥ m, we have

gm−1(fm · · · fn) = gn ∈ G and (fm · · · fn)(N) ⊆ fm(N).
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This implies that c(fm · · · fn) ⊆ c(fm) and hence c(fm · · · fn) = c(fm) by the
choice of fm. In particular, we have c(gn) = c(f1) = c(gn+1) for n ≥ 1. Then

gn(N)/gn+1(N) ⊆ c(gn)/gn+1(N) = c(gn+1)/gn+1(N) ∈ TK

and hence, by (3.2.1), gn(N)/gn+1(N) ∈ TK. Note that gn induces a homo-
morphism

ḡn : N/fn+1(N) −→ gn(N)/gn+1(N)
x+ fn+1(N) 7−→ gn(x) + gn+1(N)

and the kernel of ḡn is

Ker(ḡn) = [Ker(gn) + fn+1(N)]/fn+1(N).

Therefore, we obtain

(∗1) N/[Ker(gn) + fn+1(N)] ∼= gn(N)/gn+1(N) ∈ TK, ∀n ≥ 1.

We next show that gnfm = 0 for all n ≥ m. Suppose that gnfm 6= 0 for some

n ≥ m. Then for each l ≥ m, we have

c(gnfm · · · fl) = [gn(c(fm · · · fl))]c = [gn(c(fm))]c = c(gnfm).

Therefore, gm−1fm · · · fnfm · · · fl = gnfm · · · fl 6= 0 for all l ≥ m, and hence
c(fm · · · fnfm) = c(fm) by the choice of fm. Since f = fm · · · fn ∈ A is
nilpotent, we have

c(fm) = c(ffm) = c(f2fm) = · · · = 0,

implying fm = 0, a contradiction. Therefore, we have

(∗2) Σni=2fi(N) ⊆ Ker(gn) ∀n ≥ 2.

For each n ≥ 1, we let

Dn = ∩ni=1Ker(gi) + Σn+1
j=2 fj(N).

By (∗1), we see N/D1 ∈ TK. Suppose N/Dn−1 ∈ TK for some n− 1 ≥ 1. We
show that N/Dn ∈ TK. Notice

[Ker(gn) +Dn−1]/Dn−1

∼= Ker(gn)/(Ker(gn) ∩Dn−1)
� Ker(gn)/[Ker(gn) ∩Dn−1 +Ker(gn) ∩ fn+1(N)]

and, by (∗2), we have

[Ker(gn) +Dn]/Dn

= [Ker(gn) +Ker(gn) ∩Dn−1 + fn+1(N)]/[Ker(gn) ∩Dn−1 + fn+1(N)]
∼= Ker(gn)/{Ker(gn) ∩ [Ker(gn) ∩Dn−1 + fn+1(N)]}
= Ker(gn)/[Ker(gn) ∩Dn−1 +Ker(gn) ∩ fn+1(N)].

Copyright 2006 by Taylor & Francis Group, LLC



64 CLASSES OF MODULES

Since N/Dn−1 ∈ TK, we have [Ker(gn) + Dn−1]/Dn−1 ∈ TK by (3.2.1) and
hence [Ker(gn) + Dn]/Dn ∈ TK from above. Note that TK is closed under
extensions. Thus the fact that N/Dn ∈ TK follows from the following exact
sequence:

0 −→ [Ker(gn) +Dn]/Dn −→ N/Dn
ḡn−→ gn(N)/gn+1(N) −→ 0,

where ḡn(x+Dn) = gn(x) + gn+1(N) for x ∈ N . Therefore, we have proved

(∗3) N/[∩ni=1Ker(gi) + Σn+1
j=2 fj(N)] ∈ TK, ∀n ≥ 1.

Since ∩ni=1Ker(gi) are in HFK(N) for all n, there exists a number l such that
∩ni=1Ker(gi) = ∩n+1

i=1 Ker(gi) for all n ≥ l and hence

Ker(gl+1) ⊇ ∩ni=1Ker(gi) for all n ≥ l.

Then
Ker(gl+1) ⊇ ∩li=1Ker(gi) + Σl+1

i=2fi(N)

by (∗2). It follows from (∗3) that N/Ker(gl+1) ∈ TK, but N/Ker(gl+1) ∈ FK.
Therefore, N = Ker(gl+1), i.e., gl+1 = 0, a contradiction. 2

3.2.25. REFERENCES. Albu and Nástásescu [5]; Fisher [51,52]; Golan
[59]; Gómez Pardo [64]; Miller and Teply [86]; Shock [107]; Wu and Golan
[133]; Zhou [135,138].
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3.3 Covers and Ascending Chain Conditions

In this section, covers of modules are discussed and connected to certain
ascending chain conditions of rings. As before, F and K indicate classes of
R-modules.

3.3.1. DEFINITION. [47, Enochs] Let N be a module, F ∈ F , and f :
F −→ N be a homomorphism. The homomorphism f : F −→ N is called an
F-precover of N if Hom(G,F ) −→ Hom(G,N) −→ 0 is exact for all G ∈ F .
If furthermore every g : F −→ F such that fg = f is an automorphism of F ,
then f : F −→ N is called an F-cover of N .

Note that the F-cover of a module, if it exists, is unique up to isomorphism.
The next lemma is well-known and easy to prove.

3.3.2. LEMMA. Let f : F −→ N be a homomorphism and X = ⊕iXi.
Then

Hom(X,F )
Hom(X,f)−→ Hom(X,N) −→ 0

is exact if and only if

Hom(Xi, F )
Hom(Xi,f)−→ Hom(Xi, N) −→ 0

is exact for every i. 2

For any class F of R-modules and for any R-module N , we let

iN (F) = {X ∈ F : X isN -injective}.

3.3.3. THEOREM. Let K be an M -natural class. Then the following are
equivalent:

1. Every R-module has an iM (K)-precover.

2. Every module in K has an iM (K)-precover.

3. R has ACC on HK(R).

PROOF. (1) =⇒ (2) is clear.
(2) =⇒ (3). To show that R has ACC on HK(R), it suffices to show that

for any family {Ei : i ∈ I} of M -injective modules in K, the direct sum ⊕iEi
is again M -injective by (3.1.5). Since ⊕iEi ∈ K, by (2), let f : E −→ ⊕iEi
be an iM (K)-precover, and let li : Ei −→ ⊕iEi be the canonical inclusion for
each i ∈ I. Then there exists fi : Ei −→ E such that ffi = li for every i ∈ I.
Thus, the composition map ⊕iEi

⊕fi−→ E
f−→ ⊕iEi is the identity, showing

that ⊕iEi is a direct summand of E. So ⊕iEi is M -injective.
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(3) =⇒ (1). Suppose that R has ACC on HK(R). Thus, by (3.1.5) and
(3.1.13), every M -injective module in K is a direct sum of uniform M -injective
modules. Let

Y = {EM (R/I) : I ⊆ R,R/I ∈ K is uniform}.

Then every uniform M -injective module in K is isomorphic to some module
in Y. Given an R-module N , for each Y ∈ Y, let Y ∗ = Y (Hom(Y,N)) and let

φY : Y ∗ −→ N defined by (yf )f∈Hom(Y,N) 7−→ Σf(yf ).

We claim that ⊕φY : ⊕Y ∗ −→ N is an iM (K)-precover. By (3.1.5), ⊕Y ∗ ∈
iM (K). It is clear that

Hom(Y, Y ∗)
Hom(Y,φY )−→ Hom(Y,N) −→ 0

is exact for every Y ∈ Y. It follows that

Hom(Y,⊕Y ∗) Hom(Y,⊕φY )−→ Hom(Y,N) −→ 0
is exact for every Y ∈ Y. Since every M -injective module in K is a direct sum
of modules each isomorphic to an element in Y, it follows from (3.3.2) that

Hom(X,⊕Y ∗) Hom(X,⊕φY )−→ Hom(X,N) −→ 0
is exact for every M -injective module X ∈ K. So ⊕φY : ⊕Y ∗ −→ N is an
iM (K)-precover. 2

3.3.4. REMARKS. (3.3.3) is previously known to be true in the following
cases: (1) K = Mod-R (Enochs [47] and Teply [117]); (2) K is a hereditary
torsion free class (Ahsan and Enochs [2]); (3) K is the class of all Goldie
torsion modules (Ahsan and Enochs [3]); K is the class of all non-singular
modules (Ahsan and Enochs [2]).

A partially ordered set Λ is called directed if for every pair a, b ∈ Λ
there exists c ∈ Λ such that a ≤ c and b ≤ c. A direct system of R-
modules over a directed partially ordered set Λ, denoted by (Ma; f ba,Λ), is
a family of R-modules {Ma : a ∈ Λ} together with a family of morphisms
{f ba : Ma −→ Mb, a ≤ b, a, b ∈ Λ} satisfying faa = 1 and fcb f

b
a = fca whenever

a ≤ b ≤ c. The direct limit of a direct system (Ma; f ba,Λ) of modules is an
R-module A together with a family of morphisms {fa : Ma −→ A, a ∈ Λ}
satisfying the following two conditions:

1. fa = fbf
b
a for all a ≤ b in Λ.

2. For any R-module B and any family of morphisms {ga : Ma −→ B, a ∈
Λ} with ga = gbf

b
a for all a ≤ b in Λ, there exists a unique g : A −→ B

such that ga = gfa for all a ∈ Λ.

The direct limit of a direct system of modules always exists and is unique
up to isomorphism. We write A = lim−→Ma and (fa, lim−→Ma) for the direct limit
of the direct system of modules (Ma; f ba,Λ). Note that lim−→Ma = ∪Λfa(Ma)
and Ker(fa) = ∪b≥aKer(f ba) for all a ∈ Λ.

3.3.5. LEMMA. Let K be an M -natural class and N ∈ σ[M ].
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1. If N = ∪{Ni : i ∈ I} with all Ni ∈ K, then N ∈ K.

2. Suppose that R has ACC onHK(R). If X is a directed set of submodules
of N such that N/X ∈ K for each X ∈ X , then N/(∪XX) ∈ K.

PROOF. By (2.3.5) and (2.4.4), we can write K = c(F)∩σ[M ] for some class
F of modules.

(1) If N /∈ K, then N /∈ c(F). Thus, there exists 0 6= x ∈ N such that
xR ∈ F . But x ∈ Ni for some i ∈ I, so Ni /∈ K, a contradiction.

(2) If N/(∪XX) 6∈ K, then there is a nonzero cyclic submodule Y/(∪XX) of
N/(∪XX) such that Y/(∪XX) ∈ F . Write Y/(∪XX) = (yR+∪XX)/(∪XX).

Let Y = {yR ∩X : X ∈ X}. Clearly Y is a directed set of submodules of
yR. For any yR ∩X ∈ Y,

yR/(yR ∩X) ∼= (yR+X)/X ⊆ N/X ∈ K.

So yR/(yR ∩X) ∈ K. But

yR/(∪YZ) = yR/[∪X∈X (yR ∩X)]
= yR/[yR ∩ (∪XX)]
∼= (yR+ ∪XX)/(∪XX) /∈ K.

So, replacing N by xR and X by Y, we can assume that N is cyclic. Thus
N ↪→ P/Q where P is a cyclic submodule of M (n) for some n > 0 and Q ≤ P .
Since R has ACC on HK(R), the ACC holds on HK(N) by (3.1.4) and (3.1.5),
so there exists a maximal element, say X ′, in X . But since X is a directed
set, X ′ = ∪XX. Therefore N/(∪XX) = N/X ′ ∈ K. 2

3.3.6. THEOREM. Let K be an M -natural class. Then every direct limit
of M -injective modules in K is M -injective iff R has ACC on HK(R).

PROOF. “=⇒”. The hypothesis clearly implies that every direct sum of
M -injective modules in K is M -injective, so R has ACC on HK(R) by (3.1.5).

“⇐=”. Let {E = lim−→Ea, fa} be the direct limit of the directed system
{Ea; f ba,Λ} of M -injective modules in K, and f : N −→ E a homomorphism,
where N is a submodule of a cyclic submodule C of M . It suffices to show
that there is a homomorphism C −→ E that extends f by [87, Proposition
1.4].

First, we show E ∈ K. Since E = ∪a∈ΛIm(fa), to show that E ∈ K, it
suffices to show each Im(fa) ∈ K by (3.3.5). For each a ∈ Λ, we have that
Ker(fa) = ∪a≤bKer(f ba) and {Ker(f ba) : a ≤ b, b ∈ Λ} is a directed set of
submodules of the module Ea. Note that Ea/Ker(f ba) ∼= Im(f ba) ⊆ Eb for
any b ∈ Λ with a ≤ b. Thus Ea/Ker(f ba) ∈ K for any b ∈ Λ with a ≤ b. Thus,
by (3.3.5), we have

Im(fa) ∼= Ea/Ker(fa) = Ea/[∪a≤bKer(f ba)] ∈ K
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for every a ∈ Λ. So E ∈ K.
We need to show that there is a homomorphism g : C −→ E that extends

f . Let
TK = {T ∈ Mod-R : Hom(T,C) = 0 for all C ∈ K}.

Since HK(R) has ACC, HK(C) has ACC by (3.1.5). Therefore, by (3.2.4),
there is a finitely generated submodule N1 ⊆ N such that N/N1 ∈ TK. Let
f1 = f |N1 : N1 −→ E. If there exists a homomorphism g1 : C −→ E that
extends f1, then N1 ⊆ Ker(f−g1), and thus f−g1 induces a homomorphism
f − g1 : N/N1 −→ E. But, since N/N1 ∈ TK and E ∈ K, we have f − g1 = 0.
This shows that (f − g1)|N = 0, i.e., g1 extends f . So, without loss of
generality, we can assume N is a finitely generated submodule of C.

So f(N) is a finitely generated submodule of E = ∪a∈ΛIm(fa), and hence
f(N) ⊆ Im(fa) for some a ∈ Λ. Forming a pullback, one obtains the commu-
tative diagram with exact rows:

0 −−−−→ X −−−−→ Y
ϕ−−−−→ N −−−−→ 0∥∥∥ yψ yf

0 −−−−→ X −−−−→ Ea
fa−−−−→ Im(fa) −−−−→ 0.

Since N is finitely generated, there exists a finitely generated submodule Y1

of Y such that ϕ1 = ϕ|Y1 : Y1 −→ N is epic. Since Y ∼= N ⊕Ker(fa) ∈ σ[M ],
we have ψ(Kerϕ1) ∈ σ[M ]. So the ACC on HK(R) implies that ACC on
HK(ψ(Kerϕ1)). By (3.2.4), there is a finitely generated submodule Z ⊆
ψ(Kerϕ1) such that ψ(Kerϕ1)/Z ∈ TK. But Z ⊆ ψ(Kerϕ1) ⊆ Ker(fa), so
Z ⊆ Ker(f ba) for some b ≥ a. Thus,

ψ(Kerϕ1)
Z

⊆ Ea
Z

�
Ea

Kerf ba
∼= Imf ba ⊆ Eb,

here “�” means an epimorphism. It must be that ψ(Kerϕ1)/Z = 0. So
ψ(Kerϕ1) = Z, and hence (f baψ)(Kerϕ1) = 0. Thus there exists α : N −→ Eb
that makes the diagram commutative:

Y1
⊆−−−−→ Y

ψ−−−−→ Ea
fb

a−−−−→ Eb

ϕ1

y ∥∥∥
N

α−−−−→ Eb.

Since Eb is M -injective, there exists a morphism β : C −→ Eb that extends
α. Let g = fbβ : C −→ E. For any x ∈ N , write x = ϕ1(y) with y ∈ Y1.
Then

g(x) = fbβ(x) = fbα(x) = fbαϕ1(y) = fbf
b
aψ(y) = faψ(y) = f(x).
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So g extends f . 2

3.3.7. LEMMA. [134, Theorem 2.2.8] Let F be a class of R-modules that is
closed under isomorphic copies and let M be an R-module. Suppose that F is
closed under direct limits. If M has an F-precover, then M has an F-cover.
2

3.3.8. THEOREM. Let K be an M -natural class. Then the following are
equivalent:

1. Every R-module has an iM (K)-cover.

2. Every R-module in K has an iM (K)-cover.

3. R has ACC on HK(R).

PROOF. (1) =⇒ (2) is obvious. (2) =⇒ (3) follows from (3.3.3).
(3) =⇒ (1). Suppose that (3) holds. Then every R-module has an iM (K)-

precover. By (3.3.6), the class iM (K) is closed under direct limits. Therefore,
by (3.3.7), every R-module has an iM (K)-cover. 2

3.3.9. COROLLARY. Let M be an R-module. The following are equiva-
lent:

1. M is locally Noetherian.

2. Every module in σ[M ] has an iM (σ[M ])-cover.

3. Every R-module has an iM (σ[M ])-cover. 2

3.3.10. COROLLARY. [100, Theorems 11 and 18] Let K be a natural class.
The following are equivalent:

1. R has the ACC on HK(R).

2. Every module in K has an iR(K)-cover.

3. Every R-module has an iR(K)-cover. 2

3.3.11. REMARKS. (3.3.10) is previously known to be true in the following
cases: (1) K = Mod-R (Enochs [47]); (2) K is the class of the non-singular
modules (Ahsan-Enochs [2]); (3) K is the class of the Goldie torsion modules
(Ahsan-Enochs [3]).

3.3.12. REFERENCES. Ahsan and Enochs [2,3]; Enochs [47]; Page and
Zhou [100]; Teply [117].

Copyright 2006 by Taylor & Francis Group, LLC



Chapter 4

Type Theory of Modules: Dimension

The first section defines type submodules and describes their basic properties.
In order to be able to use type submodules effectively, one has to be able to
identify which submodules are type submodules, and to be familiar with a
few module operations through which type submodules are obtained.

Then a special kind of type submodules, those which are also atomic, are
used to define the type dimension of any module. Some of the more useful
properties of the type dimension are explained. Section 4.2 develops compu-
tational formulas for calculating type dimension, and concludes with formulas
for the type dimension for several classes of modules and rings, such as formal
triangular matrix rings and Laurent polynomial modules and rings.

Several classes of rings defined using type dimension, including those rings
with type ascending and descending chain conditions, are investigated in sec-
tion 4.3 as immediate applications of the type dimension.

The concept of the type dimension first appeared in [140], where many of
its properties were proved. Then it was subsequently used throughout [141].
By then, its usefulness was apparent.

4.1 Type Submodules and Type Dimensions

Type submodule and type dimension are two fundamental concepts in the
type theory of modules. There are two ways in which type submodules may be
approached as explained in (4.1.2). One is that type submodules are precisely
those submodules belonging to a natural class K which are maximal with re-
spect to that property. This approach was used in [32]. The other approach
from [140] is that type submodules of a module are those which have no proper
“parallel” extensions in the module. The behavior of type submodules under
various module operations, such as quotients, submodules, and direct sums
is investigated. The atomic modules generalize uniform modules. Similarly,
the type dimension of a module, which is based on atomic submodules, is
analogous to the uniform dimension. Type submodules are complement sub-
modules, and there is a partial resemblance between the two. For example,
if X is a type submodule of N and N is a type submodule of M , then X is

71
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a type submodule of M ; the same holds for complement submodules. Two
symmetric properties of modules, orthogonal and parallel, are defined below.

4.1.1. DEFINITION. Two modules N and P are orthogonal, written as
N ⊥ P , if they do not have nonzero isomorphic submodules. Modules N1 and
N2 are parallel, denoted as N1‖N2, if there does not exist a 0 6= V2 ≤ N2

with N1 ⊥ V2, and also there does not exist a 0 6= V1 ≤ N1 such that V1 ⊥ N2.
An equivalent definition of N1‖N2 is that for any 0 6= V1 ≤ N1, there

exist 0 6= aR ≤ V1 and 0 6= bR ≤ N2 with aR ∼= bR, and dually for any
0 6= V2 ≤ N2, there exist 0 6= aR ≤ N1, 0 6= bR ≤ V2 with aR ∼= bR.

4.1.2. DEFINITION. A submodule P of a module N is called a type
submodule, denoted as P ≤t N , if the following equivalent conditions hold:

1. If P ⊆ Y ⊆ N with P‖Y , then P = Y .

2. If P ⊂ Y ⊆ N , then P ⊥ X for some 0 6= X ⊆ Y .

3. P is a complement submodule of N such that P ⊕D ≤e N and P ⊥ D
for some D ⊆ N .

4. There exists a natural class K such that, among all the submodules of
N , P is maximal with respect to P ∈ K.

PROOF. (1) ⇐⇒ (2) is clear.
(1) =⇒ (3). (1) clearly implies that P has no proper essential extensions

in N ; so P is a complement submodule. There exists a D ⊆ N such that
P ⊕D ≤e N . If P is not orthogonal to D, then there exists an 0 6= X ⊆ D
such that X ↪→ P , so P‖(P ⊕X), contradicting (1). So P ⊥ D.

(3) =⇒ (4). Set K = d(P ). Suppose that P ⊂ Y ⊆ N with Y ∈ K. Since
P is a complement submodule, there is a 0 6= V ⊆ Y such that P ∩ V = 0;
so V embeds in N/P . Let D be as in (3). Then D embeds as an essential
submodule in N/P because P is a complement submodule of N . Thus, there
exists a 0 6= W ⊆ V such that W ↪→ D. But from Y ∈ K, we have W ∈ d(P );
so W has a nonzero submodule embeddable in P . This contradicts that
P ⊥ D.

(4) =⇒ (2). Let K be as in (4). Then P is a complement submodule of
N since K is closed under essential extensions. Suppose P ⊂ Y ⊆ N . Then
P ∩X = 0 for some 0 6= X ⊆ Y . If P and X are not orthogonal, then X has
a nonzero submodule V embeddable in P , so P ⊕ V ∈ K, contradicting the
maximality of P . It follows that P ⊥ X. 2

A submodule P satisfying (4.1.2)(4) is sometimes called a type submodule
of type K of N . Note that if N is a type submodule of the module M of
type K and if C is any complement of N in M , then N ⊥ C and C ∈ c(K);
moreover, for any R-homomorphism f : N −→ C, we have Ker(f) ≤e N , and
consequently f(N) ⊆ Z(C).
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Each submodule V ≤ N has three associated submodules which are defined
next, and in this chapter will sometimes be denoted by V c,V tc, and V ∗.

4.1.3. DEFINITION. For V ≤ N , let V c ≤ N denote a complement closure
of V in N . By Zorn’s Lemma there exists a submodule P ≤ N maximal with
respect to V ⊆ P and V ‖P . Then P ≤t N is a type submodule, called
the type closure of V in N . In general it is not unique, but any such one
will be denoted by P = V tc. Note that if V ⊆ Y ⊂ V tc ≤ N , then Y is
not a type submodule of N . In general, V need not be essential in V tc, but
always V ‖V tc. Again by Zorn’s Lemma, there exists a submodule Q ≤ N
maximal with respect to V ⊥ Q. Any such a submodule Q is called a type
complement of V , and will be denoted in this section by V ∗. It is always
true that V ∗ ≤t N , V tc ⊥ V ∗ = 0, and V tc ⊕ V ∗ ≤e N .

4.1.4. PROPOSITION. Start with any V ≤ N .

1. There exists a type submodule P ≤t N minimal with the property that
V ⊆ P .

2. There exists a type submodule Q ≤t N maximal with respect to V ∩Q =
0.

3. P ⊕Q ≤e N and P and Q are complements of each other.

4. P = V tc and Q = V ∗.

PROOF. Take P = V tc and Q = V ∗ as in (4.1.3). If V = 0, then V tc = 0
and V ∗ = N , so let V 6= 0.

(1) If V ⊆ L ⊂ P with L ≤t N , then L is a complement submodule of N .
Thus L ⊕ C ≤ P for some 0 6= C ≤ P . Hence L ⊥ C and also V ⊥ C. This
contradicts that V ‖V ct.

(2) Suppose Q ⊂ W ≤ N with W ≤t N and V ∩W = 0. Then V ⊥ W by
(4.1.2)(1), contradicting the maximality of Q.

(3) follows from (4.1.3). 2

The next lemma will allow us to start with a type submodule, and construct
some new type submodules.

4.1.5. LEMMA. Let P,C be submodules of N . Then the following hold:

1. P ≤t N , P ⊆ C =⇒ P ≤t C.

2. If P ≤t N , then P ∩ C = 0 if and only if P ⊥ C.

3. Let X = ⊕i∈IXi be a direct sum of type submodules Xi of N . Then
Xc = Xtc ≤t N is a type submodule of N .

4. P ≤t N ≤t M =⇒ P ≤t M .
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PROOF. (1) follows from (4.1.2)(1).
(2) Clearly P ⊥ C always implies P ∩ C = 0. If P ⊕ C ≤ N , then P ≤t N

implies P ⊥ C by (4.1.2).
(3) Let Y be a complement of X in N . Then Xc ⊕ Y ≤e N . If Y,Xc

are not orthogonal, then for some 0 6= xR ≤ Xc, xR ↪→ Y . By (2.3.3), for
some a ∈ R, 0 6= xaR embeds into Xi for some i. But by (2), Xi ⊥ Y , since
Xi ≤t N . This is a contradiction. Thus Xc ⊥ Y , and by (4.1.2)(3), Xc ≤t N
is a type submodule.

(4) Let P ⊕P ′ ≤e N and N ⊕N ′ ≤e M , where P ′ is a complement of P in
N , and N ′ is a complement of N in M . Since P ⊆ N and N ⊥ N ′, P ⊥ N ′.
Also P ⊥ P ′. Then P ⊕P ′ ⊕N ′ ≤e M , with P ⊥ (P ′ ⊕N ′). Since P ≤M is
a complement submodule, it now follows from (4.1.2)(3) that P ≤t M . 2

4.1.6. PROPOSITION. Let A < P ≤ N where A is a complement sub-
module of N .

1. If P ≤t N , then P/A ≤t N/A.

2. If A <t P and P/A ≤t N/A, then P ≤t N or P <e P
tc.

PROOF. (1) If not, P/A has a proper parallel extension H/A in N/A. Then
A is properly contained in H. Let C be a complement of A in P , and X a
complement of P in H. Then A ⊕ C ≤e P , A ⊕ C ⊕ X ≤e P ⊕ X ≤e H
with X 6= 0 and P ⊥ X. Since A is a complement submodule of N , C is
isomorphic to an essential submodule of P/A, while C ⊕X is isomorphic to
an essential submodule ofH/A. Since P/A and H/A are parallel, C and C⊕X
are parallel. This contradicts that C ⊥ X. So P/A is a type submodule of
N/A.

(2) If not, there exist submodules B ∼= C of P tc with 0 6= B ≤ P and
P ⊕ C ≤ P tc. If A ∩ B 6= 0, then A ∩ B is isomorphic to a submodule of C,
where A ∩ C = 0, contradicting that A <t N . But then the following shows
that P/A is not a type submodule of N/A:

P/A ≥ (A⊕B)/A ∼= (A⊕ C)/A ≤ P/A⊕ (A⊕ C)/A ≤ N/A.

2

We next discuss the type dimension of a module which is the analogue of
the well-known uniform dimension or Goldie dimension. The type dimension
can be used the same way that the uniform dimension can. Since the uniform
dimension of a module might be infinite while the type dimension is finite, it
is more widely applicable.

4.1.7. LEMMA. Suppose that A1, · · · , An ≤ M are pairwise orthogonal
atomic submodules with A1 ⊕ · · · ⊕ An ≤e M . If B1, · · · , Bm ≤ M are
nonzero pairwise orthogonal, then m ≤ n.

PROOF. By (2.3.3), each Bi contains an atomic submodule. Without loss
of generality, let the Bi be atomic. By (2.3.3), after renumbering the Ai, we
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may assume that B1‖A1. Repetition of this process gives us that B2‖Ai for
some i. Since B1 ⊥ B2, we have i 6= 1. Renumbering, take i = 2, if 2 ≤ n.
Suppose that n + 1 ≤ m. In that case we are able to repeat this process
n times obtaining Bi‖Ai for i = 1, . . . , n. But also for Bn+1 we get that
Bn+1‖Ai for some i ≤ n, so Bn+1‖Ai and Ai‖Bi. It follows that Bn+1‖Bi.
The contradiction shows that m ≤ n. 2

The previous lemma shows that the integer n there is unique for M , and
does not depend on the choice of the Ai’s. The next definition was first
introduced in [140].

4.1.8. DEFINITION. A module M has finite type dimension n, denoted
by t.dimM = n, ifM contains an essential direct sum of n pairwise orthogonal
atomic submodules of M . If no such n exists, we say that the type dimension
of M is infinite, and write t.dimM = ∞. If M = 0, then t.dimM = 0.

The finite uniform dimension of a module M will here be denoted by
u. dim M or u. dim M = ∞ if it is not finite. Note that like u. dim, also
t.dimM = t.dimE(M). That is, the type dimension of any module is equal
to that of any essential submodule.

4.1.9. EXAMPLES. As modules over Z, the following hold:

1. If M = Z2 ⊕ Z3 ⊕ Z4, then t.dimM = 2.

2. If M = ⊕i>0Zpi where p is a prime number, then t.dimM = 1.

3. If M = ⊕i>0Zpi
where pi is the ith prime number, then t.dimM = ∞.

2

Several useful properties of the type dimension, first observed in [140], are
listed below. Below, the type dimension is allowed to be ∞, in which case
n+∞ = ∞ for any n.

4.1.10. LEMMA. Any N ≤M satisfies the following:

1. t.dimM ≤ t.dimN + t.dimM/N .

2. If M = M1 ⊕ · · · ⊕Mn, then t.dimM ≤ t.dimM1 + · · ·+ t.dimMn.

3. Let M = M1 ⊕ · · · ⊕Mn. If Mi ⊥ Mj for all i 6= j, then t.dimM =
t.dimM1 + · · ·+ t.dimMn. The converse holds if t.dimM <∞.

4. N‖M =⇒ t.dimM = t.dimN . In particular, t.dimN = t.dimN tc.

5. t.dimM <∞, and t.dimM = t.dimN =⇒M‖N .

6. N ≤e M =⇒ t.dimN = t.dimM .
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PROOF. The proofs of (1), (2), (4), and (6) are omitted. They can be proved
using definition (4.1.8).

(3) Let A(i)
1 ⊕· · ·⊕A(i)

m(i) ≤e Mi, i = 1, · · · , n, be an essential orthogonal sum
of atomic modules. Hence t.dimMi = m(i). Put an equivalence relation on
the A(i)

j ’s whereby any two of these, say A(1)
s and A(2)

t , are equivalent if they

have a common nonzero isomorphic submodule, equivalently, A(1)
s ‖A(2)

t . Let
there be k equivalence classes. Then t.dimM = k. But k = m(1)+ · · ·+m(n)
if and only if each equivalence class is a singleton if and only if Mi ⊥ Mj

whenever i 6= j.
(5) If N and M are not parallel, then there exists an 0 6= X ⊆M such that

N ⊥ X. Thus, t.dimM ≥ t.dim(N ⊕X) = t.dimN + t.dimX > t.dimN .
This is a contradiction. 2

Recall that ifN is any compressible module (∀ 0 6= V ≤ N,N ↪→ V ), thenN
is atomic. Consequently, any (noncommutative) domain has type dimension
1. For a direct product of rings R = R1 × · · · × Rn, as R-modules, Ri ⊥ Rj

for i 6= j. Consequently, t.dimRR = t.dim(R1R1
)+ · · ·+ t.dim(RnRn

), where
t.dim(RkRk

) = t.dim(Rk)R. For an infinite product of rings R =
∏∞

i=1Ri,
⊕∞i=1Ri ≤e RR and as before, Ri ⊥ Rj for i 6= j, t.dimRR = ∞.

The next two propositions explain how the type dimension t.dimM can be
realized.

4.1.11. For a module M , t.dimM = ∞ if and only if there exist an infinite
number of pairwise orthogonal nonzero submodules of M .

PROOF. It follows directly from (4.1.8). 2

The next result is due to [140].

4.1.12. PROPOSITION. The following hold for a module M :

1. For any type submodule N ≤t M , t.dimM = t.dimN + t.dim(M/N).

2. The following are all equivalent:

(a) t.dimM <∞.

(b) M has ACC on type submodules.

(c) M has DCC on type submodules.

PROOF. (1) Let N ⊕ P ≤e M , so N ⊥ P by (4.1.5), and P embeds as
an essential submodule in M/N . Consequently, t.dimM = t.dim(N ⊕ P ) =
t.dimN + t.dimP = t.dimN + t.dim(M/N).

(2)(a) =⇒ (2)(b). Suppose that M1 ⊂M2 ⊂ · · · ⊂M is a strictly ascending
countable infinite chain of type submodules of M . Let Xi be a complement
of Mi in Mi+1. Then Xi 6= 0 and Mi ⊥ Xi by (4.1.2)(2) and (4.1.5)(2). It
follows that Xi ⊥ Xj for all i 6= j. Hence by (4.1.11), t.dimM = ∞, a
contradiction.
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(2)(b) =⇒ (2)(c). Suppose there is a strictly descending countable infinite
chain M ⊇ M1 ⊃ M2 ⊃ · · · with Mi ≤t M for all i. For each i ≥ 1, let Pi

be a complement of Mi+1 in Mi. Then Pi 6= 0 and Pi ⊥ Mi+1 by (4.1.3)(2)
and (4.1.5)(2). So Pi ≤t Mi by (4.1.2)(3); hence Pi ≤t M by (4.1.5)(4).
Thus ⊕∞i=1Pi is a direct sum of pairwise orthogonal type submodules. Let
X1 = P c

1 = P1 and X2 = (X1 ⊕ P2)c. Generally, for each i ≥ 1, let Xi+1 =
(Xi⊕Pi+1)c be a complement closure of Xi⊕Pi+1 in M . Then X1 ⊂ X2 ⊂ · · ·
and each Xi is a type submodule of M by (4.1.5)(3).

(2)(c) =⇒ (2)(a). If (2)(a) does not hold, then by (4.1.11) there is a family
{Yi : i = 1, 2, · · · } of pairwise orthogonal nonzero submodules of M . Since
Y tc

i ⊥ Y tc
j whenever i 6= j, replacing Yi by Y tc

i when necessary, we may
assume that all Yi are type submodules of M . Let X1 = M and, for each
i > 1, let Xi be a complement closure of ⊕j≥iYj in Xi−1. Then we have
a chain X1 ⊃ X2 ⊃ · · · such that each Xi is a type submodule of M by
(4.1.5)(3). 2

4.1.13. PROPOSITION. For a natural class K, suppose that N1, N2 are
type submodules of type K of M . Then the following hold:

1. E(N1) ∼= E(N2).

2. There exist D1 ≤e N1, D2 ≤e N2 such that D1
∼= D2.

3. E(M/N1) ∼= E(M/N2).

PROOF. (1) Let C be a complement of N2 in M . Since N2 is a type sub-
module of M of type K, C ∈ c(K), and C is a type submodule of M by (4.1.2).
So N1 ⊥ C. Let N1 ⊕ C ⊕ D ≤e M for some D ≤ M . Then D ⊥ N1 and
D ∈ c(K). Since C is a type submodule of M and C ∩D = 0, C ⊥ D. But
N2 ⊕C ≤e M , so D ∈ d(N2) ∈ K. Thus, D ∈ K ∩ d(K) = {0}. Consequently,
E(M) = E(N1) ⊕ E(C). Also E(M) = E(N2) ⊕ E(C). So it follows that
E(N1) ∼= E(N2).

(2) Let g : E(N1) −→ E(N2) be an isomorphism. Then g(N1) ≤e E(N2),
and g(N1)∩N2 ≤e E(N2). Since the inverse image of an essential submodule
is essential, D1 = N1∩g−1(gN1∩N2) ≤e N1, and D1

∼= g(D1) ⊆ g(N1)∩N2 ⊆
N2. But clearly, D2 = g(D1) ≤e E(N2).

(3) Let Ci be a complement of Ni in M (i = 1, 2). Then C1, C2 are
type submodules of type c(K) of M . By (1), E(C1) ∼= E(C2), and hence
E(M/N1) ∼= E(C1) ∼= E(C2) ∼= E(M/N2). 2

4.1.14. PROPOSITION. Let M be a nonsingular module and K a natural
class. Then the following hold:

1. N = Σ{V : V ⊆M,V ∈ K} is the unique type submodule of type K.

2. N ≤M is fully invariant.
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PROOF. (1) Let f : P = ⊕{V : V ⊆M,V ∈ K} −→ N be the surjective sum
map, and K the kernel of f . Since Z(N) = 0, K is a complement submodule
of P . Let K ⊕W ≤e P , where W ∈ K. Then W ∼= (K ⊕W )/K ≤e P/K ∼=
f(P ) = N shows that N ∈ K.

(2) For a nonsingular moduleM , and anyN ≤M and x ∈M , x−1N ≤e R if
and only ifN ≤e xR+N (see [24, 1.1, p.52]). Hence ifN < M is a complement
submodule and x /∈ N , then x−1N is not essential in R. Suppose that for some
homomorphism φ : M −→ M , φ(N) 6⊆ N and x = φ(n) /∈ N for some n ∈ N
where N is given as in (1). Then x−1N ⊕ C ≤ R for some 0 6= C ≤ R. Since
n⊥ ⊆ x⊥ ⊆ x−1N and x−1N ∩ C = 0, C ∼= xC ∼= nC ∈ K. If xc0 ∈ xC ∩N
with c0 ∈ C, then c0 ∈ x−1N ∩ C = 0. Thus N + xC = N ⊕ xC ∈ K,
contradicting the maximality of N in K. 2

4.1.15. COROLLARY. For a natural class K and a module M , assume
that Z(M) ∈ K.

1. There exists a unique type submodule N ≤M of type K.

2. Z2(M) ⊆ N for N as in (1).

3. N ≤M is fully invariant.

PROOF. Now also Z2(M) ∈ K, and consequently there exists a type sub-
module N ≤t M with Z2(M) ⊆ N ∈ K.

(1) and (2) Let N2 ≤t M be of type K. Then

(ZM +N2)/N2 ⊆ Z(M/N2) ⊆M/N2 ⊆ E(M/N2)

shows that (ZM + N2)/N2 ⊆ Z(E(M/N2)). But E(M/N) ∼= E(M/N2)
by (4.1.13); this shows that Z(E(M/N2)) = 0 since Z(M/N) = 0. Hence
ZM ⊆ N2. So, being a quotient of (Z2M + N2)/ZM , (Z2M + N2)/N2 is
singular. Then we have

(Z2M +N2)/N2 ⊆ Z(M/N2) ⊆M/N2 ⊆ E(M/N2).

As above, we have Z2M ⊆ N2. Since Z2M is a complement submodule
of M and N ≤t M , N/Z2M ≤t M/Z2M by (4.1.6). Similarly, we have
N2/Z2M ≤t M/Z2M . Since Z2M is a complement submodule of M , both
N/Z2M and N2/Z2M are type submodules of the same type K of M/Z2M .
Thus, N/Z2M = N2/Z2M , or N = N2 by (4.1.14).

(3) By the last proposition and the first part of the proof, we see that
N/Z2M ≤ M/Z2M is fully invariant. If φ : M −→ M is an endomorphism,
then φ(Z2M) ⊆ Z2M . Hence φ induces a map φ̄ : M/Z2M −→ M/Z2M .
Then φ̄(N/Z2M) ⊆ N/Z2M which implies that φ(N) ⊆ N . 2

The concluding example shows that type submodules of a module are not
necessarily invariant.
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4.1.16. EXAMPLE. Let R = Z and M = Z ⊕ X where XZ is a nonzero
torsion module. Fix 0 6= x0 ∈ X and let f : M −→ M be defined by
f(n, x) = n(0, x0) (n ∈ Z, x ∈ X). Then f(Z⊕ 0) 6⊆ Z⊕ 0, but clearly Z⊕ 0
is a type submodule of M . 2

4.1.17. REFERENCES. Dauns [24,32]; Dauns and Zhou [42]; Zhou [140,
141].
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4.2 Several Type Dimension Formulas

For a module M , there are several computational formulas relating the
uniform dimension u. dimM of M to that of any submodule A ≤M , its com-
plement closure Ac, and quotient modules like M/A. The analogues of these
for the type dimension were developed in [42]. Usually, simple replacement of
“Ac” by “Atc” and “u. dim” by “t. dim” does not give correct formulas. This
section begins with formulas which are applicable to all modules.

Type dimension formulas for several special classes of rings and modules,
such as formal triangular rings, polynomial rings R[x], and laurent polynomial
rings R[x, x−1], were invented in [140]. The arguments there immediately
carry over to formal modules M [x] and M [x, x−1] over these rings.

For any submodule A of M , Ac/A is a complement submodule of M/A, and
hence

u. dimM/A = u. dimAc/A+ u. dimM/Ac

= u. dimAc/A+ u. dimM − u. dimA.

The formula

u. dimM + u. dimAc/A = u. dimA+ u. dimM/A

is due to Camillo and Zelmanowitz [17] as are several others. We begin by
showing that the parallel formula

t.dimA+ t.dimM/A = t.dimM + t.dimAtc/A

is false in general, but does hold if A ≤M is a complement submodule.

4.2.1. EXAMPLE. For R = Z, set M = Z ⊕ Z2 and A = 2Z ⊕ (0). Then
Atc = Z ⊕ (0). Moreover, M/A = Z2 ⊕ Z2, Atc/A = Z2 ⊕ (0), and hence
t.dimA+ t.dimM/A = 1 + 1 6= 2 + 1 = t.dimM + t.dimAtc/A. 2

In subsequent formula, if one side equals “∞”, then the other side also
necessarily does so.

4.2.2. LEMMA. For a complement submodule A of M , let Atc be any type
closure of A in M . Then

t.dimM + t.dimAtc/A = t.dimA+ t.dimM/A.

PROOF. Let Atc ⊕ P ≤e M where P ≤t M is a (type) complement of
Atc in M . Then t.dimM = t.dimAtc + t.dimP . Since P embeds as an
essential submodule of M/Atc, t.dimP = t.dimM/Atc. As noted in (4.1.10),
t.dimAtc = t.dimA. The formula at the beginning of this argument now says
that

(1) t.dimM = t.dimA+ t.dimM/Atc .
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So far we have not used the fact that A is a complement submodule of M , but
now it is needed to conclude from (4.1.6) that Atc/A ≤t M/A. The formula
at the beginning of this argument now says that

t.dimM/A = t.dimAtc/A+ t.dim
[
(M/A)

/
(Atc/A)

]
.

Thus

(2) t.dimM/A = t.dimAtc/A+ t.dimM/Atc.

Add “t.dimAtc/A” to both sides of equation (1) and then use (2) to simplify
and get

t.dimM + t.dimAtc/A = t.dimA+ t.dimM/Atc + t.dimAtc/A

= t.dimA+ t.dimM/A.

2

4.2.3. EXAMPLE. Return to the previous Example (4.2.1). There A was
not a complement submodule of M , and the previous lemma failed. The
complement closure of Atc/A = Z2 ⊕ (0) in M/A = Z2 ⊕ Z2 is (Atc/A)tc =
Z2 ⊕ Z2. Adding the term

t.dim
[
(Atc/A)tc

/
(Atc/A)

]
= t.dim

[
(Z2 ⊕ Z2)

/
(Z2 ⊕ (0))

]
= 1

to the left side of the formula in the last lemma gives a correct answer. 2

4.2.4. THEOREM. If A is a submodule of M , let Atc be any type closure
of A in M , and let (Atc/A)tc be any type closure of Atc/A in M/A. Then

t.dimM + t.dim(Atc/A) = t.dimA+ t.dim(M/A)

+ t.dim
[
(Atc/A)tc

/
(Atc/A)

]
.

PROOF. From the proof of the last lemma the formula (1) shows that
t.dimM = t.dimA + t.dimM/Atc. Since Atc is a complement submodule
of M , Atc/A is a complement submodule of M/A. By (4.2.2),

t.dimM/A+ t.dim
[
(Atc/A)tc

/
(Atc/A)

]
= t.dimAtc/A+ t.dimM/Atc.

Add “t.dimA” to both sides of the last equation, and use the above formula
(1) to prove the equation in the theorem. 2

For submodules A and B of some bigger module M , Camillo and Zel-
manowitz [17] developed formulas for u. dim(A + B) in terms of uniform di-
mensions of A, B and some other modules. Later, Dauns and Zhou [42] found
the analogues for t.dim(A+ B). We now turn to type dimensions of specific
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classes of rings. The type dimension formulas for a triangular matrix ring
were discovered in [140].

4.2.5. PROPOSITION. Let R =
(
S B
0 T

)
be the formal triangular matrix

ring where S, T are rings and B is an (S, T )-bimodule. Let l(B) = {s ∈ S :
sB = 0} and r(B) = {t ∈ T : Bt = 0}. Then

(1) t.dimRR = t.dim l(B)S + t.dim(B ⊕ T )T ;
(2) t.dim RR = t.dimT r(B) + t.dim S(S ⊕B) .

PROOF. As right R-submodules of R, it is asserted that(
l(B) 0

0 0

)
⊥

(
0 B
0 T

)
and

(
l(B) 0

0 0

)
⊕

(
0 B
0 T

)
≤e RR .

The orthogonality follows from the fact that any two nonzero elements from
the two right ideals of R have different right annihilators in R; and the equality(
s 0
0 0

) (
0 B
0 0

)
=

(
0 sB
0 0

)
shows that the sum of the above two right ideals is

essential in RR. There is a bijection f from the set of all right S-submodules

of l(B)S onto the set of all right R-submodules of
(
l(B) 0

0 0

)
given by X 7−→

f(X) =
(
X 0
0 0

)
. Furthermore, XS

∼= YS if and only if f(X)R
∼= f(Y )R.

Therefore, t.dim l(B)S = t.dim
(
l(B) 0

0 0

)
R

.

Similarly, there is a bijection g from the set of all right T -submodules of

(B ⊕ T )T onto the set of all right R-submodules of
(

0 B
0 T

)
given by

X 7−→ g(X) =
{(

0 b
0 t

)
: (b, t) ∈ X

}
.

Again XT
∼= YT if and only if g(X)R

∼= g(Y )R. Thus t.dim(B ⊕ T )T =

t.dim
(

0 B
0 T

)
R

. By (4.1.10)(3),

t.dimRR = t.dim
(
l(B) 0

0 0

)
R

+ t.dim
(

0 B
0 T

)
R

= t.dim l(B)S + t.dim(B ⊕ T )T .

The proof of (2) is similar and is omitted. 2

The last proposition is used to show the left-right asymmetry of the concept
of type dimension in the next two examples from [140].
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4.2.6. EXAMPLE. (1) Set R =
(

Z 2Z4

0 Z4

)
. Here

l(B) = 2Z,
t.dim l(B)S = t.dim l(B)Z = 1,

t.dim(B ⊕ T )T = t.dim(2Z4 ⊕ Z4)Z4 = 1,
t.dimRR = 2.

On the other side,

r(B) = 2Z4,

t.dim T r(B) = t.dim Z42Z4 = 1,
t.dim S(S ⊕B) = t.dim Z(Z⊕ 2Z4) = 2,

t.dim RR = 3.

(2) Let {Fi : i ∈ I} be a set of fields, and |I| the cardinality of I. Define
S to be the subring of Πi∈IFi generated by B = ⊕i∈IFi and the identity
element of the full product. Let ei ∈ S be the element whose ith component
is 1 and all other components are 0. Note that eiS = eiFi ⊥ ejFj = ejS for
i 6= j as S-modules. Hence t.dim SS = |I|.

Set R =
(
S B
0 Z

)
. Now l(B)S = 0 and T r(B) = 0. Since SB ≤eSS,

t.dim S(S ⊕B) = t.dim SS = |I|. Therefore,

t.dim RR = t.dim T r(B) + t.dim S(S ⊕B) = 0 + |I|.

Next,
t.dim(B ⊕ T )T = t.dim[(⊕i∈IFi)⊕ Z]T = k + 1,

where 0 ≤ k ≤ ∞ is the number of distinct nonzero characteristics char(Fi)
of the fields. Therefore,

t.dimRR = t.dim l(B)S + t.dim(B ⊕ T )T = 0 + k + 1 .

2

If Rop is the opposite ring of R, then t.dimRR = t.dimRop Rop. For any k
(an integer or ∞ ) and any set I with 0 ≤ k ≤ |I|, a family of |I| fields can be
found containing k distinct nonzero characteristics. Consequently, the above
shows that for any 1 ≤ n,m ≤ ∞, there exists a ring R with t.dim RR = n
and t.dimRR = m.

The type dimension formulas for formal polynomial and Laurent polynomial
rings were discovered by [140].

4.2.7. DEFINITION. Let M be any right R-module, and let M [x, x−1] be
the Abelian group of all expressions ξ of the form

ξ = Σ{ximi : −p ≤ i ≤ q,mi ∈M}
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where p, q are non-negative integers, and addition is componentwise. Identify
M with the abelian subgroup M = x0M ↪→ M [x, x−1]. Then M [x, x−1]
becomes a right module over the Laurent polynomial ring R[x, x−1] as follows.
For m ∈ M , r ∈ R, and i, j ∈ Z first define ximxjr = xi+jmr, and then
simply extend this by distributivity and linearity. Restricting ourselves to
non-negative powers of x we get the right module M [x] over the polynomial
ring R[x].

The above construction can be iterated a finite or infinite number of times to
yield the modules (1) and (3) below. In the case of an infinite set of variables
in (2) and (4) below, we first well order the set of variables {x1, x2, . . .}. The
next theorem was first established in [140]. Although there M = RR, the
proofs for the two cases are identical.

4.2.8. THEOREM. Let M be a right R-module, and let NS be any one of
the following modules over the following rings S.

1. M [x1, · · · , xn] over R[x1, · · · , xn].

2. M [x1, x2, · · · ] over R[x1, x2, · · · ].

3. M [x1, · · · , xn, x
−1
1 , · · · , x−1

n ] over R[x1, · · · , xn, x
−1
1 , · · · , x−1

n ].

4. M [· · · , x2, x1, x
−1
1 , x−1

2 , · · · ] over R[· · · , x2, x1 · · · , x−1
1 , x−1

2 , · · · ].

Then t.dimNS = t.dimMR.

PROOF. To prove (1) and (3) it suffices to take n = 1, and then iterate.
That is, if (1) holds for n = 1, replace M and R by M [x1] and R[x1] and
consider M [x1][x2] = M [x1, x2] and R[x1][x2] = R[x1, x2].

(1) A result from Goodearl [66, Lemma 3.21, p.88] implies the following:
(i) For any 0 6= f ∈ M [x], there exists a u ∈ R such that fu 6= 0, and the

right annihilators in R of the nonzero coefficients of fu are all equal.
(ii) Assume that the right annihilators in R of the nonzero coefficients of

0 6= f ∈M [x] are all equal. Then the right annihilator Ann(f) of f in R[x] is
the same as the right annihilator in R[x] of the leading coefficient of f .

(iii) Hence if in (ii), the leading term of f is xkm, m ∈M , then Ann(f) =
Ann(m) = m⊥[x] where m⊥ = {r ∈ R : mr = 0}. Moreover, for any
0 6= s ∈ R with ms 6= 0, Ann(fs) = (ms)⊥[x] = Ann(ms).

First it will be shown that for any atomic submodule A of M , A[x] is an
atomic submodule of M [x]. Let f and g be any two nonzero elements in A[x]
with leading coefficients a and b, respectively. We want to show that fR[x]
and gR[x] contain isomorphic nonzero submodules. To this end, by (i) above,
it may be assumed that Ann(f) = Ann(a) and Ann(g) = Ann(b). Since aR
and bR contain isomorphic nonzero cyclic submodules, there exist s, t ∈ R
with 0 6= asR ∼= btR via asr 7−→ btr, r ∈ R. From (as)⊥ = (bt)⊥ it follows
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that (as)⊥[x] = (bt)⊥[x]. Since f satisfies (ii), fs satisfies (iii), and similarly
for g and gt. Hence

Ann(fs) = Ann(as) = (as)⊥[x] = (bt)⊥[x]
= Ann(bt) = Ann(gt).

Consequently, the R[x]-homomorphism

fsR[x] −→ gtR[x], fsh 7−→ gth, h ∈ R[x]

is an isomorphism. Hence A[x] is an atomic R[x]-module.
Suppose A,B are any two R-submodules of M with A ⊥ B, but A[x], B[x]

are not orthogonal as R[x]-submodules of M [x]. Then there is an R[x]-
isomorphism

ψ : fR[x] −→ gR[x] 6= 0, via ψ(fh) = gh (h ∈ R[x])

for some f ∈ A[x] and g ∈ B[x]. Let a and b be the leading coefficients
of f and g, respectively. By (i) above, for some u ∈ R with fu 6= 0,
Ann(fu) = Ann(au) = (au)⊥[x], and still fuR[x] ∼= guR[x]. Next, again by
(i), for some v ∈ R with guv 6= 0, Ann(guv) = Ann(buv) = (buv)⊥[x]. Fur-
thermore, Ann(fuv) = Ann(auv) = (auv)⊥[x]. But ψ(fuv) = guv, and hence
Ann(fuv) = Ann(guv), or (auv)⊥[x] = (buv)⊥[x]. Thus, (auv)⊥ = (buv)⊥;
so 0 6= auvR ∼= buvR gives a contradiction.

If t.dimMR = ∞, then t.dimM [x]R[x] = ∞. Now if t.dimMR = n,
i.e., there exist pairwise orthogonal atomic submodules A1, . . . , An of M such
that A1 ⊕ · · · ⊕ An ≤e MR, then, from above, A1[x], · · · , An[x] are pairwise
orthogonal atomic submodules of M [x]. So it suffices to show that A1[x] ⊕
· · · ⊕ An[x] is essential in M [x]. If not then A1[x] ⊕ · · · ⊕ An[x] ⊕ H ≤e

M [x] where H is a nonzero submodule of M [x]. Take a nonzero element
f = Σl

k=1x
i(k)mk ∈ H, where all 0 6= mk ∈ M . Since 0 6= m1 ∈ M and

A = A1 ⊕ · · · ⊕ An ≤e M , there exists an r1 ∈ R such that 0 6= m1r1 ∈ A.
Hence fr1 6= 0, and m2r1 6= 0. Again there exists an r2 ∈ R such that
0 6= m2r1r2 ∈ A. Consequently fr1r2 6= 0. Continuing this way we obtain an
element

0 6= fr1r2 · · · rm ∈ (A1[x]⊕ · · · ⊕An[x]) ∩H = 0,

a contradiction.
(2) The proof of (1) can be adapted to show that if A,B are orthogonal

atomic submodules of M then A[x1, x2, · · · ], B[x1, x2, · · · ] are orthogonal
atomic submodules of NS = M [x1, x2, · · · ], where S = R[x1, x2, · · · ]. The
same argument as before now shows that if A1 ⊕ · · · ⊕ Ak ≤e MR, then
A1[x1, x2, · · · ]⊕ · · · ⊕Ak[x1, x2, · · · ] is essential in M [x1, x2, · · · ].

(3) and (4). Take n = 1 for simplicity; the proof for any n ≤ ∞ will be the
same. Set N = M [x, x−1] and S = R[x, x−1]. Note that the positive powers
xn of x in R have two remarkable properties. First, xn does not annihilate
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any nonzero elements of either N or S. Secondly, for any 0 6= v ∈ N and
0 6= s ∈ S, for some sufficiently big n, 0 6= vxn ∈M [x] while 0 6= sxn ∈ R[x].
We will simply reduce the proof in the case of NS to that of M [x]R[x] and (1),
from which t.dimM [x]R[x] = t.dimMR.

To prove that t.dimNS ≤ t.dimM [x]R[x], it suffices to show that if fS ⊥ gS
for f, g ∈ N , then also (fS ∩M [x]) ⊥ (gS ∩M [x]) over R[x]. If not, there
exist s1, s2 ∈ S, with fs1, gs2 ∈M [x] and an R[x]-isomorphism

φ : fs1R[x] −→ gs2R[x], fs1p 7−→ gs2p p ∈ R[x].

Then it follows that

fs1S −→ gs2S, fs1s 7−→ gs2s, s ∈ S,

is a well defined S-isomorphism. For if fs1s = 0 but gs2s 6= 0, simply take
an xn such that 0 6= s1sx

n ∈ R[x], 0 6= s2sx
n ∈ R[x], and gs2sx

n 6= 0. Then
0 = φ(fs1sxn) = gs2sx

n 6= 0 is a contradiction.
To establish the converse that t.dimM [x]R[x] ≤ t.dimNS , it has to be

shown that for any fR[x] ⊥ gR[x] over R[x] for f, g ∈ M [x], also fS ⊥ gS
over S. If not, there are s1, s2 ∈ S and an S-isomorphism 0 6= fs1S → gs2S,
fs1s 7−→ gs2s, s ∈ S. There is an xn such that s1xn, s2x

n ∈ R[x]. But then
the above isomorphism induces an R[x]-isomorphism fs1x

nR[x] ∼= gs2x
nR[x],

a contradiction. Hence t.dimMR = t.dimM [x]R[x] = t.dimNS . 2

4.2.9. COROLLARY. For a ring R, let S be any one of the following rings:

1. R[x1, · · · , xn],

2. R[x1, x2 · · · ],

3. R[x1, · · · , xn, x
−1
1 , · · · , x−1

n ],

4. R[· · · , x2, x1, x
−1
1 , x−1

2 , · · · ].

Then t.dimSS = t.dimRR.

Recall that, for two rings R ⊆ S with the same identity, S is a ring of
right quotients of R if for every 0 6= s1 ∈ S, and for every s2 ∈ S, there
exists an r ∈ R such that s1r 6= 0 and s2r ∈ R.

The next result due to [140] is stated without proof, which is similar to that
of (4.2.8)(3,4). Note that in (4.2.9), the ring R[x1, · · · , xn, x

−1
1 , · · · , x−1

n ] is a
ring of right (and left) quotients of R[x1, · · · , xn], and similarly for (4.2.9)(4).

4.2.10. PROPOSITION. Let R be a ring and S a ring of right quotients
of R. Then t.dimRR = t.dimSS .

4.2.11. REFERENCES. Camillo and Zelmanowitz [17]; Dauns [32]; Dauns
and Zhou [42]; Goodearl [66]; Zhou [140,141].
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4.3 Some Non-Classical Finiteness Conditions

In this section, we discuss several classes of rings which are defined in terms
of type dimension, in particular, rings satisfying the type ascending and de-
scending chain conditions on right ideals (see Definitions (4.3.3) and (4.3.22)).
The classical analogs of these conditions have been very interesting subjects
of research.

We first consider rings over which every cyclic module has finite type di-
mension. A module MR is called weakly injective (respectively, weakly
R-injective) if for any finitely generated (respectively, cyclic) submodule
Y ⊆ E(M), there exists a submodule X ⊆ E(M) such that Y ⊆ X ∼= M
(see Jain and López-Permouth [74]). Recall that a ring R is called right
QFD if every cyclic R-module has finite uniform dimension. It is known that
R is right QFD iff every direct sum of weakly injective (respectively, weakly
R-injective) modules is weakly injective (respectively, weakly R-injective) (see
Al-Huzali, Jain and López-Permouth [4]). The next theorem is a type analog
of this result. The following lemma due to Kamal and Müller [77, Lemma 17]
is needed.

4.3.1. LEMMA. If M = M1⊕M2 is a direct sum of submodules M1 and M2

with M2 being M1-injective, then for each submodule N ≤M with N ∩M2 =
0, there exists a submodule N

′ ≤M with N ⊆ N
′
and M = N

′ ⊕M2.

PROOF. Let πi : M −→Mi be the projections (i = 1, 2). The map

π : π1(N) −→M2, π1n 7−→ π2n (n ∈ N)

extends to f : M1 →M2. Set

N
′
= {x+ f(x) : x ∈M1} ≤M1 ⊕M2.

Then N
′
+ M2 = M , and N

′ ∩M2 = 0. Thus M = N
′ ⊕M2. For n ∈ N ,

n = π1n+ π2n = π1n+ f(π1n) ∈ N ′
. 2

A direct sum of modules ⊕i∈INi is said to be a type direct sum ifNi ⊥ Nj

whenever i 6= j in I.

4.3.2. THEOREM. The following are equivalent for a ring R:

1. Every cyclic module has finite type dimension.

2. Every finitely generated module has finite type dimension.

3. Every type direct sum of weakly injective modules is weakly injective.

4. Every type direct sum of weaklyR-injective modules is weaklyR-injective.
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5. Every type direct sum of injective modules is weakly R-injective.

PROOF. It is obvious that either of (3) and (4) implies (5).
(1) =⇒ (2). By noting that the injective hull of a finitely generated module

is a finite direct sum of injective hulls of cyclic modules and then applying
(4.1.10).

(2) =⇒ (3). Let N = ⊕i∈INi be a type direct sum, where each Ni is
weakly injective. Let Y be a finitely generated submodule of E(N). Since
Y has finite type dimension, there exists a finite set {Y1, · · · , Yn} of pairwise
orthogonal atomic submodules of Y such that Y1 ⊕ · · · ⊕ Yn ≤e Y . Hence,
E(Y1) ⊕ · · · ⊕ E(Yn) = E(Y ). For each i (1 ≤ i ≤ n), E(Yi) ∩N 6= 0. Since
E(Yi) is atomic, it follows that there exists a unique number ti such that Yi

and E(Nti
) have nonzero isomorphic submodules and E(Yi) ⊥ E(⊕j 6=ti

ENj).
Therefore, E(Y ) ⊥ E(⊕j /∈JENj), where J = {t1 · · · , tn}, implying that
E(Y ) ∩ E(⊕j /∈JENj) = 0. Note that

E(N) = E(Nt1)⊕ · · · ⊕ E(Ntn
)⊕ E(⊕j /∈JENj).

By (4.3.1), there exists a submodule P of E(N) such that E(Y ) ⊆ P and
E(N) = P ⊕ E(⊕j /∈JENj). Thus, P ∼= E(Nt1)⊕ · · · ⊕ E(Ntn). Let

X = P + (⊕j /∈JENj) = P ⊕ (⊕j /∈JENj) ⊆ E(N).

Then Y ⊆ E(Y ) ⊆ P ⊆ X ∼= ⊕i∈IE(Ni). Write X = ⊕i∈IE(Xi), where
Xi

∼= Ni for each i. Then there exists a finite subset K of I such that Y ⊆
⊕i∈KE(Xi) = E(⊕i∈KXi). Since all Xi are weakly-injective, it can easily be
proved that ⊕i∈KXi is weakly injective. Thus there exists a Z ⊆ E(⊕i∈KXi)
such that Y ⊆ Z ∼= ⊕i∈KXi. Let Q = Z + (⊕i/∈KXi). Since Z ⊥ (⊕i/∈KXi),
Q = Z ⊕ (⊕i/∈KXi) ⊆ E(N) and Y ⊆ Q ∼= N . Therefore, N is weakly
injective.

(2) =⇒ (4). Similar to the proof of “(2) =⇒ (3)”.
(5) =⇒ (1). If a cyclic module X does not have finite type dimension,

then X has an essential submodule ⊕∞i=1Xi with each Xi 6= 0 and Xi ⊥ Xj

whenever i 6= j. Since X ⊆ E(X) = E(⊕iXi) = E(⊕iEXi) and, by (5),
⊕iE(Xi) is weakly R-injective, we have an embedding X ↪→ ⊕∞i=1E(Xi),
giving X ↪→ ⊕m

i=1E(Xi) for some m > 0. Thus, Xm+1 is embeddable in
⊕m

i=1E(Xi), implying Xm+1 and Xi have nonzero isomorphic submodules for
some i ≤ m. This is a contradiction. 2

A classical result says that a ring R is right Noetherian iff every direct
sum of injective R-modules is injective. Next, we characterize the rings R for
which every type direct sum of injective R-modules is injective. We need the
following definition, due to [141].

4.3.3. DEFINITION. A module M is said to satisfy t-ACC if, for any
ascending chain

X1 ⊆ X2 ⊆ · · · ⊆ Xn ⊆ · · ·
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of submodules of M , t.dim(⊕iM/Xi) < ∞, and the ring R is said to satisfy
(right) t-ACC if RR satisfies t-ACC.

4.3.4. LEMMA. Let N be a submodule of M . Then M satisfies t-ACC if
and only if N and M/N both satisfy t-ACC.

PROOF. One direction is obvious. Suppose that N and M/N satisfy t-ACC.
Let M1 ⊆M2 ⊆ · · · be a chain of submodules of M . Then

N ∩M1 ⊆ N ∩M2 ⊆ · · · ,
(N +M1)/N ⊆ (N +M2)/N ⊆ · · · .

Note that N/(N ∩Mi) ∼= (N +Mi)/Mi and

(M/N)/[(N +Mi)/N ] ∼= M/(N +Mi).

We see that t.dim[⊕i(N + Mi)/Mi] < ∞ and t.dim[⊕iM/(N + Mi)] < ∞.
Consider the exact sequence

0 −→ ⊕i(N +Mi)/Mi −→ ⊕iM/Mi −→ ⊕iM/(N +Mi) −→ 0.

By (4.1.10)(1), t.dim(⊕iM/Mi) <∞. So M satisfies t-ACC. 2

4.3.5. DEFINITION. Recall that a local direct summand of a module
M is a set {Xλ : λ ∈ Λ} of submodules of M such that the sum Σ{Xλ : λ ∈
Λ} = ⊕λ∈ΛXλ is direct and every finite (direct) sum of the Xλ is a direct
summand of M . If, in addition, all the Xλ are type submodules of M , then
{Xλ : λ ∈ Λ} is called a local type direct summand, or just a local type
summand.

A ring R is said to be indecomposable if R cannot be decomposed as a di-
rect sum of two nonzero ideals. A module M is said to be t-indecomposable
if M is not a direct sum of two nonzero orthogonal submodules. Every atomic
module is t-indecomposable; but the converse is clearly false.

4.3.6. PROPOSITION. If every local type summand of M is a summand,
then M is a direct sum of pairwise orthogonal t-indecomposable modules.

PROOF. By Zorn’s Lemma, there exists a maximal local type summand
F = {Xλ : λ ∈ Λ} of M , where each Xλ is t-indecomposable. By our
assumption, M = X ⊕ Y , where X =

∑
λ∈ΛXλ. Note that for each λ,

Xλ ⊥ Y and hence X ⊥ Y . By (4.1.2)(3), we have Y ≤t M . If Y 6= 0, then
we take 0 6= y ∈ Y . By Zorn’s Lemma, there exists a maximal local type
summand G of Y such that y /∈ A = ΣN∈GN . By (4.1.5)(4), G is a local type
summand of M and hence Y = A ⊕ B for some B(6= 0). Note that A ⊥ B
and hence B ≤t Y . It follows that B ≤t M by (4.1.5)(4). By the maximality
of F , B is not t-indecomposable, and thus B = B1 ⊕ B2 with Bi 6= 0 and
B1 ⊥ B2. Noting G ∪{Bi} is a local type summand of Y , we have y ∈ A⊕Bi

for i = 1, 2. It follows that y ∈ (A⊕B1) ∩ (A⊕B2) = A, a contradiction. 2
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4.3.7. ORTHOGONAL PROJECTION ARGUMENT. Suppose that
Mi, i ∈ I, is a family of pairwise orthogonal modules, and that V is a sub-
module of E(⊕i∈IMi). Then

1. ⊕i∈I(V ∩Mi) ≤e V .

2. For any 0 6= x ∈ E(⊕i∈IMi), there exists an i ∈ I, r0 ∈ R with 0 6=
xr0R ⊆Mi.

PROOF. (2) Choose r0 ∈ S := {r ∈ R : 0 6= xr ∈ ⊕i∈IMi} such that the
length n of xr0 is a minimum, where 0 6= xr0 = x1 + · · ·+ xn, 0 6= xk ∈Mi(k)

for 1 ≤ k ≤ n, and i(1), . . . , i(n) are all distinct. Then (xr0)⊥ =
⋂n

i=1 x
⊥
i 6= R.

Suppose that 2 ≤ n, and that for i 6= j ≤ n, there exists b ∈ x⊥i \x⊥j . Then
0 6= xr0b has length≤ n−1, a contradiction. Consequently, x⊥i = x⊥j = (xr0)⊥

for all i, j ≤ n. Thus, x⊥1 = x⊥2 and

Mi(1) ⊇ x1R ∼= R/x⊥1 = R/x⊥2
∼= x2R ⊆Mi(2)

contradicts that Mi(1) ⊥ Mi(2). Hence n = 1, and 0 6= xr0 = x1 ∈ Mi(1), or
0 6= xr0R ⊆Mi(1) as required.

(1) If (1) is false, then xR ⊕ [⊕I∈I(V ∩Mi)] ≤ V for some 0 6= x ∈ V . By
(2), for some r0 ∈ R and i ∈ I, 0 6= xr0 ∈Mi. But then 0 6= xr0 ∈Mi ∩ V is
a contradiction. Consequently, ⊕i∈I(V ∩Mi) ≤e V is essential. 2

4.3.8. REMARKS. (a) The above can be applied in the category σ[M ],
when Mi ∈ σ[M ] and V ≤ EM (⊕i∈IMi) ≤e E (⊕i∈IMi).

(b) In the ordinary projection argument (2.3.3), the orthogonality hypoth-
esis Mi ⊥ Mj is dropped. But then two things happen. In (2), we get only
the weaker conclusion that 0 6= xr0R ∼= yR ⊆ Mi for some 0 6= y ∈ Mi. And
conclusion (1) is false. 2

The next result is not only used later, but is of independent interest.

4.3.9. PROPOSITION. Let {Xλ : λ ∈ Λ} be a local type summand of
a module M and X = ⊕{Xλ : λ ∈ Λ}. If Xtc 6= X, then there exists a
sequence {yi ∈ Xtc : i = 0, 1, · · · } such that y⊥0 ⊂ y⊥1 ⊂ y⊥2 ⊂ · · · and
t.dim(⊕i≥nR/y

⊥
i ) = ∞ for all n ≥ 0. In particular, if R satisfies t-ACC, then

every local type summand of M is a type submodule of M .

PROOF. By (4.1.5)(3), Xtc = Xc and so X 6= Xc. There exists a y0 ∈
Xc\X. By (4.3.7), ⊕λ∈Λ(y0R ∩Xλ) ≤e y0R, and there is a λ(1) ∈ Λ and an
r1 ∈ R with 0 6= y0r1 ∈ y0R ∩Xλ(1). Since Xλ(1) ⊆⊕ M , write

Xc = Xλ(1) ⊕ Y1 and
y0 = x1 + y1, where

x1 ∈ Xλ(1), y1 ∈ Y1, y1 /∈ X, and y⊥0 ⊆ y⊥1 .
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Since y1r1 = y0r1 − x1r1 ∈ Xλ(1) ∩ Y1 = 0, it follows that r1 ∈ y⊥1 \y⊥0 ,
and the inclusion y⊥0 ⊂ y⊥1 is proper. Since y1R ∩ X 6= 0, again by (4.3.7),
0 6= y1r2 ∈ y1R ∩ Xλ(2) where r2 ∈ R and λ(2) ∈ Λ. Since y1R ⊥ Xλ(1),
λ(2) 6= λ(1). Write as before

Xc = Xλ(1) ⊕Xλ(2) ⊕ Y2,

y1 = x2 + y2,

x2 ∈ Xλ(1) ⊕Xλ(2), y2 ∈ Y2, and y⊥1 ⊆ y⊥2 .

If y2 ∈ X, then y1 ∈ X, a contradiction. So y2 /∈ X. From y2r2 = y1r2−x2r2 ∈
(Xλ(1)⊕Xλ(2))∩Y2 = 0, it follows that r2 ∈ y⊥2 \y⊥1 . Again, y⊥1 ⊂ y⊥2 is proper.

Repetition of the same process will yield 0 6= y2r3 ∈ y2R ∩ Xλ(3) where
r3 ∈ R and λ(3) ∈ Λ such that

Xc = Xλ(1) ⊕Xλ(2) ⊕Xλ(3) ⊕ Y3,

y2 = x3 + y3,

x3 ∈ Xλ(1) ⊕Xλ(2) ⊕Xλ(3), y3 ∈ Y3.

Note that y0 = x1 + y1 = x1 + x2 + y2 = x1 + x2 + x3 + y3. As before,
r3 ∈ y⊥3 \y⊥2 , and y⊥1 ⊂ y⊥2 ⊂ y⊥3 . Furthermore, y0R ∩Xλ(1), y1R ∩Xλ(2), and
y2R ∩Xλ(3) are pairwise orthogonal.

Repeating this process we obtain a sequence {y0, y1, · · · } of elements in Xc

and a sequence {λ(1), λ(2), · · · } ⊆ Λ of distinct elements, with

0 6= yi−1R ∩Xλ(i) ⊆ Xλ(i) and y⊥i \y⊥i−1 6= ∅ for all i ≥ 1.

Since {yi−1R ∩Xλ(i)}∞i=1 are pairwise orthogonal,

t.dim(⊕i≥nR/y
⊥
i ) = t.dim(⊕i≥nyiR) = ∞

for all n ≥ 0. If R satisfies the t-ACC, this is a contradiction, in which case
X = Xc = Xtc. 2

A decomposition M = ⊕i∈IMi is said to complement type summands
if, for every type summand N of M (i.e., a type submodule and a summand),
there exists a subset J ⊆ I such thatM = N⊕M(J), whereM(J) = ⊕j∈JMj .

4.3.10. LEMMA. The following are equivalent for an injective module M :

1. M is a direct sum of atomic modules.

2. M has a decomposition that complements type summands.

3. Every local type summand of M is a summand.

PROOF. (1) =⇒ (2). We may assume M = ⊕IMi, where each Mi is atomic
and Mi ⊥Mj if i 6= j. Let N be a type summand of M and let

J = {j ∈ I : Mj ∩N = 0}.
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Then N ∩M(J) = 0 by (4.1.5)(2). Thus, M = N ⊕M(J) ⊕ X for some
X. If X 6= 0, then 0 6= Y ↪→ Mi for some Y ⊆ X and some i. Since
M(J) ⊥ X (M(J) is a type submodule), i ∈ I\J . It follows that X has a
nonzero submodule embeddable in N . Then N ∩X 6= 0 by (4.1.5)(2). This is
a contradiction. So X = 0 and M = N ⊕M(J).

(2) =⇒ (3). Let M = ⊕IMi be a decomposition that complements type
summands. We first show that each Mi is an atomic module. If Mk is not
atomic, then there exist nonzero submodules A and B of Mk such that A ⊥ B.
Let K = d(A). For each i ∈ I, let Xi ⊕ Yi ≤e Mi with Xi ∈ K and Yi ∈ c(K).
Set X = ⊕IXi and Y = ⊕IYi. Then X ⊥ Y and X ⊕ Y ≤e M . So the
complement closure Xc of X in M is a type submodule of M by (4.1.2)(3),
and hence a type summand of M . Therefore, by (2), M = Xc ⊕ M(J)
for some J ⊆ I. Note that k /∈ J since Xc ⊥ M(J). This implies that
B ↪→M(I\J) ∼= Xc, contradicting the fact that A ⊥ B. So each Mi is atomic.
We now can choose a partition of I: {Is : s ∈ S}, such that M = ⊕SNs with
each Ns = ⊕IsXi atomic and Ns1 ⊥ Ns2 whenever s1 6= s2. From the proof of
“(1) =⇒ (2)”, the decomposition M = ⊕SNs complements type summands.

Let Z = ⊕λ∈ΛZλ be any local type summand of M . Then any complement
closure Zc of Z in M is a type submodule by (4.1.5)(3), and M = Zc ⊕ C
for some C ≤t M . It follows that (⊕λ∈ΛZλ) ⊕ C ≤e M is also a local type
summand of M . If Z ⊕ C is a summand of M , then so is Z. Therefore,
without loss of generality, assume that Z ≤e M , and we need to show that
Z = M .

Assume Z 6= M . We then construct a sequence mi ∈ Ns(i) for distinct s(i)
where mi /∈ Z with m⊥

1 ⊂ m⊥
2 ⊂ . . . ⊂ m⊥

i ⊂ . . . ⊆ R a strictly ascending
chain. Since M\Z = (⊕s∈SNs) \Z 6= ∅, there exists a 0 6= m1 ∈ Ns(1)\Z. Let
0 6= m1r1 ∈ ZF for r1 ∈ R, where ZF = ⊕{Zλ : λ ∈ F} for some finite subset
F ⊆ Λ, and M = ZF ⊕N(J) for some J ⊆ S where N(J) = ⊕{Ns : s ∈ J}.
Write m1 = z + Σns for z ∈ ZF where Σns = Σs∈Jns ∈ N(J) with only a
finite number of nonzero ns ∈ Ns if s ∈ J . Then m⊥

1 ⊆ n⊥s for all s ∈ J .
Since m1 /∈ Z, there exists an s(2) ∈ J such that ns(2) /∈ Z. Also (ΣJns)

⊥ =⋂
s∈J n

⊥
s ⊆ n⊥s for all s ∈ J . Furthermore,

(Σns) r1 = m1r1 − zr1 ∈ ZF ∩N(J) = 0,

and therefore,
r1 ∈ (Σns)

⊥ ∖
m⊥

1 ⊆ n⊥s(2)
∖
m⊥

1 .

Set m2 = ns(2) ∈ Ns(2)

∖
Z. We claim s(1) 6= s(2). If s(1) = s(2) ∈ J ,

m1 ∈ N(J). Then

0 6= m1r1 = zr1 + (Σs∈Jns) r1 ∈ ZF ⊕N(J)

implies zr1 = 0, and 0 6= m1r1 ∈ ZF ∩ N(J), a contradiction. Thus so far
we have mi ∈ Ns(i)\Z (i = 1, 2) for s(1) 6= s(2) with m⊥

1 ⊂ m⊥
2 properly.

The reader should be warned from repeating the above argument verbatim
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with m1 replaced by m2 to obtain an m3 ∈ Ns(3) with s(2) 6= s(3) and
m⊥

1 ⊂ m⊥
2 ⊂ m⊥

3 . The problem is that perhaps s(3) = s(1).
However, s(1) /∈ J as shown above, and N(J) = ⊕s∈JNs complements

type summands of N(J) (as proved in the proof of (1) =⇒ (2)). Notice
Z = ZF ⊕ ZΛ\F where ZΛ\F = ⊕{Zλ : λ ∈ Λ\F}. We have

ZΛ\F ∩N(J) = (ZΛ\F ∩ ZF )⊕ (ZΛ\F ∩N(J))

is essential in ZΛ\F by (4.3.7). So

ZΛ\F ⊆ E(ZΛ\F ) = E(ZΛ\F ∩N(J)) ⊆ N(J),

since N(J) is injective. Thus ZΛ\F = ⊕{Zλ : λ ∈ Λ\F} is a local type
summand of N(J). Now s(2) ∈ J , m2 ∈ Ns(2) ⊆ N(J), and proceeding
as before we get m3 ∈ Ns(3) with m⊥

2 ⊂ m⊥
3 and s(2) 6= s(3) ∈ J . Since

s(1) /∈ J and s(2), s(3) ∈ J , they are all distinct. Now an induction shows
that there exists a sequence mi ∈ Ns(i) for distinct s(i) where mi /∈ Z with
m⊥

1 ⊂ m⊥
2 ⊂ · · · ⊂ m⊥

i ⊂ · · · ⊆ R a strictly ascending chain.
Now let x = (mi) ∈ Π∞i=1Ns(i) and I = ∪∞i=1m

⊥
i and consider the ho-

momorphism f : m1I −→ ⊕∞i=1Ns(i) defined by f(m1r) = xr for r ∈ I.
Then f is well-defined. Since ⊕∞i=1Ns(i) is injective (a summand of M), f
can be extended to a map g : m1R −→ ⊕∞i=1Ns(i). Thus, xI = f(m1I) ⊆
g(m1R) ⊆ ⊕k

i=1Ns(i) for some k > 0. It follows that miI = 0 for all i > k. So
m⊥

k+1 = m⊥
k+2 = · · · . The contradiction shows that Z = M .

(3) =⇒ (1). By (4.3.6). 2

4.3.11. LEMMA. If a module M does not satisfy t-ACC, then there exist
two sequences {Xi : i ∈ N} and {Yi : i ∈ N} of submodules of M , such that
X1 ⊂ X2 ⊂ · · · is a strictly ascending chain and, for each i, Xi ⊂ Yi ⊆ Xi+1

and (Yi/Xi) ⊥ (Yj/Xj) whenever i 6= j.

PROOF. We proceed by considering two cases.
Case 1: t.dim(M/N) = ∞ for some N ⊆M . Then there exists a sequence

{Ni : i ∈ N} of submodules of M such that (Ni/N) ⊥ (Nj/N) whenever
i 6= j and all Ni/N 6= 0. If we let X1 = N1 and, for each n > 1, choose
Xn = N1 + · · · + Nn and Yn−1 = Xn, then those Xn’s and Yn’s are as
required.

Case 2: t.dim(M/N) <∞ for all N ⊆M . Since M does not satisfy t-ACC,
there exists a sequence {Ni : i ∈ N} of submodules of M such that N1 ⊆ N2 ⊆
· · · and t.dim(⊕∞i=1M/Ni) = ∞. Since t.dim(M/Ni) <∞ for each i, we may
assume without loss of generality that we have a strictly ascending chain
N1 ⊂ N2 ⊂ · · · and, for each i, there exists a 0 6= Pi/Ni ⊆ M/Ni such that
(Pi/Ni) ⊥ (Pj/Nj) if i 6= j. Let L = ∪Ni and V = {i ∈ N : Pi ∩ L = Ni}.
If V is an infinite set, then Pi/Ni

∼= (Pi + L)/L ↪→ M/L for all i ∈ V , and
hence t.dim(M/L) = ∞. This is a contradiction. Therefore, there exists a
number n such that Ni ⊂ Pi ∩ L for all i ≥ n. Then, if we choose Ai = Ni+n
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and Bi = Pi+n ∩ L for each i > 0, we have A1 ⊂ A2 ⊂ · · · such that
Ai ⊂ Bi ⊆ ∪Aj for each i and (Bi/Ai) ⊥ (Bj/Aj) when i 6= j. Choose a
sequence {1 = n1 < n2 < · · · } of positive integers, such that there exists a
bi ∈ Bni

∩Ani+1 but bi /∈ Ani
for each i. Then Xi = Ani

and Yi = biR+Ani

(i = 1, 2, · · · ) are required submodules. 2

The next theorem, which appeared in [141], gives type analogs of some
well-known characterizations of right Noetherian rings. A TS-module is any
module whose type submodules are summands.

4.3.12. THEOREM. The following are equivalent for a ring R:

1. R satisfies t-ACC.

2. For every (countable) family {Mi : i ∈ I} of pairwise orthogonal mod-
ules, ⊕i∈IE(Mi) is injective.

3. Every injective module is a direct sum of atomic modules.

4. Every injective module has a decomposition that complements type sum-
mands.

5. Every TS-module is a direct sum of atomic modules.

6. Every module contains a maximal injective type submodule.

PROOF. (1) =⇒ (5). By (4.3.6) and (4.3.9).
(5) =⇒ (3). It is clear.
(3) ⇐⇒ (4). By (4.3.10).
(4) =⇒ (6). Let M be a module. Note that 0 is an injective type submodule

ofM . By Zorn’s Lemma, there exists a maximal independent set F of injective
type submodules of M . Write A = ⊕FX. Let Ac be a complement closure
of A in M . Note that each X is a type summand of E(Ac) and hence A is a
local type summand of E(Ac). By (4) and (4.3.10), A is a summand of E(Ac),
implying A = Ac = E(Ac). Therefore, A is an injective type submodule of M
(by 4.1.5(3)). By the choice of F , A is a maximal injective type submodule
of M .

(6) =⇒ (2). Let {Mi : i ∈ I} be a family of pairwise orthogonal modules
and M = ⊕i∈IE(Mi). Let N be a maximal injective type submodule of
M . For each i, write E(Mi) = E(EMi ∩ N) ⊕ Xi. Then N ∩ Xi = 0 and
hence N ⊥ Xi since N ≤t M . Therefore, E(EMi ∩N) ⊥ Xi. By (4.1.2)(3),
Xi is an injective type submodule of E(Mi). Since E(Mi) ≤t M , Xi is an
injective type submodule of M by (4.1.5)(4). Write M = (N ⊕Xi)⊕Y . Since
N ≤t M and Xi ≤t M , Y ⊥ N and Y ⊥ Xi, and thus Y ⊥ (N ⊕ Xi). By
(4.1.2)(3), N ⊕Xi ≤t M . From the choice of N , we have Xi = 0 and hence
E(Mi) ∩ N ≤e E(Mi) for each i. This implies that N ≤e M . Therefore,
M = N is injective.

(2) =⇒ (1). If R does not satisfy t-ACC, then, by (4.3.11), there exist
two sequences {Ii : i ∈ N} and {Ji : i ∈ N} of right ideals of R such that
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I1 ⊂ I2 ⊂ · · · , and for each i, Ii ⊂ Ji ⊆ Ii+1 and (Ji/Ii) ⊥ (Jj/Ij) if i 6= j.
Then E = ⊕∞i=1E(Ji/Ii) is injective by (2). Let li be the inclusion of Ji/Ii
to E(Ji/Ii). Then there exists a homomorphism fi : R/Ii −→ E(Ji/Ii) that
extends li. Let I = ∪Ii and define f : I −→ E by (πif)(a) = fi(a+ Ii), where
πi is the projection of E onto E(Ji/Ii). Since E is injective, there exists a
g : R −→ E that extends f . It follows that f(I) ⊆ g(R) ⊆ ⊕m

i=1E(Ji/Ii) for
some m. Then, for any a ∈ Jm+1, we have

0 = πm+1f(a) = fm+1(a+ Im+1) = lm+1(a+ Im+1) = a+ Im+1,

implying Jm+1 = Im+1. This is a contradiction. 2

It is easy to give a right QFD-ring that is not right Noetherian; for example,
the trivial extension of Z and the Z-module Z2∞ . Below, we construct a class
of rings whose cyclics have finite type dimension but they do not satisfy t-
ACC.

4.3.13. EXAMPLE. Let F be a field. Let R be the formal power series ring
of all r = Σ{cqxq : q ∈ Q+}, where cq ∈ F , Q is the set of the rationals and
Q+ = {q ∈ Q : 0 ≤ q}, such that the support of r = supp(r) = {q : cq 6= 0}
satisfies the descending chain condition. (Need the DCC in order for power
series multiplication to make sense.) Define v(r) = minimum of supp(r) for
all 0 6= r ∈ R. Then v : R\{0} −→ Q+ satisfies the conditions:

1. v(kr) = v(r) for k ∈ F with kr 6= 0.

2. v(r1 + r2) ≥ min{v(r1), v(r2)} provided that r1 + r2 6= 0.

3. v(r1r2) = v(r1) + v(r2).

Thus, R is a valuation domain. (Note that v can be uniquely extended to
a valuation w of the quotient field of R defined by the formula w(r1/r2) =
w(r1)/w(r2).) Since the ideals of R are totally ordered by inclusion, every
cyclic R-module has uniform dimension 1 (hence has finite type dimension).
Define v(0) = ∞. For any η ∈ R+ where R is the set of the real numbers and
R+ = {r ∈ R : 0 ≤ r}, let

Pη = {r ∈ R : v(r) > η}.

Then Pη is an ideal of R. We prove that R/P√2 ⊥ R/P√3. In fact, if not
then there exist a ∈ R\P√2 and b ∈ R\P√3 such that

(aR+ P√2)/P√2

φ∼= (bR+ P√3)/P√3 and φ(a+ P√2) = b+ P√3.

Then q1 = v(a) ≤
√

2 and q2 = v(b) ≤
√

3. Note that,

(a+ P√2)
⊥ = {r ∈ R : ar ∈ P√2}

= {r ∈ R : v(a) + v(r) >
√

2}

= {r ∈ R : v(r) >
√

2− q1}
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and, similarly,

(b+ P√3)
⊥ = {r ∈ R : v(r) >

√
3− q2}.

It follows that

{r ∈ R : v(r) >
√

2− q1} = {r ∈ R : v(r) >
√

3− q2}.

Note that v(r) attains every non-negative rational and Q is dense in R. It
follows

√
2 − q1 =

√
3 − q2, and so

√
2 −

√
3 = q1 − q2 ∈ Q, a contradiction.

Hence R/P√2 ⊥ R/P√3. Let {ηn : n = 1, 2, · · · } ⊆ R+\Q+ be pairwise
rationally independent, i.e., ηi − ηj /∈ Q whenever i 6= j. We can assume that
ηi − ηj > 0 whenever i < j. Set Pηi

= {r ∈ R : v(r) > ηi}. Then we have a
strictly ascending chain of ideals:

Pη1 ⊂ Pη2 ⊂ · · · ⊂ Pηn
⊂ · · ·

with, as above, R/Pηi
⊥ R/Pηj

if i 6= j. Thus, R does not satisfy t-ACC. 2

Note that (4.3.13) also holds for any commutative valuation domain whose
value group Γ is a subgroup of a totally ordered abelian group G such that Γ
is “dense” in G, i.e., for any g1 < g2 in G there exists a g ∈ Γ with g1 < g < g2
and there exists an infinite chain g1 < g2 < · · · from G with gj − gi /∈ Γ for
all j > i. In above example, these P√2, P

√
3, Pηn

are not prime.

Suppose that there is a strictly ascending chain P1 ⊂ P2 ⊂ · · · of prime
ideals of a commutative ring R. Note that, for any prime ideal P and a ∈ R\P ,
(a + P )⊥ = P . Thus, if i 6= j, R/Pi ⊥ R/Pj . So R does not satisfy t-ACC.
The next example is a valuation domain containing a strictly ascending chain
of prime ideals.

4.3.14. EXAMPLE. Let Λ be a totally ordered abelian group (a <
b =⇒ a+ c < b+ c, a, b, c ∈ Λ). Let Λ+ = {g ∈ Λ : 0 ≤ g}, a semigroup. Let
F be a field and R be the formal power series ring of all r = Σs∈Λ+r(s)xs,
where r(s) ∈ F , such that the support of r = supp(r) = {s ∈ Λ+ : r(s) 6= 0}
satisfies the DCC. Define v(r) = min{supp(r)} for all 0 6= r ∈ R. Then
v : R\{0} −→ Λ+ is a valuation satisfying (1), (2), and (3) in (4.3.13). So
R is a valuation domain and hence every cyclic R-module has finite type
dimension. Define v(0) = ∞. For a convex subsemigroup H of Λ+ (s ≤ h
with s ∈ Λ+, h ∈ H =⇒ s ∈ H),

P = {r ∈ R : v(r) ∈ (Λ+\H) ∪ {∞}}

is a prime ideal. (Also every prime ideal is of this kind.) To see this, let
r, s ∈ R and a, b ∈ P . Since H is convex, the fact that ar and a+ b are in P
follows from that v(ar) = v(a) + v(r) ≥ v(a) (since v(r) ≥ 0) /∈ H and that
v(a + b) ≥ min{v(a), v(b)} = v(a) (say v(a) ≤ v(b))/∈ H. If rs ∈ P , r /∈ P ,
and s /∈ P , then v(r) and v(s) are in H and v(rs) = v(r)+v(s) /∈ H. The fact
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that H is a subsemigroup gives v(r) + v(s) ∈ H, a contradiction. So P is
prime. Below we construct a totally ordered abelian group Λ with an infinite
descending chain of convex subgroups:

· · · ⊂ Λn ⊂ · · · ⊂ Λ1 ⊂ Λ0 = Λ.

Thus,
Λ+\Λ+

1 ⊂ Λ+\Λ+
2 ⊂ Λ+\Λ+

3 ⊂ · · ·

is a chain of convex subsemigroups. Hence

Pn = {r ∈ R : v(r) ∈ (Λ+\Λ+
n ) ∪ {∞}} (n = 1, 2, · · · )

are the required prime ideals.
Our totally ordered abelian group Λ is given by Λ = Π∞1 Ai, where each

Ai = Z, the abelian group of the integers, lexicographically ordered. Write
an element of Λ as a mapping from N to Z. Then, for f, g ∈ Λ, f > g means
there exists some i ∈ N such that f(j) = g(j) for all j < i and f(i) > g(i).
Let Λn = {f ∈ Λ : f(i) = 0 for all i ≤ n}. Then Λn ⊂ · · · ⊂ Λ2 ⊂ Λ1 gives a
chain of convex subgroups of Λ. 2

Teply [115] characterized the rings R for which every direct sum of nonsin-
gular injective R-modules is injective and proved they are just those rings R
for which R/Z2(RR) is of finite uniform dimension. The type analog of this
can be stated as follows.

4.3.15. THEOREM. The following are equivalent for a ring R:

1. R/Z2(RR) is of finite type dimension.

2. Every cyclic nonsingular R-module is of finite type dimension.

3. Every finitely generated nonsingular R-module is of finite type dimen-
sion.

4. Every type direct sum of nonsingular weakly injective modules is weakly
injective.

5. Every type direct sum of nonsingular weakly R-injective modules is
weakly R-injective.

6. Every type direct sum of nonsingular injective modules is weakly R-
injective.

7. For any chain I1 ⊆ I2 ⊆ · · · of right ideals of R such that each R/Ii is
nonsingular, we have t.dim(⊕iR/Ii) <∞.

8. Every type direct sum of nonsingular injective R-modules is injective.

9. Every nonsingular injective R-module is a direct sum of atomic modules.
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10. Every nonsingular injective module has a decomposition that comple-
ments type summands.

11. Every nonsingular TS-module is a direct sum of atomic modules.

12. Every nonsingular R-module contains a maximal injective type submod-
ule.

PROOF. (1) =⇒ (2). If xR ∼= R/x⊥ is a cyclic nonsingular module, then x⊥

must be a complement right ideal of R and Z2(RR) ⊆ x⊥. Let K be a right
ideal of R such that x⊥ ⊕ K ≤e RR. Then K is isomorphic to an essential
submodule of R/x⊥ and K ↪→ R/Z2(RR). Hence

t.dim(xR) = t.dim(R/x⊥) = t.dim(K) ≤ t.dim(R/Z2(RR)) <∞.

(2) =⇒ (1) and (8) =⇒ (6). They are clear.
(2) =⇒ (3) =⇒ (4) =⇒ (6) =⇒ (2) and (3) =⇒ (5) =⇒ (6). Similar to the

proofs of (4.3.2).
(7) =⇒ (11) =⇒ (9) =⇒ (10) =⇒ (12) =⇒ (8). Similar to the proofs of

(4.3.12).
(2) =⇒ (7). If (7) does not hold, then there exists a chain I1 ⊆ I2 ⊆ · · · of

right ideals of R such that each R/Ii is nonsingular and t.dim(⊕iR/Ii) = ∞.
By (2) each R/Ii is of finite type dimension. Then, by the proof of (4.3.11),
there exists a sequence {1 = n1 < n2 < · · · } of natural numbers and, for
each i, there exists a right ideal Xi of R such that Ini

⊂ Xi ⊆ Ini+1 and
(Xi/Ini

) ⊥ (Xj/Inj
) if i 6= j. For i > 1, there is an R-homomorphism from

R/In1 to R/Ini
with kernel Ini

/In1 6= 0. Because all R/Ini
are nonsingular,

we have that Ini/In1 have no proper essential extensions in R/In1 for all i > 1
(i.e., Ini/In1 is a complement submodule of R/In1). Thus, for each i there
exists a 0 6= Yi/In1 ⊆ Xi/In1 such that (Yi/In1) ∩ (Ini

/In1) = 0. We see that

0 6= Yi/In1 = Yi/(Yi ∩ Ini
) ∼= (Yi + Ini

)/Ini
⊆ Xi/Ini

.

So (Yi/In1) ⊥ (Yj/In1) for all i 6= j. This shows that R/In1 does not have
finite type dimension. 2

It is well-known that a nonsingular ring has finite uniform dimension iff its
maximal quotient ring is a semisimple ring (see Sandomierski [106]). There is
a similar result for a nonsingular ring with finite type dimension.

4.3.16. LEMMA. Let M be an R-module.

1. M is an atomic module iff E(M) is t-indecomposable.

2. If E = E(M) is t-indecomposable, then End(ER) is indecomposable.
The converse holds if M is nonsingular.
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PROOF. Part (1) is obvious. For (2), suppose S = End(E) is not indecom-
posable. Then there exists a central idempotent e ∈ S such that e 6= 0 and
e 6= 1. Then E = e(E)⊕ (1− e)(E). We show that e(E) ⊥ (1− e)(E). If not,
then we have an R-module isomorphism π : e(X) −→ (1− e)(Y ) 6= 0 for some
X ⊆ E and some Y ⊆ E. There exists an f ∈ S such that f extends π. Thus,
we have (1− e)(Y ) = f(e(X)) = f(e2(X)) = e(f(e(X))) = e((1− e)(Y )) = 0,
a contradiction. So e(E) ⊥ (1− e)(E) and hence E is not t-indecomposable.

For the converse, let E = E1 ⊕E2 with each Ei 6= 0 and E1 ⊥ E2. Since E
is nonsingular, we have End(E) ∼= End(E1)×End(E2). Therefore, End(E) is
not indecomposable. 2

4.3.17. PROPOSITION. A nonsingular ring R has t.dim(R) = n iff the
maximal right quotient ring of R is a finite direct sum of n indecomposable
right self-injective (von Neumann) regular rings.

PROOF. “=⇒”. It is well-known that the maximal right quotient ring of
R is Q = End(ER) (∼= ER)). Suppose that I1 ⊕ · · · ⊕ In ≤e RR, where
each Ii is a nonzero atomic right ideal of R and Ii ⊥ Ij (if i 6= j). Then
E(R) = E(I1)⊕· · ·⊕E(In) and Q ∼= End(EI1)×· · ·×End(EIn). By [66, 2.22]
and (4.3.16), each End(EIi) is a regular right self-injective indecomposable
ring.

“⇐=”. Suppose Q = E(R) = E1 ⊕ · · · ⊕ En is a direct sum of regular
right self-injective indecomposable rings. Then Ei is an atomic Ei-module by
(4.3.16). Therefore, as Q-modules, Ei is atomic and Ei ⊥ Ej (if i 6= j). By
[66, 2.7], as R-modules, each R ∩ Ei is atomic and (R ∩ Ei) ⊥ (R ∩ Ej) (if
i 6= j). Since (R ∩ E1)⊕ · · · ⊕ (R ∩ En) ≤e RR, we have t.dim(R) = n. 2

If R has finite type dimension, then R is a finite direct product of indecom-
posable rings. But, a nonsingular indecomposable ring may not have finite
type dimension as the following example shows.

4.3.18. EXAMPLE. Let Q = Π∞i=1Ri be a direct product of rings Ri with
Ri = Z for each i, and R be the subring generated by ⊕∞i=12Ri and 1Q.
Clearly, if i 6= j, then 2Ri ⊥ 2Rj as R-modules. So t.dim(R) = ∞. It is easy
to see that R is nonsingular and R has no nontrivial idempotents. Therefore,
R is indecomposable. 2

Next, we will show that a nonsingular ring has the property that every
nonzero right ideal contains an atomic right ideal iff its maximal right quotient
ring is a direct product of indecomposable right self-injective regular rings. It
is interesting to compare this to a well-known result which states that, for a
nonsingular ring R, every nonzero right ideal of R contains a uniform right
ideal iff the maximal right quotient ring of R is a direct product of right full
linear rings (see [66, p.92]).

4.3.19. LEMMA. Let M be a module and N a submodule of M .

1. Let N ≤t M and N ⊆ X ⊆ M . Then X/N ≤t M/N iff X ≤t M ; in
particular, M/N is atomic iff N is a maximal type submodule of M .
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2. M has an atomic submodule iff M has a maximal type submodule; more
precisely, N is a maximal type submodule of M iff N <t M and any (or
one) of its complements in M is atomic.

3. If every nonzero submodule of M contains an atomic submodule, then
the intersection of all maximal type submodules of M is equal to 0.

4. If M = X ⊕ Y is nonsingular and X ⊥ Y , then HomR(X,Y ) = 0.

5. Let M be nonsingular and Ni (i = 1, 2) be maximal type submodules
of M . If N1 6= N2, then (M/N1) ⊥ (M/N2).

PROOF. (1) Suppose X is not a type submodule of M . Then there exists
Y ⊆M such that X ⊂ Y and X‖Y . Thus, X/N ⊂ Y/N . For any 0 6= A/N ⊆
Y/N , we have N ⊥ B for some 0 6= B ⊆ A since N is a type submodule of
M . It follows from X‖Y that 0 6= C ∼= D for some C ⊆ X and D ⊆ B. Then
N ⊥ C and hence 0 6= (C +N)/N ∼= (D +N)/N . Therefore, (X/N)‖(Y/N)
and soX/N is not a type submodule ofM/N . Conversely, ifX/N is not a type
submodule of M/N , then there exists Y/N ⊆ M/N such that X/N ⊂ Y/N
and (X/N)‖(Y/N). We prove that X is not a type submodule of M by
showing X‖Y . For any 0 6= A ⊆ Y , we show that A is not orthogonal to X.
We may assume A ∩ N = 0. Then A ↪→ Y/N . Because (X/N)‖(Y/N), we
have 0 6= B/N ↪→ A for some B ⊆ X. Since N is a complement submodule
of M , there exists 0 6= C ⊆ B such that C ∩N = 0. Thus, C ↪→ A. So A is
not orthogonal to X, and hence X‖Y .

(2) It is routine.
(3) For any 0 6= x ∈ M , choose an atomic submodule A in xR. By Zorn’s

Lemma, there exists a submodule B of M maximal with respect to the prop-
erty that A ⊆ B and A‖B. It follows that B is a type submodule of M and
is atomic. Let N be a complement of B in M . Then N is a maximal type
submodule of M by (2). Note that N ⊥ B and hence A ⊥ N , implying x /∈ N .

(4) It is clear.
(5) For each i, let Ai be a complement of Ni in M . Then Ai is atomic by

(2) and Ai‖(M/Ni). So we only need to show A1 ⊥ A2. If not, then A1‖A2.
Note that each Ai is a type submodule of M (by 4.1.2(3)). It follows that
A1 ∩ A2 ≤e Ai for each i. Therefore, A1 and A2 are complement closures of
A1 ∩ A2 in M . But since M is nonsingular, it must be A1 = A2 by (1.1.7).
This implies that N1‖N2. Since N1 and N2 are type submodules, we have
N1 ∩N2 ≤e Ni for each i. So, N1 and N2 are complement closures of N1 ∩N2

in M . Thus, N1 = N2. 2

4.3.20. THEOREM. The following are equivalent for a nonsingular ring R:

1. Every nonzero right ideal of R contains an atomic right ideal.

2. The maximal right quotient ring of R is isomorphic to a direct product
of indecomposable right self-injective regular rings.
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PROOF. (1) =⇒ (2). Let {Et : t ∈ I} be the set of all maximal type
submodules of E = E(R) and E∗ = Πt(E/Et). We first prove End(E) ∼=
End(E∗). For any f ∈ End(E), we have f(Et) ⊆ Et for all t ∈ I by (4.3.19)(4).
Define φ(f) as follows: If (xt + Et) ∈ E∗ with xt ∈ E for each t, then
we let φ(f)((xt + Et)) = (f(xt) + Et). We have φ(f) ∈ End(E∗) and φ
gives a ring homomorphism. By (4.3.19)(3), ∩tEt = 0. This implies that
φ is one to one. In order to show φ is onto, we write E = Et ⊕ E

′

t for
each t and use πt to indicate the canonical isomorphism from E

′

t onto E/Et

(i.e., πt(xt) = xt + Et with xt ∈ E
′

t) and let π = ⊕πt : ⊕E′

t −→ ⊕E/Et.
For any θ ∈ End(E∗), we have θ(E/Et) ⊆ E/Et by (4.3.19)(4,5). Hence
θ(⊕E/Et) ⊆ ⊕E/Et. There exists a homomorphism h ∈ End(E) such that h
extends the map π−1θπ : ⊕E′

t −→ ⊕E′

t. Note that for all t ∈ I, h(Et) ⊆ Et

and h(E
′

t) ⊆ E
′

t by (4.3.19)(4). It can easily be checked that φ(h) = θ.
Therefore, End(E) ∼= End(E∗). Next, we note that End(E) is the maximal
right quotient ring of R and, because of (4.3.19)(4),

End(E∗) ∼= ΠtEnd(E/Et) ∼= ΠtEnd(E
′

t).

By (4.3.16) and [66, 2.22], each End(E
′

t) is an indecomposable right self-
injective regular ring.

(2) =⇒ (1). It is similar to the proof of “⇐=” of (4.3.17). 2

4.3.21. EXAMPLE. Let F1, F2, · · · be fields, R = (ΠFn)/(⊕Fn). Then
Z(RR) = 0 by [66, Ex.6, p.94]. It is easy to show that every nonzero principal
right ideal of R contains two nonzero right ideals which are orthogonal, and
therefore R has no atomic right ideals.

The dual of a right Noetherian ring is the notion of a right Artinian ring.
In the remaining part of this section, we consider the dual of the t-ACC.

4.3.22. DEFINITION. A module M is said to satisfy t-DCC if for any
descending chain X1 ⊇ X2 ⊇ · · · ⊇ Xn ⊇ · · · of submodules, we have
t.dim(⊕iM/Xi) <∞. A ring R is said to satisfy (right) t-DCC if RR satisfies
t-DCC.

4.3.23. LEMMA. Let N be a submodule of M . Then M satisfies t-DCC iff
N and M/N both satisfy t-DCC.

PROOF. One direction is obvious. Suppose that N and M/N satisfy t-DCC.
Let M1 ⊇M2 ⊇ · · · be a chain of submodules of M . Then

N ∩M1 ⊇ N ∩M2 ⊇ · · · ,
(N +M1)/N ⊇ (N +M2)/N ⊇ · · · .

Note that N/(N ∩Mi) ∼= (N +Mi)/Mi and

(M/N)/[(N +Mi)/N ] ∼= M/(N +Mi).
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We see that t.dim[⊕i(N + Mi)/Mi] < ∞ and t.dim[⊕iM/(N + Mi)] < ∞.
Consider the exact sequence

0 −→ ⊕i(N +Mi)/Mi −→ ⊕iM/Mi −→ ⊕iM/(N +Mi) −→ 0.

By (4.1.10), t.dim(⊕iM/Mi) <∞. So M satisfies t-DCC. 2

4.3.24. LEMMA. Let M be a module satisfying t-ACC. If N ∈ σ[M ] is a
countably infinite direct sum of mutually orthogonal nonzero modules, then
there exist yi ∈ N, i = 1, 2, · · · , such that y⊥1 ⊃ y⊥2 ⊃ · · · and t.dim(⊕∞i=1yiR)
= ∞.

PROOF. Because of (4.3.4), every cyclic submodule module in σ[M ] satisfies
t-ACC. In particular, every nonzero cyclic module in σ[M ] has finite type
dimension. Write N = ⊕∞i=1Ni where each Ni 6= 0 and Ni ⊥ Nj when i 6= j.
For each i ≥ 1, take 0 6= xi ∈ Ni. For i 6= j, since xiR and xjR are orthogonal,
x⊥i 6= x⊥j . There does not exist an infinite chain

x⊥i1 ⊂ x⊥i2 ⊂ · · · ⊂ x⊥in
⊂ · · · ,

for, otherwise, xi1R
∼= R/x⊥i1 does not satisfy the t-ACC. Thus, there exists

an xi1 such that
X1 = {xj : x⊥i1 6⊆ x⊥j }

is an infinite set. Note that for xj , xk ∈ X1,

x⊥i1 ∩ x
⊥
j = x⊥i1 ∩ x

⊥
k ⇐⇒ xj = xk ⇐⇒ j = k.

Suppose that there exists an infinite chain

x⊥i1 ∩ x
⊥
j1 ⊂ x⊥i1 ∩ x

⊥
j2 ⊂ · · ·

where all xjk
∈ X1. Then

0 6= x⊥i1/(x
⊥
i1 ∩ x

⊥
jn

) ∼= (x⊥i1 + x⊥jn
)/x⊥jn

⊆ R/x⊥jn
∼= xjn

R.

This implies that
t.dim[⊕nR/(x⊥i1 ∩ x

⊥
jn

)] = ∞.

This shows that R/(x⊥i1 ∩ x
⊥
j1

) ∈ σ[M ] does not satisfy the t-ACC, a contra-
diction. So, there exists xi2 ∈ X1 such that

X2 = {xj ∈ X1 : x⊥i1 ∩ x
⊥
i2 6⊆ x⊥j }

is an infinite set. Continuing this manner, we obtain a sequence

{xi1 , xi2 , · · · , xin
, · · · }

such that x⊥i1 6⊆ x⊥ij
for all j > 1 and, for each n ≥ 2, x⊥i1 ∩ · · · ∩ x

⊥
in
6⊆ x⊥ij

for
all j > n. Now let yn = xi1 + · · ·+ xin

. Then

y⊥1 ⊇ y⊥2 ⊇ · · · , ⊕iR/y
⊥
i
∼= ⊕iyiR.
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Take rn ∈ x⊥i1 ∩· · ·∩x
⊥
in−1

but rn /∈ x⊥in
. Then y1R = xi1R, y2r2R = xi2r2R 6=

0, · · · , and ynrnR = xin
rnR 6= 0 for all n. Thus, t.dim(⊕∞n=1ynR) = ∞. 2

4.3.25. THEOREM. The following are equivalent for a ring R:

1. R satisfies both right t-DCC and right t-ACC.

2. There does not exist an infinite set of pairwise orthogonal nonzero mod-
ules.

3. Every module has finite type dimension.

4. Every injective module is a finite direct sum of atomic modules.

5. Every module satisfies both t-ACC and t-DCC.

6. There exists an n > 0 such that, for any descending chain I1 ⊇ I2 ⊇ · · ·
of right ideals of R, we have t.dim(⊕iR/Ii) < n.

7. There exists an n > 0 such that, for any ascending chain I1 ⊆ I2 ⊆ · · ·
of right ideals of R, we have t.dim(⊕iR/Ii) < n.

PROOF. (1) =⇒ (2). Suppose that (2) does not hold. Then some module
N is a countably infinite direct sum of mutually orthogonal nonzero modules.
By (4.3.24), there exists a chain y⊥1 ⊃ y⊥2 ⊃ · · · where all yi ∈ N , such that
t.dim(⊕∞i=1R/y

⊥
i ) = t.dim(⊕∞i=1yiR) = ∞. This shows that (R/ ∩∞i=1 y

⊥
i )R

does not satisfy the t-DCC. It follows from (4.3.23) that R does not satisfy
t-DCC. This is a contradiction.

(2) =⇒ (3) =⇒ (5) =⇒ (1). They are clear.
(3) ⇐⇒ (4). Just note that a module and its injective hull have the same

type dimension.
(3) =⇒ (6) and (3) =⇒ (7). They are clear.
(6) =⇒ (1). Let n be the fixed number in (6). It is clear that (6) implies that

R satisfies t-DCC, and hence every cyclic module has finite type dimension.
Suppose R does not satisfy the t-ACC. Then there exists a chain I1 ⊆ I2 ⊆ · · ·
of right ideals of R such that t.dim(⊕iR/Ii) = ∞. Since t.dim(R/Ii) < ∞
for all i, we may assume, without loss of generality, that there exist right
ideals Ki of R such that Ki/Ii 6= 0 and (Ki/Ii) ⊥ (Kj/Ij) whenever i 6= j. It
follows that t.dim(⊕n

i=1R/Ii) ≥ n. This is contradiction to (6).
(7) =⇒ (1). Similar to the proof of “(6) =⇒ (1)”. 2

4.3.26. EXAMPLE.

1. Every right Artinian ring satisfies t-DCC.

2. Every right Noetherian ring satisfies t-ACC. The ring Z is a Noetherian
ring but it does not satisfy t-DCC.
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3. Let R be the trivial extension of the ring Z2 and the Z2-module ⊕∞i=1Mi

with all Mi = Z2. Then R satisfies t-ACC and t-DCC, but R is not
Noetherian (hence not Artinian).

4. Let R be the trivial extension of the ring Z and the Z-module Zp∞ ,
where p is a prime number. Then R satisfies t-ACC but not t-DCC.

5. If R satisfies t-ACC or t-DCC, then every cyclic R-module has finite type
dimension. The ring R in (4.3.13) satisfies neither t-ACC nor t-DCC,
but every cyclic R-module has finite type dimension.

The well-known Hopkins–Levitzki Theorem states that every right Artinian
ring is right Noetherian. Our concluding result shows that any ring with t-
DCC which is Morita equivalent to a finite direct product of domains satisfies
t-ACC, but we have been unable to answer the question whether every ring
with t-DCC always satisfies t-ACC. The Morita equivalent property of
rings is used only in the next proposition. For Morita equivalences as well
as their properties, we refer to the book of Anderson and Fuller [8].

4.3.27. PROPOSITION. If R is Morita equivalent to a finite direct product
of (not necessarily commutative) domains, then t-DCC of R implies t-ACC.

PROOF. We first assume that R is a domain. Note that, for any 0 6= x ∈ R
and any right ideal I, R/I ∼= xR/xI ⊆ R/xI. If t-ACC fails, then there exists
a chain of right ideals

I0 ⊆ I1 ⊆ · · · ⊆ In ⊆ · · ·
such that t.dim(⊕∞n=1R/In) = ∞. Select 0 6= xn ∈ In. Thus,

I0 ⊇ x0I1 ⊇ x0x1I2 ⊇ · · · ⊇ x0x1 · · ·xn−1In ⊇ x0x1 · · ·xnIn+1 ⊇ · · · ,
R/In ↪→ R/x0 · · ·xn−1In ∀n,

and hence

∞ = t.dim(⊕∞n=1R/In) ≤ t.dim(⊕∞n=1R/x0 · · ·xn−1In).

So R does not satisfy t-DCC.
Next assume that R = R1 × · · · ×Rn where n ≥ 1 and all Ri are domains.

Since R satisfies t-DCC, so does (Ri)R by (4.3.23). Thus, (Ri)Ri
satisfies

t-DCC. Since Ri is a domain, (Ri)Ri satisfies t-ACC from above. It follows
that (Ri)R satisfies t-ACC (for i = 1, · · · , n). By (4.3.4), RR satisfies t-ACC.

Now suppose that R is Morita equivalent to S, a finite direct product of
domains. We can assume S = End(PR) where PR is a progenerator of
Mod-R. Then

HomR(P,−) : NR 7−→ HomR(SPR, NR)

gives a Morita equivalence between Mod-R and Mod-S with inverse equiv-
alence

−⊗S P : MS 7−→M ⊗ P.

Copyright 2006 by Taylor & Francis Group, LLC



Type Theory of Modules: Dimension 105

Since R satisfies t-DCC, so does PR by (4.3.23). Thus, SS satisfies t-DCC
by the Morita equivalences. Since S is a finite direct product of domains, S
satisfies t-ACC from above. By (4.3.12), t-ACC is a Morita invariant property
of rings. So R satisfies t-ACC. 2

4.3.28. REFERENCES. Al-Huzali, Jain and López-Permouth [4]; Dauns
and Zhou [39,42]; Goodearl [66]; Teply [115]; Zhou [140,141].
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Chapter 5

Type Theory of Modules:
Decompositions

Section 5.1 explains in greater detail how type submodules are used to obtain
direct sum decompositions of modules. It shows that the set of natural classes
forms a complete Boolean lattice. Also, certain universal natural classes which
are available for every ring are derived, such as type I, II, and III modules,
and others.

Type I, II, and III submodules were defined only for injective nonsingular
modules in Goodearl and Boyle [68], and they had to give three separate proofs
that an injective nonsingular module M is a direct sum MI ⊕ MII ⊕ MIII

of type I, II, and III submodules. Later in Dauns [25, 3.3, p.107, and 3.16,
p.112], their definitions were extended to all nonsingular modules and it was
shown that they form pairwise orthogonal natural classes with join equal to
1 ∈ N (R). Hence the direct sum decomposition M = MI ⊕ MII ⊕ MIII

follows at once from our Theorem 5.1.7, and one proof suffices. In Dauns [32,
4.5, p.528], types I, II and III were extended to all modules, even singular
ones.

While section 5.1 developed methods of decomposing injective modules,
section 5.2 does the same for other classes of modules far less restrictive than
the injectives.

Section 5.3 discusses a class of modules which includes the nonsingular
modules properly, namely the unique type closure modules. These are the
modules all of whose submodules have unique type closures.

A module M is called a CS-module (or extending ) if every complement
submodule of M is a direct summand of M . The module M is called a
TS-module if every type submodule of M is a direct summand of M . Zhou
demonstrated in [141] that much of the rich structure theory of CS-modules
could be developed for TS-modules. Although TS-modules inevitably came
up previously in section 5.2, section 5.4 covers the TS-modules.

107
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5.1 Type Direct Sum Decompositions

Natural classes and the corresponding type submodules are extraordinar-
ily well suited for decomposing injective modules into finite direct sums. In
the infinite case, for any module M , it will be shown here how to find es-
sential direct sums ⊕

{
Mγ

∣∣ γ ∈ Γ
}
≤e M , where the Mγ ∈ γ ∈ Γ ⊆ N (R)

are type submodules of type γ. Then the injective hull of M is E(M) =
E (⊕{E(Mγ) | γ ∈ Γ}). For fixed γ, the type direct summands E(Mγ) of
E(M) will be unique up to superspectivity (see [87, Def.1.30]).

One of the main problems here is to logically construct many useful sets
Γ ⊆ N (R) suited for various diverse kinds of decompositions. Here some basic
facts about the lattice N (R) are proved because they are useful not only in
constructing the above sets Γ, but also in understanding various direct sum
decompositions. Also, lattice operations can lead to the construction of certain
modules that are of interest. Of particular interest and usefulness are the so-
called “universal natural classes” which are defined for every ring, e.g., see
(5.1.8) and “A,B,C,D.” Others depend entirely on the ring.

The following facts on natural classes can easily be verified.

5.1.1. LEMMA. Let {Ki : i ∈ I} be a set of natural classes. Then the
following hold:

1. ∩IKi is a natural class.

2. d(∪IKi) is the smallest natural class containing all Ki.

3. If Ki = d(Xi), then d(⊕IXi) is the smallest natural class containing all
Ki. 2

From (2.3.9), the collection N (R) of all natural classes is a set. It will
be shown next that N (R) is indeed a complete Boolean lattice. The next
proposition follows from (5.1.1).

5.1.2. PROPOSITION. For a ring R, N (R) is a complete lattice with
smallest element 0 = {0} and greatest element 1 = Mod-R under the partial
ordering and lattice operations as below:

1. For K,L ∈ N (R), K ≤ L ⇐⇒ K ⊆ L.

2. For any set of natural classes {Ki : i ∈ I}, ∧Ki = ∩iKi; and ∨Ki =
d(∪IKi). 2

5.1.3. LEMMA. For any class F of modules, we have d(F) ∧ c(F) = 0
and d(F) ∨ c(F) = 1. In particular, if K ∈ N (R), then K ∧ c(K) = 0 and
K ∨ c(K) = 1.
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PROOF. By (2.3.4), d(F) ∧ c(F) = d(F) ∩ c(F) = 0. For any M ∈ 1, let
M1 ≤t M be a type submodule of type d(F) and let M2 be a complement of
M1 in M . Then M2 is a type submodule of M by (4.1.2)(3) and M2 ∈ c(F).
Since M1 ⊕M2 ≤e M and M1 ⊕M2 ∈ d(F) ∨ c(F) ∈ N (R), we have M ∈
d(F) ∨ c(F). So d(F) ∨ c(F) = 1. 2

The next lemma appeared in [32, Lemma 2.14].

5.1.4. LEMMA. For any K,L,H ∈ N (R), K∧ (L∨H) = (K∧L)∨ (K∧H).

PROOF. Always (K∧L)∨ (K∧H) ⊆ K∧ (L∨H). For any M ∈ K∧ (L∨H),
let L ≤t M be a type submodule of type L and let H be a complement of L
in M . Then, by (4.1.2), L ≤t M and hence L ⊥ H. It follows that no nonzero
submodules of H belong to L. But, from H ∈ L∨H, every nonzero submodule
of H contains a nonzero submodule in L ∪ H. It follows that every nonzero
submodule of H contains a nonzero submodule in H. This shows that H ∈ H.
Thus, L ⊕ H ∈ (K ∧ L) ∨ (K ∧ H) ∈ N (R). Hence M ∈ (K ∧ L) ∨ (K ∧ H)
because L⊕H ≤e M . 2

The next result, due to [32], follows from (5.1.2), (5.1.3), and (5.1.4).

5.1.5. THEOREM. For a ring R, N (R) is a complete Boolean lattice. 2

One reason for introducing the lattice N (R) is that lattice direct sum de-
compositions of N (R) will always give corresponding direct sum decomposi-
tions of injective modules.

5.1.6. DEFINITION. A subset {Ki : i ∈ I} of N (R) is said to be a
maximal set of pairwise orthogonal types if Ki ∧ Kj = 0 for i 6= j in I
and ∨i∈IKi = 1.

For a module M and γ ∈ N (R), we let M(γ) ≤t M be any type submodule
of type γ. The next result is contained in [31].

5.1.7. THEOREM. Let Γ be a maximal set of pairwise orthogonal types.
Then the following hold:

1.
∑

γ∈Γ M(γ) = ⊕γ∈ΓM(γ) ≤e M , E(M) = E
(
⊕γ∈ΓM(γ)

)
.

2. Suppose that N(γ) ≤ M is any other choice of type submodules of type
γ, γ ∈ Γ. Then E(Mγ) and E(Nγ) are superspective ([87, Def.1.30]).

PROOF. (1) If γ1 6= γ2 in Γ, then M(γ1) ⊥ M(γ2) since γ1 ∧ γ2 = 0. Sup-
pose by induction that the sum of any n distinct M(γ)’s is direct but that
M(γ0) ∩

(
M(γ1) ⊕ . . .⊕M(γn)

)
6= 0. By (2.3.3), a nonzero submodule of M(γ0)

is isomorphic to a submodule of M(γi) for some i > 0. But then M(γ0) and
M(γi) are not orthogonal, a contradiction. Next, let

(
⊕γ∈ΓM(γ)

)
⊕ P ≤e M .

If P 6= 0, then P has a nonzero submodule contained in some γ of Γ since
P ∈

∨
Γ γ. Thus P and M(γ) are not orthogonal. So P ∩ M(γ) 6= 0 since

M(γ) ≤t M . This is a contradiction.
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(2) For any γ ∈ Γ, suppose that E(M) = E(M(γ)) ⊕ X for some X ≤
E(M). It has to be shown that also E(M) = E(N(γ)) ⊕ X. By (4.1.2)(3),
X ∈ c(γ) is a type submodule of E(M), and thus E(N(γ)) ∩ X = 0. Let
E(N(γ)) ⊕X ⊕ C = E(M). If C 6= 0, by (2.3.3), for some 0 6= V ≤ C, V is
either isomorphic to a submodule of E(M(γ)) or isomorphic to a submodule
of X. Both contradict the fact that E(M(γ)) and X are type submodules of
E(M). Thus E(M) = E(N(γ))⊕X and E(M(γ)) is superspective to E(N(γ))
in E(M). 2

Our next objective is to give several natural classes which are available over
every ring.

5.1.8. Definition. Recall that a nonzero module V is atomic if d(V ) is an
atom of N (R). Let A,B,C, D be modules. Then D is discrete if it contains
as an essential submodule a direct sum of uniform modules; C is continuous if
C contains no uniform modules. The module A is molecular if every nonzero
submodule of A contains an atomic submodule. At the opposite end of the
module spectrum, B is bottomless if B contains no atomic submodules.
The above four classes of modules are examples of natural classes. Moreover,
c(“discrete”) = “continuous”, and c(“molecular”) = “bottomless.” Lastly, a
nonzero module N is compressible if for any 0 6= V ≤ N , there exists an
embedding N ↪→ V . Note that the uniform, atomic, or compressible modules
do not form a natural class. From now on, A,B,C, D stand for the classes of
all molecular, bottomless, continuous, and discrete modules, respectively.

5.1.9. EXAMPLE. (1) Uniform, homogeneous semisimple modules and
compressible modules are atomic. If R is a (noncommutative) domain and
0 6= L ≤ RR, then L is atomic. Moreover, for a uniform module M and any
family {Mi : i ∈ I} of nonzero submodules of M , ⊕Mi is atomic. It is easy
to see that submodules and injective hulls of atomic modules are atomic.

(2) Let R = (Π∞
i=1Z2)/(⊕∞i=1Z2). Then R is bottomless. To see this, take

any 0 6= x + ⊕∞i=1Z2 ∈ R. Since the support supp(x) is infinite, write x =
y + z where both supp(y) and supp(z) are infinite. Then yR = (xy)R and
zR = (xz)R are submodules of xR and yR ⊥ zR. Thus V = xR is not an
atomic module. Hence R is bottomless.

(3) For any infinite set X, let P(X) be the Boolean ring where A·B = A∩B
and A + B = (A ∪B) \(A ∩B) for A,B ⊆ X. Let

F(X) = {A : A ⊆ X, |A| < ℵ0} C P(X)

be the ideal of all finite subsets. Then R = P(X)/F(X) is a nonsingular ring
with RR bottomless. For X = {1, 2, · · · }, the later ring is isomorphic to the
one in (2). 2

The definitions of “square”, “square free”, and “square full” come from [87,
Def.2.34 and Def.1.32]. Their definition of “P is purely infinite” is exactly
the same as saying that “P is an idempotent square.” The reader should
be aware that in the literature for a long time a different concept of “purely
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infinite” has been used (e.g., see Kaplansky [78], and Goodearl and Boyle [68,
pp.40-41]). Here we follow Mohamed and Müller [87] for this concept.

5.1.10. DEFINITION. A module N is a square if N ∼= P ⊕ P for some
P ↪→ N ; N is purely infinite if N ∼= N ⊕N . A module M1 is square free
if X ⊕X 6↪→ M1 for any nonzero module X. A module M2 is square full if
for any 0 6= N ≤ M2, there exists a 0 6= X ≤ N such that X ⊕X ↪→ M2.

5.1.11. DEFINITION. First, M is any injective module and N stands for
any arbitrary nonzero direct summand of M . The module M is Abelian
if no nonzero direct summand N of M is a square, i.e., M = P1 ⊕ P2 ⊕ C
with P1

∼= P2 is possible only if P1 = P2 = 0. The injective module M is
idempotent square free if N 6∼= N ⊕N for all N .

Next, M is type I if every N contains a nonzero injective Abelian submod-
ule. It is type III if every N contains a nonzero injective direct summand
0 6= P ⊆ ⊕N such that P ∼= P ⊕ P . Lastly, M is of type II, provided that
for every 0 6= N ⊆ ⊕M , N is not Abelian, and there exists a nonzero direct
summand 0 6= X ⊆ ⊕N such that P 6∼= P ⊕ P for any nonzero summand
0 6= P ⊆ ⊕X. In other words, X is idempotent square free.

An arbitrary module M will be said to have any of the above listed prop-
erties (Abelian, idempotent square free, and types I, II, III) if and only if its
injective hull E(M) does. A module M is locally idempotent square free
if every nonzero submodule of M contains a nonzero idempotent square free
submodule.

The next definition of directly finite module has been used by [68, p.16 and
Thm.3.1] and by [87, Def.1.24 and Prop.1.25]. For injective modules these
coincide with [32, Def.4.5].

5.1.12. DEFINITION. A module D is directly finite if D is not isomor-
phic to any proper direct summand of D.

5.1.13. REMARKS. (1) It would not have been enough to define the
previous concepts in (5.1.11) for injective modules only as had been done
previously. Otherwise these classes would not be closed under submodules.

(2) By [87, Prop.1.27], a module M is locally idempotent square free if and
only if for any 0 6= V ≤ M , there exists a 0 6= W ≤ V such that E(W ) is
directly finite.

(3) The square free modules and the Abelian modules are one and the
same. In the literature, the traditional term “Abelian” has been used longer
and more frequently, while the newer “square free” might be more descriptive,
at least in a module context.

5.1.14. Let A denote the class of Abelian modules, and P(∞) the class of
purely infinite modules. For any ring the following classes of modules are
natural classes:

1. square full modules
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2. locally idempotent square free modules = c(P(∞))
= {V ∈ Mod-R : ∃ V ↪→ E(⊕i∈INi), Ni are idempotent square free}

3. type I = d(A)

4. type III = d(P(∞))

5. type II = c(type I) ∩ c(type III) = c(A) ∩ c(P(∞))

PROOF. (1) and (2). From the way they are defined, these two classes
are closed under submodules and injective hulls. Closure under direct sums
follows from the projection argument. (3) Type I = d(A) ∈ N (R) as in
(5.1.11). (4) Similarly, type III = d(P(∞)) ∈ N (R). (5) For type II, that
every submodule is not Abelian means that type II ⊆ c(A) = c(type I). Also
by (5.1.11), type II ⊆ d(P(∞)), and type II = c(A) ∩ c(P(∞)). 2

At the expense of a more demanding proof, below (5.1.15)(3) can be im-
proved to hold for certain non-injective modules.

5.1.15. For any ring R, abbreviate type I, II, and III modules as I1, I2, I3 ∈
N (R). Let M be any R-module. Then the following hold:

1. I1 ∧ I2 = 0, I1 ∧ I3 = 0, I2 ∧ I3 = 0; I1 ∨ I2 ∨ I3 = 1 ∈ N (R).

2. ∃ M(I1) ⊕M(I2) ⊕M(I3) ≤e M .

3. E(M) = E(M(I1))⊕E(M(I2))⊕E(M(I3)) is unique up to superspectiv-
ity.

4. If Z(M) = 0, then the sum in (3) is unique, and I1, I2, I3 as in (5.1.11)
are the usual types I, II, and III.

PROOF. (1) First note that d(P(∞)) ⊆ c(A). There is a pairwise orthogonal
decomposition

1 = d(A) ∨ c(A) = I1 ∨
{

[c(A) ∧ d(P(∞))] ∨ [c(A) ∧ c(P(∞))]
}

in the distributive lattice N (R). But d(P(∞)) ⊆ c(A) implies that

c(A) ∧ d(P(∞)) = I3, and 1 = I1 ∨ I2 ∨ I3.

2

Next, some criteria are given in order for a module to belong to some natural
classes.

5.1.16. (1) A module A is atomic if and only if for any 0 6= x ∈ A, there exists
an index set I such that A ↪→ E

(
(xR)(I)

)
. Equivalently, for any y, 0 6= x ∈ A,

there exists a set I with yR ⊆ E
(
(xR)(I)

)
.
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(2) A module V is Abelian if and only if for any P1 ⊕ P2 ≤ V , P1
∼= P2

implies P1 = P2 = 0.
PROOF. =⇒. This follows from (5.1.11). ⇐=. Suppose that E(V ) =
V1 ⊕ V2 ⊕ C and 0 6= f : V1 −→ V2 is an isomorphism. Set 0 6= P2 =
f(V1 ∩ V ) ∩ V ≤e V2, and P2

∼= P1 = f−1(P2) ≤e V1.

(3) For a module M , M ∈ I3 if and only if for any 0 6= N ≤ M , there exist
submodules P1, P2 of N such that 0 6= P1 ⊕ P2 ≤ N and E(P1) ∼= E(P2) ∼=
E(P1)⊕ E(P2).
PROOF.⇐=. This follows from (5.1.11). =⇒. Given N ≤ M , since E(M) ∈
I3, there exist modules Q1, Q2, and Q such that 0 6= Q1 ⊕Q2

∼= Q ⊆⊕ E(N)
and Q1

∼= Q2
∼= Q. As in the proof of (2) above, there exist P1 ≤e Q1,

P2 ≤e Q2. Hence P1 ⊕ P2 ≤e Q with P1
∼= P2. The rest is clear. 2

Once early in the development of this subject it was thought that there
might only be a finite number of certain kinds of natural classes defined for
every ring like the classes A, B, C, D in (5.1.8), and I1, I2, I3 above. Next,
it will be shown in (5.1.18) that they form a proper class that is not even a
set.

5.1.17. DEFINITION. The Goldie dimension Gd(M) of any module M
is the finite or infinite cardinal number

Gd(M) = sup
{
|I| : ∃ ⊕ {Mi : i ∈ I} ≤ M, 0 6= Mi ≤ M, i ∈ I

}
.

If Gd(M) is not inaccessible (= regular limit cardinal), then Gd(M) = |I| is
attained for some ⊕{Mi : i ∈ I} ≤ M (Dauns and Fuchs [38, p.297]).

Now let ℵ be a cardinal, where either ℵ = 1, or ℵ0 ≤ ℵ. Define M to be of
local Goldie dimension ℵ if for any 0 6= V ≤ M , there exists a 0 6= W ≤ V
with Gd(W ) = ℵ. Define ∆ℵ(R) to be the class of all right R-modules of local
Goldie dimension ℵ. Note that ∆1(R) = D(R) are the discrete modules.

More details and proofs for some of the subsequent examples (5.1.18),
(5.1.20), and (5.1.22) can be found in [32, sections 6 and 7].

5.1.18. For any ring R and cardinal number ℵ = 1, ℵ0,ℵ1, . . . , the following
hold:

1. There exists a unique smallest cardinal τ(R) such that ∆ℵ(R) = 0 for
all ℵ ≥ τ(R); τ(R) ≤ 2|R|.

2. ∆ℵ(R) ∈ N (R).

3. ∆ℵ(R) ∩ ∆κ(R) = 0 for κ 6= ℵ;
∨
ℵ ∆ℵ(R) =

∨
ℵ<τ(R) ∆ℵ(R) = 1 ∈

N (R). 2

The ∆ℵ as ℵ ranges over all cardinals form a proper class, because for each
ℵ, there is a ring R such that ∆ℵ(R) 6= 0.
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5.1.19. EXAMPLE. For any division ring F and set X with 2 ≤ |X| = ℵ,
the free algebra R = F{X} on X has Gd(R) = max{ℵ0, |X|} = ℵ0 · ℵ, and
RR ∈ ∆ℵ0·ℵ(R). In order to show that RR ∈ I3, let E(R) = N ⊕ N as in
(5.1.11). It suffices to show that N = P ⊕P for some 0 6= P ∼= P ⊕P . Recall
that for any infinite set I, |I × I| = I, and for any z ∈ R, zR ∼= R. As a
consequence of the last two facts, there exists an infinite direct sum of nonzero
cyclics

(⊕i∈IziR)⊕ (⊕i∈IziR) ∼= ⊕i∈IziR ≤e N ∩R ≤e N.

Consequently, N ∼= N ⊕ N and we may take P = N . Since R is a domain,
RR is nonsingular, continuous, and molecular. 2

5.1.20. EXAMPLE. Let ℵ0 ≤ ℵ, and let Y be an infinite set. An almost
disjoint family is a subset F ⊆ P(Y ) such that for any A ∈ F , |A| = |Y |,
but for any A,B ∈ F with A 6= B, |A∩B| < |Y |. The generalized continuum
hypothesis (GCH) is the statement that for any infinite cardinal ℵ, 2ℵ = ℵ+,
where ℵ+ is the successor cardinal of ℵ. We need the following fact: Either
let |Y | = ℵ0, or assume that |Y | is regular as well as the GCH. Then there
exists an almost disjoint family F ⊆ P(Y ) with |F| = 2|X|. (See Kunen [82,
Thm.1.2, p.48] and/or Levy [83, 5.29(ii), p.194].)

Let X be an infinite set. In the Boolean ring P(X), where A · B = A ∩ B
and A + B = (A ∪ B)\(A ∩ B) for A,B ⊆ X, let J / P(X) be the ideal
J = {C ⊂ X : |C| < |X|}. Let R = P(X)/J . Since |R| ≤ |P(X)| = 2|X|,
Gd(R) ≤ |R| ≤ 2|X|.

In order to see that R is of local Goldie dimension 2|X|, it suffices to show
that for any cyclic 0 6= yR ≤ R, Gd(yR) ≥ 2|X|. Then y = Y + J , Y ⊆ X,
Y /∈ J , or |Y | = |X|. Assume either that |X| = ℵ0, or that |X| is regular and
the GCH in order to obtain an almost disjoint family F ⊆ P(Y ) as above.
Then the sum

Σ{(A + J) ·R : A ∈ F} = ⊕{(A + J) ·R : A ∈ F} ≤ (Y + J) ·R = yR

is direct. Hence Gd(yR) ≥ |F| = 2|X|. Thus R ∈ ∆ℵ(R) is of local Goldie
dimension ℵ = 2|X|.

Any direct sum of submodules inside RR is an orthogonal direct sum. Thus
RR is nonsingular type I, and bottomless.

Let |X| = ℵ, and Fx = Z2 for x ∈ X. The support supp t of t = (tx)x∈X ∈∏
x∈X Fx is supp t = {x ∈ X | tx 6= 0}. The ℵ-product is

<ℵ∏
x∈X

Fx =

{
t ∈

∏
x∈X

Fx : |supp t| < ℵ

}
.

Then
∏

x∈X Fx
∼= P(X),

∏<ℵ
x∈X Fx

∼= J , and thus
∏

x∈X Fx

/∏<ℵ
x∈X Fx

∼=
P(X)

/
J = R. In particular for ℵ = ℵ0,

∏∞
1 Z2 is a ring of local Goldie

dimension 2ℵ0 . 2
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The next examples show that Goldie torsion type I and type III modules
exist.

5.1.21. EXAMPLE. For any ring R, suppose that the module M is a direct
sum M = ⊕αUα of uniform modules Uα. Since every nonzero submodule of
M contains a uniform module and a uniform module is Abelian, M is always
a type I module.

Now in addition, assume that R is a Goldie torsion ring, i.e., 0 6= Z(R) ≤e

R = Z2(R). Then every module is Goldie torsion, and in particular M is
Goldie torsion, discrete, and of type I. For example, let R = Zp2 for a prime
p. A non-commutative Goldie torsion ring can be found in [24, 6.16, p.79]. 2

In some of the following examples, some of the proofs are omitted.

5.1.22. EXAMPLE. For a prime p, let R = Zp2{x, y} be the free algebra
on two non-commuting indeterminates. From (pR)⊥ = pR ≤e R, we get that
pR ⊆ Z(R), and R = Z2(R).

It can be shown that actually Z(R) = pR, and that for any E(R) = N⊕N ′,
there exists an essential direct sum (⊕i∈IviR)⊕ (⊕j∈JwjR) ≤e N ∩R, where
pvi 6= 0 and pwj 6= 0 for all i and j. Furthermore, we may assume that
|J | = ℵ0, and either I = ∅ or |I| = ℵ0. Now an argument similar to that of
Example (5.1.19) shows that RR is Goldie torsion, continuous, molecular, and
of type III. 2

5.1.23. CONSTRUCTION. For a family Rj , j ∈ J , of rings, set P =∏
j∈J Rj , S = ⊕j∈JRj , and R = P/S. Then (i) Z(R) = 0, RR is nonsingular,

and (ii) RR is bottomless.
So far, the Rj could have been Goldie torsion Z2(Rj) = Rj . If in addition

all Rj , j ∈ J , are countable domains, then
(iii) |{j ∈ J : Rj /∈ I1}| < ∞⇐⇒ RR ∈ I1;
(iv) |{j ∈ J : Rj /∈ I3}| < ∞⇐⇒ RR ∈ I3.
Now let the Rj be any Goldie torsion free rings, Z(Rj) = 0, j ∈ J . Then
(v) ∀ j, Rj ∈ I1 =⇒ PP ∈ I1;
(vi) ∀ j, Rj ∈ I3 =⇒ PP ∈ I3. 2

Some examples of Goldie torsion rings R with a unique maximal ideal P /R
such that Z(R) = P ≤e R are given.

5.1.24. EXAMPLES. (i) For any commutative principal domain D and
prime element p ∈ D, set R = D/(pn) for some n = 2, 3, . . .. Then Z(R) =
(p)/(pn) ≤e R.

(ii) For a prime p, let R be the previous free algebra Zp2{x, y} but now
subject to the relations x2 = xy = yx = y2 = 0. Then R is commutative
with a unique maximal ideal P = Z(R) = pZp2 + xR + yR ≤e R, Z(R)3 = 0.
Note that R is not uniform, since xR ∩ yR = 0. In the above examples, the
elements of R\P are invertible. 2

The next construction describes how to obtain bottomless Goldie torsion
rings.

Copyright 2006 by Taylor & Francis Group, LLC



116 CLASSES OF MODULES

5.1.25. CONSTRUCTION. Let Ti, i ∈ I, be an infinite family of rings
with a unique maximal ideal Pi / Ti where Pi is the right singular submodule
of Ti and Pi is essential in Ti as a right ideal. Set T =

∏
i∈I Ti, S = ⊕i∈ITi,

and R = T/S. Then it can be shown that

Z(R) =

(∏
i∈I

Pi + S

)
/S ≤e R .

This ring R is bottomless Goldie torsion. If all Ti ∈ I1, then it can be shown
that RR ∈ I1. 2

5.1.26. REFERENCES. Dauns [25,31,32]; Goodearl-Boyle [68]; Mohamed-
Müller [87].

Copyright 2006 by Taylor & Francis Group, LLC



Type Theory of Modules: Decompositions 117

5.2 Decomposability of Modules

The previous section gave many examples of type submodules, and how
they can be constructed. It also showed that given a finite set of pairwise
orthogonal types in the lattice N (R) whose join is 1 ∈ N (R), then any in-
jective module M can be written as a direct sum of submodules belonging to
those types. In the last part of the last century, direct sum decompositions
were developed for various classes of modules generalizing the injectives: ex-
tending, fully invariant extending, quasi-continuous, etc. For the most part,
hypotheses had to be placed on all complement submodules of a module M .
In Zhou [141] it was shown that it was enough to impose hypotheses only on
the type submodules of M , which are automatically complement submodules.
By that time it became apparent that what was going on in [141] was more
than a generalization. The emphasis here is to find conditions on the sub-
module structure of a module M in order for M to have certain direct sum
decompositions.

5.2.1. DEFINITION. For a positive integer n, a module M is said to be
n-decomposable if for any maximal set {Ki : i = 1, . . . , n} of pairwise or-
thogonal types, there is a decomposition M = ⊕ n

i=1 Mi where Mi ∈ Ki. A
module which is n-decomposable for all integers n ≥ 1 is called finitely de-
composable. If for every maximal set (respectively, every countable maximal
set) {Ki : i ∈ I} of pairwise orthogonal natural classes, M has a decompo-
sition M = ⊕{Mi : i ∈ I} with Mi ∈ Ki, then M will be said to be fully
decomposable (respectively, countably decomposable).

The basic questions here are: (i) characterize n- (respectively, finitely,
countably, fully) decomposable modules; (ii) characterize the rings R for which
certain modules are n- (respectively, finitely, countably, fully) decomposable.

5.2.2. THEOREM. For a module M , the following are all equivalent:

1. M is 2-decomposable.

2. For any N ≤ M , N has a type complement Q in M such that Q is a
direct summand of M .

3. Every type submodule N ≤t M of M has a complement Q in M with
Q a direct summand of M .

PROOF. (1) =⇒ (2). For N ≤ M , set K = d(N). By (1), M = M1 ⊕M2,
where M1 ∈ K and M2 ∈ c(K). So N ⊥ M2. Suppose that N ⊥ P for some
M2 ⊂ P ⊆ M . Then, since M2 ≤t M , we have M2 ⊥ X for some 0 6= X ⊆ P .
But then we have Y ↪→ M1 for some 0 6= Y ⊆ X by (2.3.3). This contradicts
the assumption that N ⊥ P . So M2 is a type complement of N in M . Since
(3) is a special case of (2), (2) =⇒ (3).
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(3) =⇒ (1). Let K1,K2 ∈ N (R) be given with K1∨K2 = 1 and K1∧K2 = 0.
Then K2 = c(K1) by (5.1.3) and (5.1.5).

Let N ≤t M be a type submodule of type K1. By the hypothesis (3), N
has a complement Q such that M = P ⊕ Q for some P ≤ M . Since N is a
type submodule of type K1, N ⊥ Q and Q ∈ c(K1). Note that N ⊕Q ≤e M ,
so N is isomorphic to an essential submodule of P . Hence P ∈ K1. 2

5.2.3. THEOREM. Any direct sum of n-decomposable modules is n-
decomposable. Note that n-decomposable can be replaced by any of the
following: finitely decomposable, countably decomposable, or fully decom-
posable.

PROOF. We prove this only for n. Let M = ⊕i∈IMi where Mi is n-
decomposable. Suppose that K1, . . . ,Kn is a maximal set of pairwise orthogo-
nal types. For each i, Mi = Mi1⊕· · ·⊕Min with Mij ∈ Kj . Set Mj = ⊕i∈IMij

for j = 1, . . . , n. Thus M = M1 ⊕ · · · ⊕Mn where each Mj ∈ Kj . 2

5.2.4. COROLLARY. Any direct sum of atomic modules is fully decom-
posable. In particular, direct sums of atomic modules are 2-decomposable.

PROOF. This follows from (5.2.3) because every atomic module is clearly
fully decomposable. 2

In Smith and Tercan [110], a module M is said to satisfy condition (C11) if
every submodule of M has a complement that is a summand of M . Therefore,
by (5.2.2), every module with (C11) is 2-decomposable, and so is every TS-
module. Later we will see that there exist 2-decomposable modules which
satisfy neither TS nor (C11). In [141], M is defined to satisfy (T3) if, for any
type direct summands M1 and M2 with M1⊕M2 ≤e M , M = M1⊕M2 holds.

We will use the concept of superspectivity ([87, Def.1.30]). The connec-
tion between (T3) and superspectivity given below was discovered in [141,
Lemma 6].

5.2.5. COROLLARY. The following are equivalent for an R-module M
and a fixed K ∈ N (R):

1. M has a decomposition M = M1 ⊕M2, unique up to superspectivity,
with M1 ∈ K, M2 ∈ c(K).

2. M has a type summand of type K, and for any type direct summands
M1,M2 of M with M1 ⊕ M2 ≤e M and with M1 ∈ K, M2 ∈ c(K),
M = M1 ⊕M2 holds.

In particular, M satisfies (1) for all K ∈ N (R) if and only if M is 2-
decomposable and satisfies (T3).

PROOF. Abbreviate “M1 is superspective to A” by “M1 ∼ A” in this proof
only.
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(1) =⇒ (2). Let M = M1 ⊕ Y and M = X ⊕M2 be as in (2) with

M1 ⊕M2 ≤e M, M1 ∈ K, M2 ∈ c(K).

Hence Y ∈ c(K) and X ∈ K. But then M = M1 ⊕ Y and M = X ⊕M2 are
two decompositions which by hypothesis (1) are unique up to superspectivity.
Thus M1 ∼ X and M = X ⊕M2 implies that M = M1 ⊕M2.

(2) =⇒ (1). By hypothesis (2), there exists a type summand M1 of type K
of M , with M = M1⊕M2, and hence M2 ∈ c(K). Suppose that M = N1⊕N2

with N1 ∈ K and N2 ∈ c(K). First, our hypotheses are symmetric with respect
to M1 and M2, and secondly, with respect to M1 and N1. Hence it suffices to
prove that if M = M1 ⊕ Y for some Y ≤ M , then likewise M = N1 ⊕ Y . But
since N1 ⊕ Y ≤e M (by 5.1.7), by (2), M = N1 ⊕ Y . 2

The next result is pertinent to almost every type direct sum decomposition
developed in this section.

5.2.6. UNIQUENESS. Let M be any 2-decomposable module satisfying
(T3), and {Ki : i ∈ I} any finite or infinite set of pairwise orthogonal types.
Then any decomposition M = ⊕i∈IMi of M with Mi ∈ Ki is unique up to
superspectivity.

PROOF. Without loss of generality, we can assume that {Ki : i ∈ I} is a
maximal set of pairwise orthogonal types. Suppose that M = ⊕i∈INi, where
Ni ∈ Ki for all i ∈ I. Then let for each j ∈ I,

M = Mj ⊕ (⊕i6=jMi) = Nj ⊕ (⊕i6=jNi)

with Mj , Nj ∈ Kj and ⊕i6=jMi,⊕i6=jNi ∈ c(Kj). Then it follows from (5.2.5)
that Mj and Nj are superspective. 2

A submodule N ≤ M is fully invariant if f(N) ⊆ N for all f ∈ End(MR).
The next theorem will show that for any 2-decomposable module M , every
fully invariant type submodule of M , such as Z2(M), is a summand. Con-
sequently, the study of 2-decomposable modules can be conducted separately
for nonsingular modules and Goldie torsion modules. Since for a nonsingular
module N , type closures of submodules of N are unique, to say that N is
2-decomposable is the same as saying that N is TS.

5.2.7. THEOREM. The following are equivalent for a module M :

1. M is 2-decomposable.

2. M = Z2(M)⊕K where Z2(M) is 2-decomposable and K is nonsingular
TS.

3. There exists a fully invariant type submodule F ≤t M with M = F⊕K,
where both F and K are 2-decomposable.
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4. For every fully invariant type submodule F ≤t M , M = F ⊕ K with
both F and K being 2-decomposable.

PROOF. (1) =⇒ (4). When F ≤t M is a fully invariant type submodule of
M , then M = X⊕Y where X ∈ d(F ) and Y ∈ c(F ) by (1). Any fully invariant
submodule F of a module M = X⊕Y always satisfies F = (F ∩X)⊕(F ∩Y ).
Then Y ⊥ F , hence F ∩ Y = 0, and thus F ⊆ X. But then F = X since F is
a type submodule of type d(F ) of M . Thus M = F⊕K, where K = Y ∈ c(F )
is orthogonal to F .

To see that F and K are 2-decomposable, let K ∈ N (R) be any given
natural class. Let A ≤t F be any type submodule of F of type K. Since
A ∈ K, d(A) ⊆ K. (Note that c(A) = c(K) ∨ (c(A) ∧ K).) Use (1) to write
M = M1 ⊕ M2 with M1 ∈ d(A) ⊆ K and M2 ∈ c(A). The full invariance
of F ≤ M guarantees that F = (F ∩ M1) ⊕ (F ∩ M2), where F ∩ M1 ∈
d(A) ⊆ K. From M2 ∈ c(A), it follows that M2 ⊥ A, and (F ∩ M2) ⊥ A.
Thus A + (F ∩ M2) = A ⊕ (F ∩ M2) ≤ F is a direct sum. Since A is a
type submodule of type K of F , necessarily F ∩ M2 ∈ c(K). Hence F is
2-decomposable.

Next, let B ≤t K be a type submodule of type K of K. Again, M = N1⊕N2

where N1 ∈ d(B) ⊆ K and N2 ∈ c(B), and F = (F ∩N1) ⊕ (F ∩N2). From
M = F ⊕K with K ⊥ F , and F ∩N1 ⊆ N1 ∈ d(B) ⊆ K, it is asserted that
F ∩N1 = 0. If not, there exists a 0 6= C2 ≤ B ≤ K with C2

∼= C1 ≤ F ∩N1

for some 0 6= C1 ≤ F ∩N1. This contradicts that K ⊥ F . Hence F = F ∩N2.
But then N2 = N2 ∩ (F ⊕K) = F ⊕ (N2 ∩K), and M = N1 ⊕F ⊕ (N2 ∩K).
Let π be the projection of M onto K along F . Then N1 ⊕ F = π(N1) ⊕ F ,
and thus M = π(N1)⊕F ⊕ (N2 ∩K) = F ⊕K. Since π(N1)⊕ (N2 ∩K) ⊆ K,
it follows that K = π(N1)⊕ (N2 ∩K). This implies that

π(N1) ∼= K
/
(N2 ∩K) ∼= (K + N2)

/
N2 ≤ (N1 ⊕N2)

/
N2

∼= N1 ∈ K.

Next, if N2 ∩ K /∈ c(K), then there exists a 0 6= V ≤ N2 ∩ K with V ∈ K.
Since N2 ∈ c(B), we have V ∈ c(B) and V ⊥ B. Then B ⊂ B ⊕ V ⊆ K and
B ⊕ V ∈ K, contradicting that B ≤t K is a type submodule of type K. Thus
N2 ∩K ∈ c(K), and K is 2-decomposable.

(4) =⇒ (2). Since Z2(M) ≤ M is fully invariant, by (4), we have M =
Z2(M)⊕K where both Z2(M) and K are 2-decomposable. Any nonsingular
2-decomposable module such as K is TS. (2) =⇒ (3) is trivial; and (3) =⇒
(1) is by (5.2.3). 2

5.2.8. COROLLARY. Suppose that M = F ⊕ K = G ⊕ L, F,G ∈ K,
K, L ∈ c(K) with F fully invariant in M . Then F = G and K and L are
superspective.

PROOF. Clearly, F = (F∩G)⊕(F∩L), F∩L = 0, and hence F = F∩G ⊆ G
implies F = G.

Since our hypotheses on K and L have become symmetric, it suffices to
show that if M = X ⊕K, then also M = X ⊕L. But X ∈ K, and by the first
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sentence of this proof, necessarily X = F = G. But then M = G⊕L = X⊕L.
2

The next lemma describes some facts about type and complement submod-
ules of nonsingular modules which will be used to prove the next theorem.

5.2.9. LEMMA. Let N be a nonsingular module. Then the following hold:

1. If K ≤ N is fully invariant in N , then so is also its unique complement
closure Kc.

2. If N = X ⊕ Y with X ⊥ Y , then HomR(X, Y ) = 0.

3. If N is 2-decomposable, then every type submodule of N is fully invari-
ant in N .

PROOF. (1) In any nonsingular module such as N , for any submodule K ≤
N , Kc = {x ∈ N : x−1K ≤e R}. Suppose that f : N −→ N and x ∈ Kc.
Then f(x)(x−1K) ⊆ f(K) ⊆ K shows that (f(x))−1K ≤e R and f(x) ∈ Kc.
Thus f(Kc) ⊆ Kc.

(2) This is (4.3.19)(4). (3) follows immediately from (2). 2

5.2.10. THEOREM. Let K0,K1, · · · ,Kn ∈ N (R) be a maximal set of
pairwise orthogonal types, where K0 is the class of the Goldie torsion modules.
Then the following hold for any module M :

1. M is 2-decomposable if and only if there exists a decomposition M =
A0⊕A1⊕· · ·⊕An where Ai ∈ Ki is 2-decomposable for all i = 0, 1, · · · , n.
(Hence A1, · · · , An are TS.)

2. The above decomposition is unique up to superspectivity.

PROOF. (1) To prove (1), by (5.2.3), it suffices to prove only the implication
“=⇒”. By (5.2.7), M = A0⊕A′ where A0 = Z2(M), and A′ is 2-decomposable
nonsingular. Consequently, A′ = A1 ⊕ A′′ where A1 ∈ K1 and A′′ ∈ c(K1)
are fully invariant type submodules of A′ by (5.2.9)(3). By (5.2.7), A1 and
A′′ are each 2-decomposable. Hence A′′ = A2 ⊕ A′′′, A2 ∈ K2, A′′′ ∈ c(K2)
where both A2, A′′′ are fully invariant 2-decomposable type submodules of
A′′. Repetition of this process proves (1).

(2) Suppose that M = A′
0 ⊕ A′

1 ⊕ · · · ⊕ A′
n is a second decomposition

satisfying (1). First of all, A′
0 = Z2(M) = A0. Without loss of generality, it

suffices to show that if M = A1 ⊕X, then also M = A′
1 ⊕X. Since A1 ‖ A′

1,
(A′

2 ⊕ · · · ⊕ A′
n) ⊥ A1. Let π : M = A1 ⊕X −→ A1 be the projection along

X, and f the composite map

N = A1 ⊕A′
2 ⊕ · · · ⊕A′

n
π−→ A1 ↪→ N.

By (5.2.9)(2), f(A′
2 ⊕ · · · ⊕ A′

n) = 0, and hence A′
2 ⊕ · · · ⊕ A′

n ⊆ Kerf =
N ∩X ⊆ X. Note that Z2(M) = Z2(X) ⊆ X. Thus A′

0, A
′
2 ⊕ · · · ⊕ A′

n ⊆ X,
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and hence M = A′
1 + X. Since X ⊥ A1 while A1 ‖ A′

1, also X ⊥ A′
1. Hence

M = A′
1 ⊕X as required. 2

5.2.11. COROLLARY. The following hold for a module M :

1. M is 2-decomposable if and only if there exists a decomposition

M = A⊕B ⊕ C ⊕D ⊕ E

satisfying the following properties:

(a) A is Goldie torsion and B ⊕ C ⊕D ⊕ E is nonsingular.

(b) B has an essential socle.

(c) C is socle free with an essential direct sum of uniform modules.

(d) D contains no uniform submodules but has an essential direct sum
of atomic modules.

(e) E contains no atomic submodules.

(f) A,B,C, D, E are each 2-decomposable (and hence B,C,D,E are
TS).

2. The above decomposition of M is unique up to superspectivity. 2

5.2.12. PROPOSITION. A module M is TS if and only if there exists a
submodule K ≤ M such that M = Z2(M) ⊕ K, with both Z2(M) and K
being TS, and furthermore, Z2(M) is K-injective.

PROOF. =⇒. Since Z2(M) ≤t M , and since M is TS, M = Z2(M)⊕K for
some K ≤ M . But K ⊥ Z2(M), K ≤t M . In general, since “≤t” is transitive,
type submodules of any TS-module are TS. Hence Z2(M) and K are TS.

Next, let X ≤ K and f : X −→ Z2(M) be a module map. Define

N = {x− f(x) : x ∈ X} ≤ K ⊕ Z2(M) = M.

Then N∩Z2(M) = 0. Let N∗ be a complement of Z2(M) in M with N ⊆ N∗,
i.e., N∗⊕Z2(M) ≤e M . Since N∗ ≤t M by (4.1.2)(3), M = N∗⊕V for some
V ≤t M . Then Z2(M) = Z2(V ) ≤t V . But V is TS, and thus V = V1⊕Z2(M)
for some V1 ≤ V . Let π be the projection π : M = N∗ ⊕ V1 ⊕ Z2(M) −→
Z2(M) onto Z2(M) along N∗ ⊕ V1. For x ∈ X,

x = (x− f(x)) + f(x) where x− f(x) ∈ N ⊆ N∗ ⊆ N∗ ⊕ V1,

and f(x) ∈ Z2(M). Consequently, π(x) = f(x), and π|X = f . But X ⊆ K
and π|K : K −→ Z2(M) is an extension of f to K.
⇐=. In order to prove that M = Z2(M)⊕K is TS, take any type submodule

X of M . Then Z2(X) ≤t X ≤t M , Z2(X) ≤t M , and Z2(X) ≤t Z2(M).
Since Z2(M) is TS, Z2(M) = Z2(X) ⊕ P for some P ≤ Z2(M). Hence
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M = Z2(X) ⊕ P ⊕ K and X = Z2(X) ⊕ Y where Y = X ∩ (P ⊕ K) is
nonsingular. Thus, Y ∩ Z2(M) = 0.

It is at this point that the K-injectivity of Z2(M) is used in (4.3.1) to
obtain a summand Y ∗ of M with Y ⊆ Y ∗ and M = Y ∗ ⊕ Z2(M). Since
Y ≤t X ≤t M , Y is a type submodule of M . But then Y ≤t Y ∗ ∼= K. Since
K is TS, Y ∗ is TS and Y is a summand of Y ∗, i.e., Y ∗ = Y ⊕W for some
W ≤ Y ∗. Therefore M = (Y ⊕W ) ⊕ [Z2(X) ⊕ P ] and X = Z2(X) ⊕ Y is a
summand of M . 2

5.2.13. EXAMPLE. The module A ⊕ B will be 2-decomposable but not
TS if A is atomic Goldie torsion, B atomic nonsingular such that A is not
B-injective. For R = Z, Zn ⊕ Z, where 1 < n ∈ Z, is such a module. For any
field F , with R = F [x] the polynomial ring, (R/(x)⊕R)R is 2-decomposable
but not TS, since (R/(x))R is not injective. 2

Next we construct a 2-decomposable module M that does not satisfy either
(C11) or TS.

5.2.14. EXAMPLE. Let

R =
{(

n x
0 n

)
: n ∈ Z, x ∈ Z2 ⊕ Z2

}
⊂
(

Z Z2 ⊕ Z2

0 Z

)
,

I0 =
{(

2n 0
0 2n

)
: n ∈ Z

}
, I =

{(
4n 0
0 4n

)
: n ∈ Z

}
, and

J =
{(

0 x
0 0

)
: x ∈ Z2 ⊕ Z2

}
.

Then J = Soc(R). For M1 = R/I and M2 = R/J , set M = M1 ⊕M2. Let
U ≤e R. Then J ⊆ U and 0 6= I0 ∩ U ≤ R. So we see that U ≤ R is essential
if and only if U ⊇ V ⊕ J for some 0 6= V ⊆ I0.

If r =
(

n x
0 n

)
∈ R where 0 6= n ∈ Z, then r⊥ = 0 if n is odd while r⊥ = J

if n is even. In either case, r /∈ Z(R). On the other hand, if r =
(

0 x
0 0

)
∈ R

where x 6= 0, then r⊥ = I0 ⊕ J ≤e R. Thus Z(R) = J , and also Z2(R) = J .
Then M2 = R/J = R/Z2(R) is nonsingular uniform.

Note that M1 = R/I contains an essential submodule

(I0 + J)/I ∼= (I0/I)⊕ J,

and that I0/I is embeddable in J . This shows that (I0 + J)/I is singular and
atomic. It follows that M1 is Goldie torsion and atomic. By (5.2.4), M is
2-decomposable. To show that M is not TS, it suffices to show that M1 is not
M2-injective by (5.2.12). Let f be the R-homomorphism

f : (I + J)/J −→ R/I,

(
4n 0
0 4n

)
+ J 7−→

(
2n 0
0 2n

)
+ I.
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If f extends to g : R/J −→ R/I. Then g(1R + J) =
(

m x
0 m

)
+ I, and

(
2 0
0 2

)
+ I = f(4 · 1R + J) = g(4 · 1R + J)

= g(1R + J)4 · 1R

=
(

m x
0 m

)
4 · 1R + I

=
(

4m 0
0 4m

)
+ I = 0,

a contradiction. So M1 is not M2-injective. Thus M is not TS.

To see M fails to satisfy (C11), let J1 =
{(0 x

0 0

)
: x ∈ Z2 ⊕ (0)

}
and

J2 =
{(0 x

0 0

)
: x ∈ (0) ⊕ Z2

}
, and form N = [(J2 + I)/I] ⊕ (R/J). If

M satisfies (C11), then there exists a complement P of N in M such that
P is a direct summand of M . Since N ∩ (J1 + I)/I = 0, P 6= 0. Since
P ∩M2 ⊆ P ∩N = 0, there exists an embedding P ↪→ M1. Thus P is Goldie
torsion. Therefore, P ⊆ Z2(M) = M1, and thus P is a direct summand of
M1. But, since M1 is indecomposable, it must be P = M1. It follows that
(J2 + I)/I ⊆ N ∩ P = 0, a contradiction. So M does not satisfy (C11). 2

The module decompositions given by the next two propositions were origi-
nally proved in [141]. Although stated for a TS-module M , the proofs there
used only that M is 2-decomposable. The reader now should recall the con-
cepts square free, square full, and directly finite from Definitions (5.1.10)-
(5.1.12).

5.2.15. PROPOSITION. Every 2-decomposable module M has a decom-
position M = D ⊕ P with D and E(D) directly finite, E(P ) purely infinite,
and D ⊥ P . If in addition M satisfies (T3), then the decomposition is unique
up to superspectivity.

PROOF. Define a non-empty class

F = {X ∈ Mod-R : X(ℵ0) ↪→ EM}.

Since F is closed under submodules, c(c(F)) = d(F). Since M is 2-decompo-
sable, M = D ⊕ P with D ∈ c(F) and P ∈ d(F). For a submodule N of
EM , a result of [87, Lemma 1.26] says that if N is not directly finite, then
for some nonzero module X, there exists an embedding X(ℵ0) ↪→ N . This
implies that 0 6= X ∈ F ⊆ d(F) and hence N /∈ c(F) because X and N are
not orthogonal. We, therefore, conclude that both D and E(D) are directly
finite.

By [87, Thm.1.35], E(P ) = E1⊕E2, where E1 is directly finite, E2 is purely
infinite, and E1 ⊥ E2. If E1 6= 0, then E1 ⊂ E(P ) ∈ d(F), or E1 ∈ d(F),
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and hence there exists a 0 6= X ≤ E1 ⊆ E(M) with X ∈ F . But M ∩X 6= 0,
and it may be assumed that 0 6= X ≤ M . Consequently, X(ℵ0) ∼= N ≤ EM
for some N ∈ d(F), N ⊥ D. From N ≤ EM = ED ⊕ EP , ED ⊥ EP , it
follows that N ↪→ EP . Since X ≤ E1 and E1 ⊥ E2, also N ⊥ E2. From
N ⊆ E(M) = E1 ⊕ E2 with N ∩ E2 = 0, it follows that X(ℵ0) ∼= N ↪→ E1.
By [87, Prop. 1.27], E1 is not directly finite, which is a contradiction unless
E1 = 0. Therefore, E(P ) = E2 is purely infinite.

Suppose that M = D1 ⊕ P1 is another decomposition as in the statement
of the proposition. Thus E(M) = E(D) ⊕ E(P ) = E(D1) ⊕ E(P1). By the
uniqueness in [87, Thm.1.35], E(D1) ∼= E(D) ∈ c(F) and E(P1) ∼= E(P ) ∈
d(F). Since natural classes are closed under submodules, D1 ∈ c(F) and
P1 ∈ d(F). Finally, uniqueness up to superspectivity follows now from (5.2.5)
if M satisfies (T3). 2

Our next objective is to consider decompositions of a module as a direct sum
of a square free module, and a square full module. The latter are characterized
in the next proposition.

5.2.16. PROPOSITION. A module M is square free if and only if every
complement submodule of M is a type submodule. In particular, a square
free module is 2-decomposable if and only if it satisfies (C11).

PROOF. =⇒. If not, then there exists a complement submodule N ≤ M
which is not a type submodule. This means that N is properly contained in
its type closure N tc in M , and N‖N tc. Since N is not essential in N tc, there
exists a 0 6= W ≤ N tc with N ∩W = 0. Then there exist 0 6= V1 ≤ N and
0 6= V2 ≤ W with V1

∼= V2, contradicting that M is square free.
⇐= . If not, then there are submodules A,B ≤ M , A ∩ B = 0, and 0 6=

A ∼= B. Let Ac be any complement closure of A in M . Then Ac‖(Ac ⊕ B)
contradicts that Ac is a type submodule of M . 2

5.2.17. PROPOSITION. Any 2-decomposable module M has a decompo-
sition M = M1⊕M2, where M1 is square free, M2 is square full, and M1 ⊥ M2.
If M satisfies (T3), this decomposition is unique up to superspectivity.

PROOF. Set F = {X ∈Mod-R : X⊕X ↪→ M}. Since M is 2-decomposable,
M = M1 ⊕M2, where M1 ∈ c(F) is square free, M2 ∈ c(c(F)) = d(F), and
M1 ⊥ M2. Assume M2 6= 0, and let 0 6= N ≤ M2. Since 0 6= N ∈ d(F), there
exists a 0 6= Y ≤ N such that Y ⊕Y ∼= Z ≤ M for some Z. Since Y ⊆ M2 and
M2 ⊥ M1, also Z ⊥ M1, and Z ∩M1 = 0. Consequently Y ⊕ Y ∼= Z ↪→ M2.
Therefore M2 is square full.

Next it will be shown that if M = A⊕B is any other decomposition as in
the statement of this proposition, then A ∈ c(F) and B ∈ d(F). Since B is
square full, B ∈ d(F). If A /∈ c(F), then for some 0 6= X ≤ A, X ∈ F , where
X ⊕X ∼= N ≤ M . Since 0 6= X ⊆ A, A ⊥ B, also X ⊥ B and N ⊥ B. But
then N ∩ B = 0, and N ↪→ A, contradicting that A is square free. Lastly, if
we now also assume (T3), then (5.2.5) shows that these decompositions are
unique up to superspectivity. 2
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5.2.18. EXAMPLE. A 2-decomposable module satisfying (T3) which is
not TS: For R = Z, p a prime number, and Q the rationals, the module
M = Zp ⊕ Q is clearly 2-decomposable by (5.2.4). Since Z2(M) = Zp is not
Q-injective, M is not TS by (5.2.12). However, M satisfies (T3), since M has
exactly two nontrivial direct summands. 2

Next, finitely and countably decomposable modules are discussed. Note
that the hypothesis (i) below implies that every local type summand is a type
submodule.

5.2.19. PROPOSITION. Assume that (i) every local type summand of a
module M is a direct summand, and that (ii) every type direct summand of
M is 2-decomposable. Then M is a direct sum of atomic modules.

PROOF. By (4.3.6), M = ⊕λ∈ΛXλ where all Xλ are t-indecomposable and
Xλ1 ⊥ Xλ2 whenever λ1 6= λ2. Suppose that for some λ0 ∈ Λ, Xλ0 is not
atomic. Then there exists a 0 6= A < Xλ0 such that Xλ0 /∈ d(A). Since Xλ0

is 2-decomposable, Xλ0 = B ⊕ C, where B ∈ d(A) and C ∈ c(A). Since
0 6= A ∈ d(A), it follows that B 6= 0. Since Xλ0 /∈ d(A), C 6= 0. Then
Xλ0 = B ⊕ C contradicts that Xλ0 is t-indecomposable. Hence all Xλ are
atomic. 2

Since a TS-module always satisfies (ii) of the last proposition, the next
corollary follows from (5.2.19) and (4.3.9).

5.2.20. COROLLARY. Suppose that M is a TS-module and that for any
chain m⊥

1 ⊆ m⊥
2 ⊆ · · · of right ideals of R, where mi ∈ M , t. dim(⊕∞i=1R/m⊥

i )
< ∞. Then M is a direct sum of atomic modules and hence fully decomposable
(by 5.2.4). 2

In all cases below, as a minimum, the module M satisfies the condition
that every type direct summand of M is 2-decomposable. If RR satisfies the
t-ACC, then the condition in (2) holds, which guarantees that every local type
summand of M is in fact a type submodule.

5.2.21. THEOREM. Suppose that every type direct summand of the mod-
ule M is 2-decomposable. Then the following hold:

1. M is finitely decomposable. In particular, every TS-module is finitely
decomposable.

2. Assume that for yi ∈ M , i = 0, 1, 2, . . . , for any countable chain of right
annihilator ideals y⊥0 ⊆ y⊥1 ⊆ y⊥2 ⊆ . . ., t.dim

(
⊕∞i=1R

/
y⊥i
)

< ∞. Then
M is countably decomposable.

PROOF. For any finite or countable maximal set of pairwise orthogonal
types

{
Ki : i ∈ I

}
, let I =

{
1 < 2 < . . . < n < . . .

}
⊆
{

i : 1 ≤ i < ω
}

.
By hypothesis, M = M1 ⊕ N1, where M1 ∈ K1, N1 ∈ c(K1), and M1 ⊥ N1.
Assume by induction that for some 1 ≤ j, M = (⊕j

i=1Mi) ⊕ Nj is a type
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direct sum with Mi ∈ Ki for i = 1, · · · , j, and Nj ⊥ (⊕j
i=1Mi). Since Nj is

a type direct summand of M , Nj = Mj+1 ⊕ Nj+1 with Mj+1 ∈ Kj+1 and
Nj+1 ∈ c(Kj+1). Then again M = (⊕j+1

i=1Mi) ⊕Nj+1 is a type direct sum of
the required kind with each Mi ∈ Ki, and Nj+1 ⊥ (⊕j+1

i=1Mi).
(1) If the index set I = {1, . . . , n} is finite, since

∨
i≤nKi = 1, Nn+1 = 0,

and so M = ⊕n
i=1Mi

(2) Note that in view of (4.3.9), every local type summand of M is a type
submodule of M . Now let I = {i : 1 ≤ i < ω}. By the above induction,
(⊕i<ωMi) ⊕ C ≤e M for some C ≤ M , where Mi is a type submodule of
type Ki of M , and (⊕i<ωMi) ⊥ C. Thus Ki ∧ d(C) = 0. Since any complete
Boolean lattice satisfies a limited infinite distributive law,

d(C) = d(C) ∧

(∨
i<ω

Ki

)
=
∨
i<ω

(d(C) ∧ Ki) = 0.

This implies C = 0, and that the local type summand ⊕i<ωMi ≤e M is a
type submodule of M . Hence M = ⊕i<ωMi. 2

Note that for any module M over a commutative domain, the usual torsion
submodule {m ∈ M : m⊥ 6= 0} is Z2(M). The next theorem also holds for
Dedekind domains.

5.2.22. THEOREM. For R = Z, the following are equivalent for an Abelian
group M :

1. M is 2-decomposable.

2. M is fully decomposable.

3. M is a direct sum of a torsion Abelian group, and a torsion free Abelian
group.

4. Every direct summand of M is 2-decomposable.

PROOF. (3) =⇒ (2). Let M = Z2(M) ⊕ K. For a prime p, the p-torsion
component of Z2(M) is atomic. Since also any torsion free Abelian group
such as K is atomic, M is a direct sum of atomic modules. By (5.2.4), M is
fully decomposable.

(3) =⇒ (4). By hypothesis, M = Z2(M)⊕K, and let N be a summand of
M , where M = N ⊕ P . Since Z2(M) ≤ M is fully invariant,

Z2(M) = [Z2(M) ∩N ]⊕ [Z2(M) ∩ P ] = Z2(N)⊕ Z2(P ).

Then M = Z2(N) ⊕ Z2(P ) ⊕ K, and hence N = Z2(N) ⊕ N
′

where N
′

=
N ∩ [Z2(P )⊕K] is torsion free. Therefore, N satisfies (3), and by the above
proof that (3) =⇒ (2), it follows that N is fully decomposable.

The implications (2) =⇒ (1) =⇒ (3), and (4) =⇒ (1) are immediate. Thus
(1)-(4) are equivalent. 2
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The following proposition is a type analogue of a result of Müller and Rizvi
[90].

5.2.23. PROPOSITION. Assume that every type direct summand of M
is 2-decomposable. Then the following hold:

1. M has a decomposition M = M1 ⊕M2, where M1 is molecular, M2 is
bottomless, and M1 is essential over a type direct sum ⊕i∈INi of atomic
type summands of M .

2. If in addition M satisfies (T3), then the above decomposition is unique
up to isomorphism. That is, if M has another decomposition M =
M

′

1⊕M
′

2, where M
′

1 is molecular, M
′

2 is bottomless, and M
′

1 is essential
over a type direct sum ⊕j∈JN

′

j of atomic type summands of M , then
M1

∼= M
′

1, M2
∼= M

′

2, and there is a bijection θ : I −→ J such that
Ni

∼= N
′

θ(i) for all i ∈ I.

PROOF. The existence: Let K be the class of molecular modules. Then
K is a natural class and c(K) is the class of bottomless modules by (5.1.8).
Thus, there exist M1 ∈ K and M2 ∈ c(K) such that M = M1 ⊕ M2. It
follows that M1 contains an essential submodule X = ⊕i∈IXi where each Xi

is atomic. Without loss of generality, we may assume that Xi ⊥ Xj for all
i 6= j in I. By the hypothesis, M1 is 2-decomposable. For each k ∈ I, let
Zk = ⊕{Xi : i ∈ I, i 6= k}. Then, by (5.2.2), there exists a type complement
Nk of Zk in M1 such that Nk is a summand of M1 (and hence of M). Since
Xk ⊕ Zk ≤e M1, it can easily be proved that Nk‖Xk. So Nk is an atomic
type summand of M and Ni ⊥ Nj whenever i 6= j in I. To see that ⊕i∈INi is
essential in M1, let (⊕i∈INi) ∩ Y = 0 where Y is a submodule of M1. Since
each Ni ≤ M is a type submodule, Y ⊥ Ni for each i ∈ I. Thus, Y ⊥ Xi

for all i ∈ I. It follows that Y ⊥ (⊕i∈IXi) and so Y ∩ (⊕i∈IXi) = 0. Since
⊕i∈IXi is essential in M1, we have Y = 0.

The uniqueness: Suppose M
′

1,M
′

2, and ⊕j∈JN
′

j are as assumed in (2). Since
M is a 2-decomposable module satisfying (T3), by (5.2.6), M1

∼= M
′

1 and
M2

∼= M
′

2. Since both ⊕i∈INi and ⊕j∈JN
′

j are essential in M1 and all Ni, N
′

j

are atomic, for each i ∈ I, there exists a least one j(i) ∈ J such that Ni‖N
′

j(i).

However, since ⊕j∈JN
′

j is a type direct sum, j(i) is unique. And similarly,
for each j ∈ J , there exists a unique i(j) ∈ I such that N

′

j‖Ni(j). This means
that θ : I −→ J , θ(i) = j(i) is a bijection. Since Ni and N

′

θ(i) both are type

summands of M1, write M1 = Ni⊕A = N
′

θ(i)⊕B with Ni ⊥ A and N
′

θ(i) ⊥ B.

Then Ni and N
′

θ(i) are in d(Ni) and A,B are in c(Ni). By (5.2.6), Ni
∼= N

′

θ(i).
2

The rings R satisfying the right t-ACC were discussed and characterized in
(4.3.12). The present section has given us a new concept - countable decom-
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posability - in terms of which we are now able to give a new characterization
of these rings.

5.2.24. THEOREM. The following are all equivalent for a ring R:

1. RR satisfies t-ACC.

2. Every injective right R-module is countably (or fully) decomposable.

3. Every TS-module is countably (or fully) decomposable.

4. If M is any module whose type direct summands are 2-decomposable,
then M is countably decomposable.

PROOF. (1) =⇒ (3) is by (5.2.20), (1) =⇒ (4) follows by (5.2.21), and
(3) =⇒ (2) is obvious.

(2) =⇒ (1) and (4) =⇒ (1). Either of (2) and (4) guarantees that every
injective module is countably decomposable. By (4.3.12), RR satisfies t-ACC
if and only if for any countable family {Fi : i ∈ I} of pairwise orthogonal
injective modules, with I countable, ⊕i∈IFi is injective. Set F = E(⊕i∈IFi).
Then {c(F )}∪{d(Fi) : i ∈ I} is a countable maximal set of pairwise orthogonal
types. Since F is countably decomposable, F = A ⊕ (⊕i∈IAi) for some A ∈
c(F ) and Ai ∈ d(Fi). Trivially, A = 0, and for any j ∈ I, F = Aj⊕(⊕j 6=i∈IAi)
with Aj ∈ d(Fj) and ⊕j 6=i∈IAi ∈ c(Fj). Since F is injective, by (5.1.7), Fj

is superspective to Aj , and consequently Fj
∼= Aj for all j ∈ I. But then

F = E(⊕i∈IFi) = ⊕i∈IAi
∼= ⊕i∈IFi shows that ⊕i∈IFi is injective as required

in order to show that R satisfies (1). 2

The next lemma and proposition give a general and flexible method of
constructing fully decomposable TS-modules satisfying (T3).

5.2.25. LEMMA. Let N ≤t M = ⊕i∈IMi be a type submodule of M ,
where the Mi, i ∈ I, are atomic. Then for any i ∈ I, either N ∩Mi = 0, or
N ∩Mi ≤e Mi.

PROOF. If (N ∩ Mi) ⊕ D ≤ Mi with both N ∩ Mi and D nonzero, then
N ∩Mi and D have nonzero isomorphic submodules, because Mi is atomic.
But since N + D = N ⊕D, it follows that N ⊥ D. But then (N ∩Mi) ⊥ D
contradicts that Mi is atomic. 2

It is rare that one is able to completely and explicitly identify all type
submodules of a module as completely as in the next proposition. Note that
the hypothesis below implies that for all j 6= i ∈ I, E(Mi) ≤ E(M) is fully
invariant and that HomR(EMi, EMj) = 0, and that the latter two properties
are equivalent.

5.2.26. PROPOSITION. Suppose that M = ⊕i∈IMi where all the Mi,
i ∈ I, are atomic. For any j ∈ I, define Kj = ⊕{Mi : i ∈ I, i 6= j}, and
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assume that HomR(EKj , EMj) = 0. Then every nonzero type submodule N
of M is given by

N = ⊕{Mi : i ∈ I,Mi ⊆ N} = ⊕{Mi : i ∈ I,Mi ∩N 6= 0} .

PROOF. Denote by πi : E(M) = E(Mi) ⊕ E(Ki) −→ E(Mi) the natural
projection that extends the canonical projection from M onto Mi along Ki,
and define I(0) = {i ∈ I : Mi ⊆ N} ⊆ I(1) = {i ∈ I : πiN 6= 0}. It suffices
to show that for any j ∈ I(1), also j ∈ I(0). Choose the notation so that
j = 1, π = π1, K = K1, and p : E(M) = E(M1) ⊕ E(K) −→ E(K) is the
other natural projection that extends the canonical projection from M onto
K along M1. By (4.3.7), (N ∩M1)⊕ (N ∩K) ≤e N .

Case 1. N ∩ M1 = 0. Then also N ∩ E(M1) = 0, and N ∩ K ≤e N .
If p
∣∣
N

is the restriction p
∣∣
N

: N −→ K of p to N , then the kernel of p
∣∣
N

is
Ker(p

∣∣
N

) = N∩E(M1) = N∩M1 = 0. Consequently the map p
∣∣
N

: N −→ K,
n 7−→ pn is monic. Let g be the monic inverse map g : pN −→ N , where
g(pn) = n. Define ϕ = πg : pN −→ M1. Since pN ⊆ K ⊆ E(K), extend ϕ
to ϕ̂ ∈ HomR(EK,EM1). Note that gpN = N 6= 0. If π

∣∣
N

: N −→ E(M1)
is not zero, then also ϕ̂pN = ϕpN = πgpN = πN 6= 0. Then 0 6= ϕ̂ ∈
HomR(K, EM1) contradicts the hypothesis of this proposition. Therefore,
πN = 0, which contradicts that 1 ∈ I(1).

Case 2. N ∩ M1 6= 0. So far the fact that the Mi are atomic has not
been used, but now it is needed to conclude that N ∩ M1 ≤e M1 by use
of (5.2.25). It will be shown that M1 ⊆ N . Form N ⊆ E(N) ⊆ E(M),
and since N ∩M1 ⊆ N , choose some injective hull of N ∩M1 inside E(N),
i.e., E(M1) ∼= E(N ∩ M1) ⊆ E(N). But by hypothesis E(M1) ≤ E(M)
is fully invariant, and hence E(M) contains a unique injective hull of M1,
i.e., E(M1) ⊆ E(N). Since N ≤ M is a complement submodule, and since
N ≤e E(N) ∩ M , necessarily N = E(N) ∩ M . Also E(M1) ∩ M = M1.
Consequently

E(M1) ⊆ E(N) =⇒ M ∩ E(M1) ⊆ M ∩ E(N) ⇐⇒ M1 ⊆ N .

Thus, 1 ∈ I(0) and in all cases I(0) = I(1). 2

5.2.27. COROLLARY. Under the hypotheses and with the notation of the
last proposition, suppose that P ≤ ⊕i∈IMi = M is any submodule. Then
N = ⊕{Mi : i ∈ I, P ∩Mi 6= 0} is the unique type closure of P in M .

PROOF. If Q is a type closure of P in M , then by (5.2.26)

Q = ⊕{Mi : i ∈ I,Mi ∩Q 6= 0} .

But, because Mi ≤t M , Mi ∩Q 6= 0 iff Mi ∩ P 6= 0. Then

Q = ⊕{Mi : i ∈ I,Mi ∩Q 6= 0} = ⊕{Mi : i ∈ I,Mi ∩ P 6= 0} = N.
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2

5.2.28. COROLLARY. If the module M = ⊕i∈IMi satisfies the hypotheses
of (5.2.26), then so does also the module ⊕i∈IE(Mi); and hence the conclu-
sions of (5.2.26) and (5.2.27) also hold for ⊕i∈IE(Mi). 2

5.2.29. At the time of this writing, we do not know if every 2-decomposable
module is 3-decomposable (or finitely decomposable), if every countably de-
composable module is fully decomposable, and if every type summand of a
2-decomposable module is again 2-decomposable.

5.2.30. REFERENCES. Dauns [32]; Dauns-Zhou [43]; Goodearl [66];
Goodearl-Boyle [68]; Mohamed-Müller [87]; Müller-Rizvi [89,90]; Zhou [141].
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5.3 Unique Type Closure Modules

In the previous two sections decompositions of modules as orthogonal type
direct sums were unique only up to superspectivity. For nonsingular modules,
all of these decompositions are unique. In fact, the whole theory of natural
classes at first for many years was done for nonsingular modules. Thus we
now develop a bigger class of modules, called unique type closure modules
(abbreviation: UTC), in which any type direct sum decomposition will be
unique.

Clearly, a sufficient condition which will guarantee that all type direct sum
decompositions of a module M are unique is that M has a unique type sub-
module of type K for every natural class K. The next proposition shows that
two other conditions are equivalent to this one. The next theorem will give
three more counter-intuitive and harder to prove equivalent conditions.

5.3.1. PROPOSITION. For a module M , the following conditions are
equivalent:

1. For every natural class K, M has a unique type submodule of type K.

2. Every submodule of M has a unique type closure in M .

3. For every natural class K, Σ{X : X ≤ M,X ∈ K} ∈ K, i.e., M has a
largest submodule in K.

PROOF. (2) =⇒ (1). For a natural classK, let P,Q both be type submodules
of type K of M . If (P∩Q)⊕D ≤ P with 0 6= D ≤ M , then D∩Q = D∩P∩Q =
0. Hence Q + D = Q ⊕ D ∈ K since D ⊆ P ∈ K, a contradiction. Hence
P ∩ Q ≤e P , P ∩ Q ≤e Q, and both P and Q are type closures in M of the
same submodule P ∩Q. By (2), P = Q.

(3) =⇒ (2). For any N ≤ M , set K = d(N). Any type closure N tc of N is
a type submodule of type K of M , and hence N tc is uniquely given by (3).

(1) =⇒ (3). It suffices to show that for A,B ∈ K, also A + B ∈ K. By
Zorn’s Lemma, there exists a maximal submodule X in the set

{X : X ≤ M,A ⊆ X ∈ K}.

Such an X is a type submodule of type K. Similarly, there exists a type
submodule Y of type K with B ⊆ Y . By (1), X = Y . But then A ⊆ X,
B ⊆ X, hence A + B ⊆ X ∈ K, and A + B ∈ K. 2

5.3.2. DEFINITION. A unique type closure module (abbreviation:
UTC) is any module M satisfying the equivalent conditions in (5.3.1). A
module M each of whose submodules has a unique complement closure in M
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is called a unique complement closure module (abbreviation: UC). (See
Smith [109, p.302].)

A partial homomorphism from a module M to a module N is a homo-
morphism from a submodule of M to N . A partial endomorphism of M is a
partial homomorphism from M to M .

5.3.3. THEOREM. For a module M , the following are all equivalent:

1. For any nonzero submodule N of M , if C1 6= C2 are two complement
closures of N in M , then there exists a 0 6= X ≤ C1 + C2 such that
C1 ∩X = 0 and X ↪→ N .

2. There does not exist an R-module X and a proper essential submodule
Y <e X such that X ⊥ (X/Y ) and X ⊕ (X/Y ) ↪→ M .

3. For every partial endomorphism f : A −→ M , A ≤ M with fA ⊥ A,
the kernel Ker(f) ≤ A is a complement submodule of A.

4. M is a UTC-module.

PROOF. (2) =⇒ (5.3.1)(1). If (5.3.1)(1) fails, then for some K ∈ N (R),
M has type submodules T1 and T2, both of type K with T1 6= T2. As in
the proof of “(2) =⇒ (1)” in (5.3.1), 0 6= T1 ∩ T2 ≤e Ti for i = 1, 2. Since
T1 + T2 /∈ K, T1 ∩ T2 is not essential in T1 + T2 /∈ K (or since the Ti are
complement submodules of M), T1 ∩ T2 is not essential in T1 + T2. There
exists a 0 6= A ≤ T1 + T2, T1 ∩ T2 ∩ A = 0. Since T1 ∩ T2 ≤e T1, also
T1 ∩A = 0. Similarly, T2 ∩A = 0. Since Ti ≤t M , Ti ⊥ A. Thus

A ∼= A/(T1 ∩A) ∼= (A + T1)/T1 ⊆ (T2 + T1)/T1
∼= T2/(T1 ∩ T2).

But then A ∼= X/(T1∩T2) for some X with T1∩T2 ≤e X ≤e T2. Since A ⊥ T2

while X ⊆ T2, A ⊥ X. The latter implies that X + A = X ⊕ A ⊆ M . Set
Y = T1 ∩ T2 ≤e X. Since 0 6= A ∼= X/Y , Y 6= X. And again, (X/Y ) ⊥ X.
This contradicts (2). Thus T1 = T2.

(5.3.1)(2) =⇒ (3). If not, there exists a nonzero module X and a nonzero
homomorphism α : X −→ M such that Y := Kerα <e X and α(X) ⊥ X.
Fix an x ∈ X\Y . Write x−1Y = {r ∈ R | xr ∈ Y } ≤ R. Define β to be the
restriction of α to xR, i.e., β : xR −→ M . Then Ker(β) = x(x−1Y ). Let L be
a type closure of Ker(β) in xR. Define a monic map f : xR −→ xR⊕ β(xR)
by f(xr) = xr + β(xr), r ∈ R.

Note that the restriction of f to Ker(β) is the identity and Ker(β) ⊆ L∩fL.
Let Ltc and (fL)tc denote the type closures of L and fL in M , respectively.
Then we have the following implications:

Ker(β) ‖L ,L ‖Ltc =⇒ Ker(β) ‖Ltc;
Ker(β) ⊆ fL ,L ∼= fL =⇒ Ker(β) ‖ fL;

Ker(β) ‖ fL , fL‖(fL)tc =⇒ Ker(β) ‖ (fL)tc.
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From the latter it now follows that both Ltc and (fL)tc are type closures
of Ker(β) in M . By hypothesis (5.3.1)(2), Ltc = (fL)tc. Hence Ltc =
Ltc+(fL)tc ⊇ L+fL. Then L ‖ (L+fL). Since L ≤t xR, and xR ⊥ βxR, L is
a type submodule of xR⊕ βxR with L ⊥ βL. But L ‖ (L + fL) ≤ xR⊕ βxR,
and βL ⊆ L + fL. It follows that L‖βL and L ⊥ βL. It must be that
βL = 0. Thus Kerβ = L ≤t xR. Since xR/Ker(β) ∼= βxR, we have that
(xR/Ker(β)) ⊥ xR. If Kerβ ⊕ D ≤ xR with D 6= 0, then D ⊥ xR is a
contradiction. So Kerβ = xR and 0 = βx = αx is a contradiction of x /∈ Y .

(1) =⇒ (5.3.1)(3). It suffices to show that for any K ∈ N (R), and Y, Z ≤
M with Y ∈ K and Z ∈ K, also Y + Z ∈ K. By Zorn’s Lemma there
exist submodules P and Q of M maximal with respect to Y ⊆ P ∈ K and
Z ⊆ Q ∈ K. As in the proof of (2) =⇒ (1) in (5.3.1), P ∩ Q ≤e P and
P ∩ Q ≤e Q, and P and Q being type submodules of type K of M are,
in particular, complement submodules of M . If P 6= Q, use (1) to get a
submodule 0 6= X ⊆ P +Q with P ∩X = 0, such that X ↪→ P ∩Q ∈ K. Then
P ⊂ P ⊕X ∈ K is a contradiction. Thus P = Q, and hence X + Y ⊆ P ∈ K.

(5.3.1)(2) =⇒ (1). For 0 6= N ≤ M , let C1 6= C2 be two complement
closures of N in M . Set K = d(N). Since N ≤e C1 and N ≤e C2, the type
closures Ctc

1 and Ctc
2 of C1 and C2 are also two type closures of N in M . By

(5.3.1)(2), Ctc
1 = Ctc

2 . Hence C1 + C2 ⊆ Ctc
1 ∈ K. Since C1 6= C2, C1 ∩A = 0

for some 0 6= A ⊆ C1 + C2. But then A ∈ K, and C1 ⊕ A ⊆ Ctc
1 ∈ d(N).

Thus, there exists a nonzero submodule 0 6= X ≤ A such that X ↪→ N . Since
C1 ∩A = 0, also C1 ∩X = 0 as required in (1).

(3) =⇒ (2). If (2) fails, there exists an embedding h : X ⊕ (X/Y ) ↪→ M ,
where Y ≤e X, X 6= Y , and X ⊥ (X/Y ). Let π : X −→ X/Y be the
natural epimorphism. Set A = hX and define f = hπh−1 : A −→ M . Then
fA = h(X/Y ). Each a ∈ A is uniquely of the form a = hx with x ∈ X, and
fa = hπh−1(hx) = h(x + Y ). Consequently, Ker(f) = hY . Since A ∼= X,
fA ∼= X/Y , we have A ⊥ fA. From Y ≤e X and because h is an embedding,
it follows that Ker(f) = hY ≤e hX = A, and Ker(f) is not a complement
submodule of A, which is a contradiction.

(2) =⇒ (3). Assume that f : A −→ M , fA ⊥ A, but Ker(f) ≤ A is not a
complement submodule, where A ≤ M . Then A + fA = A ⊕ fA ≤ M . Let
X be a complement closure of Y = Ker(f) in A, where Y ≤e X, and Y 6= X.
Then fX ∼= X/Y , and X ⊕ (X/Y ) ∼= X ⊕ fX ≤ A ⊕ fA ≤ M . So (2) does
not hold, which is a contradiction. 2

5.3.4. COROLLARY. A module M is not a UTC-module if and only if
there exists an A ≤ M , and a nonzero homomorphism f : A −→ M where
Ker(f) ≤e A and Ker(f) ⊥ Im(f). 2

5.3.5. EXAMPLES. The following statements hold:

1. Any UC-module is UTC. In particular, any semisimple module is UTC.

2. In particular, all nonsingular modules are UTC.
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3. All atomic modules are UTC.

4. Let M be any module satisfying the hypotheses of (5.2.26). By (5.2.27),
M is a UTC module.

5. For the ring R = Z, an Abelian group M is UTC if and only if M is
torsion free, or M is torsion.

PROOF. (1) Suppose that N ≤ M has type closures A and B in M . Then
A ∩ B ≤e B (as well as A ∩ B ≤e A). For if not, then for some 0 6= U ≤ B,
A ∩ U = 0. But then A ‖ (A ⊕ U) is a contradiction. Thus A and B are
complement closures of A ∩B, and A = B.

(5) If M is torsion free, then it is nonsingular atomic, and hence UTC by
either (1) or (3). If M is mixed, it contains an element y ∈ M of prime order p,
yp = 0, and another element x ∈ M of infinite order. Then xZ+yZ = xZ⊕yZ,
and yZ ∼= xZ/xpZ. By (5.3.3)(2), M is not UTC.

Let M be a torsion Abelian group and let pi be the ith prime number.
Then M = ⊕i∈IMi where Mi is the pi-component of M . Since E(Mi) is a
pi-torsion Abelian group, HomZ (EMi, EMj) = 0 if i 6= j, and hence

HomR(EKj , EMj) = 0 where Kj = ⊕{Mi : i ≥ 1, i 6= j}.

Thus by (5.2.27), M is UTC. 2

Theorem (5.3.3)(2) shows that submodules of UTC-modules are UTC. For
any modules X ≤ M , X is called a UTC-submodule of M if X itself is a UTC-
module. Conditions will be found guaranteeing that an essential extension of
a UTC-module is UTC, and that a type direct sum of UTC-modules is UTC.

The following proposition is in general false if in it “UTC-submodule of M”
is replaced with “direct summand of M”. Note that the zero module is UTC.

5.3.6. PROPOSITION. Suppose that {Mi ≤ M : i ∈ I} is an ascending
chain of UTC-submodules of M . Then

⋃
{Mi : i ∈ I} is a UTC-submodule of

M . Hence every module contains maximal UTC-submodules.

PROOF. If
⋃

i∈I Mi is not UTC, then by (5.3.3)(2), for some X 6= 0 and
some Y <e X with X ⊥ (X/Y ), there exists a monomorphism

θ : X ⊕X/Y −→ ∪Mi.

Take x ∈ X\Y . Then xR ∩ Y <e xR and xR ⊥ (xR/xR ∩ Y ), and

θ : xR⊕ (xR + Y )/Y (∼= xR⊕ xR/xR ∩ Y ) −→ Mi

is monic for some i. This contradicts that Mi is UTC. 2

Under what types of operations is the class of all UTC-modules closed?
For R = Z, both Q and Z3∞ are UTC-modules. However, Q ⊕ Z3∞ is not.
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The next example shows that the class of UTC-modules is not closed under
essential extensions.

5.3.7. EXAMPLE. Let M = ⊕∞i=1Zpi where pi is the ith prime number.

Let R =
{(n x

0 n

)
: n ∈ Z, x ∈ M

}
. Then R is a ring under the usual

addition and multiplication of matrices, and Soc(R) =
{(0 x

0 0

)
: x ∈ M

}
is essential in RR. Since Soc(RR) is semisimple, it is clearly UTC. To see

RR is not UTC, let N = ⊕i≥2Zpi
, A =

{(
n x
0 n

)
: n ∈ 2Z, x ∈ N

}
, and

B =
{(n x

0 n

)
: n ∈ 4Z, x ∈ N

}
. Then A and B are right ideals of R.

Moreover, A ≤e B, A ⊥ (A/B), and A ⊕ (A/B) embeds in RR. Thus RR is
not UTC. 2

For a UTC-module M , and for any essential submodule N ≤e M , every
UTC-essential extension of N will be shown to be given by N ≤ X ≤ E(M),
for X ∈ ϕt(M) where the latter set is defined below.

5.3.8. DEFINITION. For a module M , define

ϕt(M) = {X ≤ E(M) : ∀Y ≤ X and f ∈ EndR(EM) with Y ⊥ f(Y ),
f(Y ∩M) = 0 implies fY = 0}.

Define almost as in [18, p.253] the set ϕ(M) by

ϕ(M) = {X ≤ E(M) : ∀Y ≤ X and f ∈ EndR(EM) with Y ∩ f(Y ) = 0,

f(Y ∩M) = 0 implies f(Y ) = 0}.

5.3.9. THEOREM. For a module M , the following hold:

1. M ∈ ϕ(M) ⊆ ϕt(M).

2. ϕt(M) has maximal elements.

3. If M is UTC, then every X ∈ ϕt(M) is UTC.

4. If X ≤e E(M) and X /∈ ϕt(M), then X is not UTC.

PROOF. (1) Clearly, ϕ(M) ⊆ ϕt(M). In the definition of ϕ(M), take X =
M . Then Y ≤ X = M , and hence Y ∩ M = Y . But then the condition
f(Y ∩ M) = 0 simply means that f(Y ) = 0. The latter guarantees that
M ∈ ϕ(M).

(2) Let {Xi}i be a chain in ϕt(M). Let X =
⋃

i Xi, Y ≤ X, and f ∈
EndR(EM) with f(Y ∩ M) = 0 and Y ⊥ f(Y ). We need to show that
f(Y ) = 0. If Yi = Y ∩ Xi, then Y =

⋃
i Yi, and f(Yi ∩ M) = 0. From
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Yi ⊥ f(Yi), and Yi ≤ Xi ∈ ϕt(M), we conclude that all f(Yi) = 0, and hence
f(Y ) = 0 as required.

(3) Suppose that X ∈ ϕt(M) is not a UTC-module, while M is one. By
(5.3.4), there exists a submodule B ≤ X and a homomorphism 0 6= g : B −→
X with B ⊥ g(B) and Ker(g) ≤e B. We will use this information to construct
a partial endomorphism f : A −→ M of M which violates Theorem (5.3.3)(3).

Since M ≤e E(M), g(B) ∩ M 6= 0; so A := g−1(g(B) ∩ M) is a nonzero
submodule of B. Let f : A −→ M be the restriction of g to A. Thus,
A ⊥ f(A), because B ⊥ g(B) and f 6= 0. Moreover, Kerf = Kerg ∩A ≤e A,
because Kerg ≤e B. This shows that M is not UTC by (5.3.4).

(4) For X as in (4), since X /∈ ϕt(M), there exists a g ∈ EndR(EM) and
Y ≤ X with Y ⊥ g(Y ), g(M ∩ Y ) = 0, but g(Y ) 6= 0. Our objective will
be to show that X satisfies (5.3.4). Since M ≤e E(M) and X ≤e E(M), we
have X ∩ M ∩ g(Y ) 6= 0. This means that there exists an element y0 ∈ Y
such that 0 6= g(y0) ∈ X ∩M . Then y0 ∈ Y ∩ g−1(X ∩M ∩ gY ) = A. Thus
g(A) 6= 0, and g(A) ⊆ g(g−1X) ⊆ X, and M ∩ Y ⊆ Ker(g) ∩ Y ⊆ A ⊆ Y ,
and M ∩ Y ≤e Y . Since g(A) ⊆ X, let f : A −→ X be the restriction of g.
Then Ker(f) = Ker(g) ∩ A ≤e A, and A ⊥ f(A), which is a consequence of
Y ⊥ f(Y ) and A ⊆ Y . By (5.3.4), X is not UTC. 2

The next corollary is a consequence of (5.3.9) above.

5.3.10. COROLLARY. Every UTC-module has a maximal UTC-essential
extension. 2

5.3.11. REMARK. The previous proof of Theorem (5.3.9) used some ideas
from Camillo and Zelmanowitz [18]. They define M to be a dimension
module if for any A,B ≤ M ,

u. dim(A + B) + u. dim(A ∩B) = u. dim(A) + u. dim(B),

where “u. dim” denotes the finite uniform dimension, or +∞ if it does not
exist. One can combine our previous Theorem (5.3.9) with [18, Theorem 8,
p.253] and [109, Proposition 14, p.311] to deduce the following.

Assume that every finitely generated submodule of M has finite uniform
dimension, and that M is a UC-module and hence automatically a UTC-
module. Then ϕ(M) are precisely all the essential submodules X ≤e E(M)
such that X is a dimension module. Furthermore, all of these modules in
ϕ(M) are UC (and hence UTC). 2

The above remark is never needed or used later on. However, it does explain
why our next theorem below is a type analogue of a theorem about dimension
modules (Camillo and Zelmanowitz [18, Theorem 13, p.256]). Note that the
partial homomorphism hypothesis below is equivalent to HomR(EMi, EMj) =
0 for all i, j ∈ I with i 6= j.

5.3.12. THEOREM. Let M = ⊕i∈IMi, where Mi ⊥ Mj for all i 6= j
in I. Then M is UTC if and only if each Mi is UTC, and every partial
homomorphism between two distinct summands Mi is zero.
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PROOF. =⇒. For any homomorphism h : A −→ Mj with A ≤ Mi and
i 6= j, it follows that A ⊥ h(A). Take any B such that Ker(h) ⊕ B ≤e A.
Since Ker(h) is a complement submodule of A by (5.3.3)(3), B embeds as
an essential submodule in A

/
Ker(h) ∼= hA. This contradicts that Mi ⊥ Mj

unless h(A) = 0, or h = 0.
⇐=. For any subset J of I, write M(J) = ⊕i∈JMi, and let

S = {J ⊆ I : M(J) is UTC}.

By (5.3.6), S is an inductive set; so Zorn’s Lemma shows that S has a maximal
element, say J . We next show that J = I. If I 6= J , take i ∈ I\J . We show
that this will lead to a contradiction by proving that J ∪ {i} ∈ S. The latter
will follow from the next claim.

Claim. If M1,M2 are UTC with M1 ⊥ M2 such that every partial homo-
morphism between M1 and M2 is zero, then M = M1 ⊕M2 is UTC.

Proof of Claim. By contradiction, assume M is not UTC, and hence
(5.3.3)(3) fails. So for some A ≤ M , and homomorphism 0 6= f : A −→ M
with A ⊥ fA, Ker(f) ≤e A by (5.3.4). This implies f(A) 6= 0.

Case 1: f(A) ∩ M1 6= 0. Let B = f−1(f(A) ∩ M1) ⊆ A and consider
g = f |B : B −→ M1. Then B 6= 0 and g 6= 0. Moreover, B ⊥ g(B)
since A ⊥ f(A). Now Ker(g) = B ∩ Ker(f) ≤e B, because Ker(f) ≤e A.
Therefore, M1 is not UTC by (5.3.4), a contradiction.

Case 2: f(A) ∩M2 6= 0. This will lead to a contradiction as in case 1.
Case 3: f(A) ∩M1 = 0 and f(A) ∩M2 = 0. Let πi : M −→ Mi (i = 1, 2)

be the natural projection. Then π1f(A) 6= 0 and π2f(A) 6= 0, and

π1f(A) −→ π2f(A), π1f(a) 7−→ π2f(a), a ∈ A,

gives an isomorphism. This contradicts the assumption that every partial
homomorphism between M1 and M2 is zero. Therefore, the claim is proved.
2

5.3.13. OBSERVATIONS. For modules N ≤ M , the following hold:

1. Suppose that there exists a unique injective hull E(N) of N in E(M).
Then N has a unique complement closure N c in M , and N c is a type
submodule of M .

2. If E(N) ≤ E(M) is fully invariant, then N has a unique injective hull
E(N) in E(M), and the previous observation (1) applies.

3. If M is UTC and N ≤ E(M) is fully invariant, then N has a unique
complement closure N c in M which also is the unique type closure of
N in M .

PROOF. (1) If N ⊆ Ci ≤ M , i = 1, 2, are two complement closures of
N , then E(C1) = E(C2) = E(N), and N ≤e C1 + C2 ≤e E(N) implies
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that C1 = C2 = N c. If N c ≤ M is not a type submodule, then there
exist submodules A, V1, V2 ≤ M such that A ⊕ V1 ≤e N , N ⊕ V2 ≤ M , and
0 6= V1

∼= V2. Then E(N) = E(A)⊕E(V1) ∼= E(A)⊕E(V2) is a contradiction.
(3) If C1 6= C2 are two complement closures of N in M , then by (5.3.3)(1),

there exists a 0 6= X ⊆ C1 +C2 such that C1∩X = 0 and X ↪→ N . The latter
contradicts the full invariance of N in E(M). Thus C1 = C2 = N c. If T is
any type closure of N in M with T 6= N c, then a complement closure of N
in T is a complement closure of N in M (since T is a complement submodule
of M); so N c ⊆ T , and hence N c ⊕ V2 ≤ T , and 0 6= V2

∼= V1 ≤ N for some
submodules Vi ≤ M . If f : V1 −→ V2 is an isomorphism, then any extension
f̂ : E(M) −→ E(M) of f contradicts the full invariance of N in E(M). Thus
N c is the unique type closure of N in M . 2

Note that Z ⊕ Z2 is not UTC though Z, Z2 are UTC and Z ⊥ Z2 (see
5.3.5(5)). For a UTC-module M , if M is 2-decomposable, then M is TS
because any type submodule N of M is the unique type submodule of type
d(N), and hence is a direct summand of M . Thus far we know that every
TS-module is finitely decomposable (by 5.2.21), and if it also satisfies (T3),
then any finite type decomposition is unique up to superspectivity (by 5.2.6).

5.3.14. PROPOSITION. Let the module M be both TS and UTC and let
{K1, · · · ,Kn} be any maximal set of pairwise orthogonal types. Then M has
a unique decomposition M = M1 ⊕ · · · ⊕Mn where Mi ∈ Ki. If in addition,
M is also nonsingular, then all Mi are fully invariant submodules.

PROOF. The existence follows because M is finitely decomposable. For
the uniqueness, suppose that M = M1 ⊕ · · · ⊕ Mn = N1 ⊕ · · · ⊕ Nn with
Mi, Ni ∈ Ki. Then both Mi and Ni are type submodules of type Ki of M .
Therefore, Mi = Ni by (5.3.1)(1).

If M is nonsingular, then for any map f : Mi −→ Mj where i 6= j, Ker(f)
is a complement submodule of Mi. Hence Mi/Ker(f) ∈ Ki ∩ Kj = {0}, and
f = 0. Therefore Mi ≤ M is fully invariant. 2

5.3.15. COROLLARY. A TS-module M has type direct sum decomposi-
tions with respect to the following finite maximal sets of pairwise orthogonal
types.

1. C,D (5.1.8).

2. C ∩A, D ∩A, B.

3. I1, I2, I3.

4. I1 ∩G, I2 ∩G, I3 ∩G, I1 ∩ F, I2 ∩ F, I3 ∩ F.

The decompositions are unique if M is in addition UTC. 2

5.3.16. EXAMPLES. (1) For R = Z, and p a prime, M = Z/pZ ⊕ Z/p2Z
is atomic and hence UTC, but not UC. The submodule (0, p + p2Z) · Z has
the complement closures (1 + pZ, 1 + p2Z) · Z and (0)⊕ Z/p2Z.
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(2) The next example illustrates how Theorem (5.3.3)(2) can be used to
show that a module M is not UTC. Let R = F{x, y} be the free algebra on two
non-commuting indeterminates x and y over any field F . Set L = xR+yR/R,
r = r + L ∈ R/L, r ∈ R. Then R/L ∼= F , where fx = fy = 0 for f ∈ F .
Let M = RR ⊕ F . Since L ≤e R, and RR ⊥ F , by (5.3.3)(2), M is not UTC.
Since x2R⊕ (0) ≤ (x, 1)R, x2R ∼= (x, 1)R ∼= RR, there exists a type closure K
of x2R in x2R ⊆ (x, 1)R ⊆ K ≤ M . But K 6= RR ⊕ (0) is also a type closure
of x2R⊕ (0). 2

We next consider only one fixed natural class K, and determine conditions
under which type submodules of type K are unique either for a single given
module, or for all modules.

5.3.17. THEOREM. Let K be a natural class of R-modules, and A a right
R-module. Then the following are all equivalent:

1. A has a unique type submodule of type K.

2. For any type submodule N ≤t A of type K and for any φ ∈ HomR(K, A)
where K ≤ N , necessarily φ(K) ⊆ N .

3. For any type submodule N ≤t A with N being of typeK and submodules
L ≤ N and W ≤ A with W ∈ c(K), HomR(L, W ) = 0.

PROOF. (3) =⇒ (2). If not, then for φ as in (2), φ(K) 6⊆ N . Since N ≤
N +φ(K) is not essential, there exists a 0 6= W ≤ A with N⊕W ⊆ N +φ(K).
Form the composite f of the following surjective homomorphisms

K −→ φ(K) −→ φ(K)/(φK ∩N) −→ (φ(K) + N)/N.

Since (N ⊕W )/N ≤ (φ(K)+N)/N , define L = f−1[(N ⊕W )/N ] ≤ K. Then
the nonzero map f : L −→ f(L) = (N ⊕ W )/N ∼= W contradicts (3) that
HomR(L,W ) = 0. Trivially, (2) =⇒ (3), and so far (2) ⇐⇒ (3).

(3) =⇒ (1). Suppose that A1 ≤t A and A2 ≤t A are two distinct type
submodules both of type K. Then A2 < A1 + A2 is not essential, and again
for some 0 6= W ∈ c(K), W ⊕A2 ≤ A1 + A2. Let π : A1 −→ (A1 + A2)/A2 be
the quotient map, and define L = π−1[(W⊕A2)/A2]. Then 0 6= L ≤ A1. Thus
π(L) = (W ⊕A2)/A2, and let φ be the composite L

π−→ (W ⊕A2)/A2 −→ W
where the last map is the natural isomorphism. Hence φ(L) = W 6= 0 gives
the contradiction that 0 6= φ ∈ HomR(L,W ) = 0.

(1) =⇒ (3). If not, let 0 6= φ ∈ HomR(L,W ) where L ≤ N , W ≤ A,
and W ∈ c(K). There exist elements 0 6= b = φ(a), a ∈ L. Note that
L ≤ N ≤ A and W ≤ A. From a⊥ ⊆ b⊥ and aR ∩ bR = 0, it follows that
(a − b)⊥ = a⊥ ∩ b⊥ = a⊥. From this it follows that aR ∼= (a − φ(a))R.
By Zorn’s Lemma, there exist type submodules A1, A2 ≤ A, both of type K
with aR ⊆ A1 and (a − φ(a))R ⊆ A2. By hypothesis (1), A1 = A2 = N .
From a ∈ A1 = N and a − φ(a) ∈ A2 = N it follows that also φ(a) ∈ N , or
φ(a)R ⊆ N ∈ K. This contradicts that 0 6= φ(a)R ≤ W ∈ c(K). 2
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Our next objectives will be to determine when a natural class is closed
under quotient modules and when it is closed under direct products.

5.3.18. THEOREM. For a natural class K, the following five conditions
are all equivalent:

1. K is closed under quotient modules.

2. Any one of (1), (2), or (3) of (5.3.17) holds for all R-modules A.

3. For any R-module A, every type submodule N ≤t A of type K is fully
invariant in A.

PROOF. Let (1
′
), (2

′
), (3

′
) be the statements of (5.3.17) holding for every

R-module A. Then by the previous theorem, (1
′
) ⇐⇒ (2

′
) ⇐⇒ (3

′
) ⇐⇒ (2).

(2
′
) =⇒ (3). This follows from the fact that statement (5.3.17)(2) with

K = N implies that N is fully invariant in A.
(3) =⇒ (3

′
). By way of contradiction, assume that (3

′
) is false for some

L ≤ N ≤t A and W ≤ A, W ∈ c(K). Then verify that we may take all
of these modules to be injective, and that there is a nonzero homomorphism
0 6= φ : L −→ W . Extend φ to φ : A −→ A, with φ(L) ∩ N = 0, and hence
φ(N) 6⊆ N , contradicting (3). Clearly, (1) =⇒ (3

′
).

(3
′
) =⇒ (1). If not, then N/V /∈ K for some V < N ∈ K. Take complement

submodules P/V, Q/V of N/V such that P/V ⊕Q/V ≤e N/V with P/V ∈ K
and 0 6= Q/V ∈ c(K). Thus Q/V embeds in N/P as an essential submodule,
and consequently 0 6= N/P ∈ c(K). Let W = N/P and let A = N ⊕W . Then
N <t A and HomR(N,W ) 6= 0 contradicts (3). 2

5.3.19. COROLLARY. If a natural class K is closed under quotient mod-
ules, then c(K) is closed under products.

PROOF. If not, then N = Π{Ni : i ∈ I} /∈ c(K) although all Ni ∈ c(K). But
then N contains a cyclic submodule 0 6= xR ∈ K where x = (xi). For any
xi 6= 0, there is an epimorphism xR −→ xiR ∈ c(K) ∩ K, a contradiction. 2

In the next two examples, the last corollary can be directly verified.

5.3.20. EXAMPLES. (1) Over any ring R the class G of Goldie torsion
modules is closed under quotient modules. Then the class c(G) = F is closed
under products.

(2) For R = Z and a prime p, the class K of all p-torsion modules is closed
under quotients, and the class c(K) = {N : N is p-torsion free} is closed under
products. 2

5.3.21. REFERENCES. Dauns [32,37]; Camillo-Zelmanowitz [18]; Dauns
and Zhou [43]; Goodearl and Boyle [68]; Smith [109].
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5.4 TS-Modules

The concept of a TS-module was invented and their theory developed in
Zhou [141]. Most of the results in this section first appeared and come from
the latter. By the very definition of TS-modules, their use necessarily involves
direct sum decompositions of modules. The TS-modules are one of the more
easily accessible examples of 2-decomposable modules. In the previous section,
TS-modules inevitably came up in the study of 2-decomposable modules. (See
5.2.1, 5.2.12, 5.2.20, 5.2.21(1), 5.2.24(3).)

Let us begin by proving a converse of (5.2.20). The question arises whether
the nonsingular hypothesis below can be weakened to UTC.

5.4.1. PROPOSITION. For a nonsingular TS-module M , the following
are all equivalent:

1. M is a direct sum of atomic modules.

2. For any ascending chain m⊥
1 ⊆ m⊥

2 ⊆ · · · ⊆ m⊥
i ⊆ · · · where mi ∈ M ,

t. dim(⊕∞i=1R/m⊥
i ) < ∞.

3. Every finitely generated submodule of M has finite type dimension.

4. Every cyclic submodule of M has finite type dimension.

PROOF. (2) =⇒ (1). By (5.2.20) this holds even if Z(M) 6= 0.
(1) =⇒ (4). Every finitely generated submodule of M is contained in a

finite direct sum of atomic modules, and hence is of finite dimension.
(4) =⇒ (3). A technique of Camillo [16, p.338] will be used. Let M =

x1R+ · · ·+xnR, E(M) = E(x1R)⊕K1, x2 = a1 +k1, a1 ∈ E(x1R), k1 ∈ K1,
and K1 = E(k1R) ⊕ K2. Then E(M) = E(x1R) ⊕ E(k1R) ⊕ K2, where
E(x1R + x2R) ⊆ E(x1R) ⊕ E(k1R). It is not difficult to continue this way
and to express E(M) as a finite direct sum of injective hulls of cyclics. Hence
E(M) and M are of finite type dimension by (4.1.10)(2).

(3) =⇒ (2). Suppose that t.dim
(
⊕∞i=1R/m⊥

i

)
= ∞ for a strictly increasing

countable chain of right annihilator ideals m⊥
1 ⊂ m⊥

2 ⊂ · · · ⊂ R where mi ∈
M . By (3) each R/m⊥

i
∼= miR is of finite type dimension. There exists a

type direct sum ⊕∞k=1Pk ⊆ ⊕∞k=1R/m⊥
k with all Pk 6= 0 and Pi ⊥ Pj for

all i 6= j. By use of the projection argument, it may be assumed that each
0 6= Pk ⊆ R/m⊥

i(k) for some i(k). By renumbering it may be assumed that
i(k) = k, and that ⊕∞i=1Xi/m⊥

i is a type direct sum where m⊥
i ⊂ Xi ≤ R.

Each m⊥
i ≤ RR is a complement submodule. (For if a ∈ R\m⊥

i is in the
complement closure of m⊥

i , then a−1m⊥
i ≤e R, mia

(
a−1m⊥

i

)
⊆ mim

⊥
i = 0,
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shows that 0 6= mia ∈ Z(miR) = 0.) Let m⊥
i ⊕ Yi ≤e Xi ≤ R for some Yi.

Then
m⊥

i

m⊥
1

⊕ Yi ⊕m⊥
1

m⊥
1

≤e
Xi

m⊥
1

≤ R

m⊥
1

.

There is an embedding Yi ↪→ Xi/m⊥
i . Here the hypothesis that M is non-

singular has to be invoked to conclude that, first Yi 6= 0, secondly that
m⊥

i /m⊥
1 ≤ R/m⊥

1 is a complement, and thirdly that the above embedding

0 6= Yi ↪→ Xi/m⊥
i 6= 0

is essential and nonzero. Since 0 6= Yi
∼= (Yi +m⊥

1 )/m⊥
1 ≤ R/m⊥

1 and Yi ⊥ Yj ,
if i 6= j, we get that

⊕∞i=1Yi
∼= ⊕∞i=1(Yi + m⊥

1 )/m⊥
1 ≤ R/m⊥

1 ,

contradicting that t. dim R/m⊥
1 < ∞. 2

Note that a direct sum of nonsingular CS-modules need not be CS.

5.4.2. PROPOSITION. Every direct sum of nonsingular TS-modules is
TS. In particular, every direct sum of nonsingular atomic modules is a TS-
module.

PROOF. For nonsingular modules, the TS and 2-decomposable conditions
coincide. Any direct sum of 2-decomposable modules is 2-decomposable by
(5.2.3). All atomic modules are TS. 2

5.4.3. LEMMA. Suppose that M = M1 ⊕ M2 where M1 ⊥ M2 are two
orthogonal TS-modules. If every type submodule K ≤t M with K ∩M1 = 0
or K ∩M2 = 0 is a direct summand of M , then M is a TS-module.

PROOF. For L ≤t M , let A be a type closure of L ∩ M2 in L, where
L ∩ M2 ⊆ A ≤t L. By (4.1.5), A ≤t M is also a type submodule. It is
asserted that since (L ∩M2) ⊥ M1, then also A ⊥ M1. Hence A ∩M1 = 0.
By our hypothesis, M = A ⊕ B for some B ≤ M . Then L = A ⊕ (L ∩ B).
Since A ≤t M , A ⊥ (L ∩ B). But then L ∩ B is a type submodule of L, and
hence L ∩B ≤t M . Since A + (L ∩B) = A⊕ (L ∩B), L ∩M2 ⊆ A, we have

(L ∩B) ∩M2 ⊆ A ∩ (L ∩B) = 0.

By our assumption again, L ∩ B is a direct summand of M and hence of B.
That is, M = (L ∩ B) ⊕ C, B = (L ∩ B) ⊕ (C ∩ B) for some C ≤ M , and
hence M = A⊕B = [A⊕ (L ∩B)]⊕ (C ∩B) = L⊕ (C ∩B). 2

5.4.4. PROPOSITION. Suppose that M = M1⊕ . . .⊕Mn where Mi ⊥ Mj

and Mi is Mj-injective whenever i 6= j. Then M is a TS-module if and only
if every Mi is a TS-module.

PROOF. =⇒. Type submodules Mi ≤t M of a TS-module M are TS.
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⇐=. It suffices to take n = 2. Let K ≤t M with K∩M1 = 0 or K∩M2 = 0.
Without loss of generality, assume K ∩ M2 = 0. By (4.3.1) there exists a
submodule K ⊆ N ≤ M with M = N ⊕M2. Then N ∼= M1 is a TS-module.
Since K ≤t M , also K ≤t N . But then K is a direct summand of N , and
hence one of also M . By (5.4.3), M is a TS-module. 2

In most of the remainder of this section, the module M will be TS with
(T3)

5.4.5. PROPOSITION. The following are all equivalent for a module M :

1. M is TS with (T3).

2. If X and Y are type complements of each other, then M = X ⊕ Y .

3. If X and Y are complement submodules of M with X ⊕ Y ≤e M and
X ⊥ Y , then M = X ⊕ Y .

4. For any f2 = f ∈ EndR(EM) with Im(f) ⊥ Ker(f), f(M) ⊆ M .

5. If E(M) = F1 ⊕ F2 with F1 ⊥ F2, then M = (F1 ∩M)⊕ (F2 ∩M).

PROOF. (1) =⇒ (2). Let X, Y be given as in (2). Then X and Y are both
type submodules of M . Hence X ⊕ Y = Xtc ⊕ Y ≤e M . Since M is TS, X
and Y are both summands of M . Thus, M = X⊕Y because M satisfies (T3).

(2) =⇒ (3). Let X, Y be given as in (3). Then, by (4.1.2), X and Y are
both type submodules of M . Since X ⊕Y ≤e M , it follows that X and Y are
type complements of each other; so M = X ⊕ Y .

(3) =⇒ (1). To see that M is TS, let X ≤t M . Let Y be a complement
to X in M . By (3), M = X ⊕ Y and hence M is TS. The hypothesis (3)
automatically implies (T3).

(3) =⇒ (4). Set X1 = M ∩ f(EM) and X2 = M ∩ (1 − f)(EM). Then
X1 ⊕ X2 ≤e M and X1 ⊥ X2. Choose complement submodules Yi ≤ M ,
i = 1, 2, such that

X1 ⊆ Y1, X2 ⊆ Y2, Y1 ⊕X2 ≤e M, X1 ⊕ Y2 ≤e M.

Then X1 ≤e Y1, X2 ≤e Y2, and Y1 ⊕ Y2 ≤e M . Thus Y1 ⊥ Y2. By (3), M =
Y1⊕Y2. Let π : M = Y1⊕Y2 −→ Y1 be the projection. For x, y ∈ M , suppose
that (f −π)(x) = y ∈ M ∩ (f −π)(M). Then f(x) = y +π(x) ∈ M ∩ f(M) ⊆
X1 ⊆ Y1. Hence πf(x) = f(x). Next, (1 − f)(x) ∈ M ∩ (1 − f)(M) ⊆ X2,
and π(1 − f)(x) = 0, or 0 = π(x) − πf(x) = π(x) − f(x). Thus y = 0,
M ∩ (f − π)(M) = 0, and since M ≤e E(M), (f − π)(M) = 0. Thus
f(M) = π(M) ⊆ M .

(4) =⇒ (5). Let πi : F1 ⊕ F2 −→ Fi be the projections. By (4),

M ⊆ π1(M)⊕ π2(M) ⊆ (F1 ∩M)⊕ (F2 ∩M) ⊆ M,

or M = (F1 ∩M)⊕ (F2 ∩M).
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(5) =⇒ (3). For complement submodules X, Y ≤ M with X ⊥ Y and
X ⊕ Y ≤e M , we have E(X) ⊥ E(Y ), X = M ∩ E(X), and Y = M ∩ E(Y ).
By (5), M = X ⊕ Y . 2

5.4.6. LEMMA. For modules M1 ⊥ M2, if M = M1 ⊕M2 is TS with (T3),
then M1 and M2 are relatively injective.

PROOF. Suppose that X ≤ M1 and f : X −→ M2 is a homomorphism. Set
N = {x−f(x) : x ∈ X} ≤ M . Then N ∩M2 = 0. Let N ⊆ P , P ⊕M2 ≤e M ,
where P ⊃ N is any complement of M2 in M . Because M2 ≤t M , we have
P ⊥ M2. By (5.4.5)(3), M = P ⊕M2. Now let π : P ⊕M2 −→ M2 be the
projection. For x ∈ X,

0 = π(x− f(x)) = π(x)− πf(x) = π(x)− f(x).
Thus the restriction π|M1 of π to M1 extends f . 2

5.4.7. EXAMPLES. For two uniform (or atomic) TS-modules M1 and M2

with M1 ⊥ M2, M = M1 ⊕M2 may not be TS.
(1) For R = Z, M = Z ⊕ Z2 is not TS, since Z2M = ZM = Z2 is not

M1(= Z)-injective, by (5.2.12). The complement submodule Z(2, 1) of M is
a type submodule because Z(2, 1)⊕Z2 ≤e M , yet it is not a summand of M .

(2) For R = F{x, y}, the free algebra on two noncommuting variables x
and y over a field F , I = xR+yR, M = R⊕R/I is an orthogonal sum of two
atomic modules, R ⊥ R/I. Since Z2(M) = Z(M) = R/I is not M1-injective
(= R-injective), again M is not TS by (5.2.12).

We state without proof that there exists a type closure of (x, 1 + I)R in M
which is not a summand of M . 2

5.4.8. For a module M = ⊕α∈IMα, a countable chain condition (A2) due to
[87, p.4] is defined below. It holds if for all possible choices of α ∈ I, x ∈ Mα,
distinct {α(i) : i = 1, 2, · · · } ⊆ I, mi ∈ Mα(i) such that x⊥ ⊆ m⊥

i for all
i, the ascending sequence of right ideals

⋂
i≥n m⊥

i for n = 1, 2, · · · becomes
stationary, i.e., is finite.

For J ⊆ I where M = ⊕i∈IMi, M(J) denotes M(J) = ⊕j∈JMj . For α ∈ I,
we write I − α = I\{α} and M(I − α) in place of M(I\{α}).

5.4.9. THEOREM. For a module M = ⊕{Mα : α ∈ I} where the Mα are
pairwise orthogonal, the following are equivalent:

1. M is a TS-module with (T3).

2. For any α ∈ I, Mα is TS with (T3), and M(I − α) is Mα-injective.

3. Mα is TS with (T3), and Mβ-injective for all α 6= β ∈ I, and (A2) holds.

PROOF. (1) =⇒ (2). Since M = Mα ⊕ M(I − α) and Mα ⊥ M(I − α),
both modules Mα and M(I − α) are type submodules of the TS-module M ,
and hence both are TS-modules. By (5.4.6), these two modules must also be
mutually self-injective. Lastly, in view of (5.4.5), each Mα satisfies (T3).
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(2) =⇒ (1). Let N ≤t M . For each α ∈ I, define Xα to be any submodule
of Mα maximal with respect to Mα ∩N ∩Xα = N ∩Xα = 0. Thus N ⊥ Xα,
and (Mα ∩N) ⊥ Xα. The latter makes Xα a type submodule of Mα. Let Yα

be a complement closure of Mα ∩N in Mα. Then Xα⊕Yα ≤e Mα, Xα ⊥ Yα,
and by (5.4.5), Mα = Xα ⊕ Yα. If 0 6= ξ ∈ N ∩ (⊕α∈IXα) 6= 0, then (4.3.7)
shows that for some r0 ∈ R, 0 6= ξr0 ∈ N∩Xα for some α ∈ I, a contradiction.
Thus (⊕α∈IXα)⊕N ≤ M is a direct sum, and it will be shown next that the
latter is an equality.

Since Mα has (T3), by (5.4.6) the modules Xα and Yα are relatively injective.
By hypothesis (2), M(I−α) is Mα-injective, and hence Yα-injective. But then
as a summand of M(I − α), ⊕α6=β∈IXβ is Yα-injective. Combine this with
the fact that Xα is Yα-injective, to get that ⊕α∈IXα = Xα ⊕ (⊕α6=βXβ) is
Yα-injective. But then ⊕α∈IXα is also ⊕α∈IYα-injective by [87, Prop.1.5].
Similarly, ⊕α∈IYα is ⊕α∈IXα-injective, which will later be used to prove that
M satisfies (T3). Thus, so far,

M = (⊕α∈IXα)⊕ (⊕α∈IYα) , (⊕α∈IXα) ∩N = 0,

and hence, by (4.3.1), for some N ⊆ N∗ ≤ M , M = (⊕α∈IXα) ⊕ N∗. We
show that N = N∗.

From Mα ∩ N ≤e Yα, it follows that (⊕α∈IXα) ⊕ (⊕α∈IMα ∩N) ≤e M .
But ⊕α∈IMα ∩N ⊆ N ⊆ N∗ shows that all of these inclusions are essential.
Since N ≤t M , N = N∗. Thus M is TS.

To verify (T3), let N,P ≤ M be complement submodules of each other
which are also orthogonal. Thus N ≤t M . Then the above previous construc-
tion can be used to construct

M = (⊕α∈IXα)⊕N = (⊕α∈IXα)⊕ (⊕α∈IYα) ,

where N ∼= ⊕α∈IYα is ⊕α∈IXα-injective. By (4.3.1), since P ∩N = 0, M =
P ∗ ⊕N with P ⊆ P ∗ ≤ M . Then P ⊕N ≤e M and also P ≤e P ∗. But M is
TS and so P is a summand of M , and hence P is a complement in M . Thus
P = P ∗, and M = P ⊕N as required.

(2) ⇐⇒ (3). If in both (2) and (3), the hypothesis “Mα is TS” is removed,
then the equivalence of the so-modified (2) and (3) is just [87, Prop.1.9]. 2

5.4.10. PROPOSITION. Suppose that Mi, i ∈ I, is a set of pairwise
orthogonal modules such that their direct sum M = ⊕i∈IMi complements
type summands. Then the following hold:

1. For each i ∈ I, Mi is t-indecomposable.

2. If M = ⊕γ∈ΛXγ is a type direct sum, then I has a partition I =⋃
{Iγ : γ ∈ Λ} such that Xγ

∼= M(Iγ).

3. If M = ⊕j∈JNj where each Nj ≤t M is t-indecomposable, then there is
a bijection σ : I −→ J such that Mi

∼= Nσ(i) for all i ∈ I.
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4. For any type direct summand N of M , N has a decomposition that
complements type summands.

PROOF. (1) Suppose that for some k ∈ I, Mk = X ⊕ Y with X ⊥ Y and
X 6= 0. We will show that Y = 0. Since X ≤t Mk ≤t M , X is a type summand
of M . By hypothesis, M = X ⊕ M(J) for some J ⊆ I, with X ∼= M(I\J)
and X ⊥ M(I − k). Now if |I\J | ≥ 2, then for some i(1) 6= i(2) ∈ I\J ,
Mi(1) ⊕ Mi(2) ↪→ X. Since {i(1), i(2)} ∩ I\{k} 6= ∅, this is a contradiction.
Hence I\J = {k} and X ∼= Mk. But then Y ↪→ X and Y ⊥ X implies that
Y = 0.

(2) For γ ∈ Λ, since Xγ is a type summand of M , and since M = ⊕i∈IMi

complements type summands, Xγ
∼= M(Iγ) for some Iγ ⊆ I. For α 6= β ∈ Λ,

since Xα ⊥ Xβ , also M(Iα) ⊥ M(Iβ), and hence Iα ∩ Iβ = ∅. For any
i ∈ I, Mi ⊆ ⊕γ∈ΛXγ

∼= ⊕γ∈ΛM(Iγ). By (4.3.7), i ∈ Iγ for some γ ∈ Λ and
I =

⋃
{Iγ : γ ∈ Λ} is the required partition of I. (3) This is an immediate

consequence of (2).
(4) If N is a type summand of M , then N ∼= M(J) for some J ⊆ I. So

assume N = M(J), and we show that this is the decomposition of N that
complements type summands of N . Let X be a type summand of N . Then
X is a type summand of M . Hence by hypothesis, M = X ⊕M(K) for some
K ⊆ I. Thus N = M(J) = X ⊕ [M(J) ∩ M(K)]. Clearly, M(J ∩ K) ⊆
M(J) ∩ M(K). Suppose 0 6= ξ ∈ M(J) ∩ M(K). By a double application
of (4.3.7), we get that 0 6= ξr(1)R ⊆ Mj(1) for some j(1) ∈ J , and 0 6=
ξr(1)r(2)R ⊆ Mk(2) for some k(2) ∈ K and r(1), r(2) ∈ R. Then j(1) = k(2)
and hence 0 6= ξr(1)r(2)R ⊆ M(J ∩K). Hence M(J ∩K) ≤e M(J)∩M(K).
Because M(J ∩K) is a direct summand of M , it must be that M(J ∩K) =
M(J) ∩M(K). Therefore N = X ⊕M(J ∩K) as required. 2

The next result extends (4.3.10).

5.4.11. PROPOSITION. For a TS-module M with (T3), the following are
all equivalent:

1. M is a direct sum of atomic modules.

2. M has a decomposition that complements type summands.

3. Every local type summand of M is a summand.

PROOF. Similar to the proof of (4.3.10). 2

It was claimed in [141, Example 23(d)] that there exists a TS-module with-
out (T3). Unfortunately, the module M in that example is not TS. So no
TS-modules without (T3) are known so far.

5.4.12. REFERENCES. Mohamed and Müller [87]; Dauns and Zhou [43];
Zhou [141].
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Chapter 6

Lattices of Module Classes

The collectionN p
r (R) of pre-natural classes of R-modules is a complete lattice,

the study of which was initiated in [142]. It contains as subsets almost all the
important lattices of module classes associated with the ring R. For example,
N p

r (R) contains a complete sublattice isomorphic to the complete lattice of
all linear topologies of R and a sublattice anti-isomorphic to the frame of all
hereditary torsion theories of R. The complete Boolean lattice of all natural
classes of R-modules is also a sublattice of N p

r (R). The lattice N p
r (R) and

some of its sublattices are introduced and discussed in sections 6.1 and 6.2.
In section 6.3, several properties of the lattice N p

r (R) and of some of its sub-
lattices are discussed and related to properties of the ring R and the category
Mod-R. In section 6.4, the rings R for which every hereditary pretorsion class
is hereditary torsion are investigated as applications. Section 6.5 explores the
functoriality of Nr(·), and some of its subfunctors. Finally in section 6.6, it is
shown that every ring R contains a lattice of ideals isomorphic to Nf (R), the
lattice of all natural classes of nonsingular R-modules.

6.1 Lattice of Pre-Natural Classes

In this section, we introduce the lattice of pre-natural classes and several
sublattice structures. Recall that the collection N p

r (R) of pre-natural classes
is a set.

6.1.1. LEMMA. Let {Ki : i ∈ I} be a set of pre-natural classes. Then
∩i∈IKi is a pre-natural class.

PROOF. Write Ki = d(MKi
) ∩ σ[MKi

] for each i ∈ I by (2.5.4). Then

∩i∈IKi = ∩i(d(MKi
) ∩ σ[MKi

]) = (∩id(MKi
)) ∩ (∩iσ[MKi

])

is an intersection of a natural class and a hereditary pretorsion class, so it is
a pre-natural class by (2.5.5). 2

6.1.2. THEOREM. N p
r (R) is a complete lattice with the least element

0 = {0} and the greatest element 1 = Mod-R under the following partial
ordering and lattice operations:

149
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1. For K1,K2 ∈ N p
r (R), K1 ≤ K2 ⇐⇒ K1 ⊆ K2.

2. For a set of pre-natural classes Ki, ∧Ki = ∩Ki and ∨Ki = d(K)∩σ[MK]
where K = ∪Ki.

PROOF. In view of (6.1.1), we only need to verify that d(K) ∩ σ[MK] is the
smallest pre-natural class containing ∪iKi, but this is certainly true by (2.5.4)
since d(K) = d(MK) (see 2.3.6). 2

6.1.3. COROLLARY. If Ki = σ[Xi] ∩ d(Xi), i ∈ I, then∨
i∈I

Ki = σ[⊕i∈IXi] ∩ d(⊕i∈IXi).

PROOF. By (2.5.4), Ki is the smallest pre-natural class containingXi. Thus,
∨i∈IKi is the smallest pre-natural class containing ⊕i∈IXi. So, by (2.5.4),
∨i∈IKi = σ[⊕i∈IXi] ∩ d(⊕i∈IXi). 2

Next, we study several sublattice structures of N p
r (R). For a pre-natural

class K and a module M , K ⊆ σ[M ] does not imply that K is an M -natural
class in general. In fact, every pre-natural class is a subclass of σ[RR], but
many pre-natural classes are not natural classes. This suggests that the fol-
lowing result is not trivial.

6.1.4. THEOREM. For any module M , N (R,M) is a sublattice of N p
r (R).

PROOF. Let K1,K2 ∈ N (R,M). Clearly, K1 ∧ K2 ∈ N (R,M). We want to
show that K1 ∨ K2 ∈ N (R,M). Since K1 ∨ K2 is a pre-natural class, we only
need to show that it is closed under M -injective hulls. For N ∈ K1 ∨ K2, let
{Xt : t ∈ I} be a maximal independent set of submodules of N in K1 and let
X = ⊕Xt. Then X is in K1. Let P be a submodule of N which is maximal
with respect to X ∩ P = 0. Then X ⊕ P is essential in N . Let {Ys : s ∈ J}
be a maximal independent set of submodules of P in K2 and Y = ⊕Ys. Then
Y is in K2. If Y ∩Q = 0 for some 0 6= Q ⊆ P , then, by (6.1.3), Q contains a
nonzero submodule which is in K1 or K2. But the choices of X and Y show
that this is impossible. So Y is essential in P and hence X ⊕ Y is essential in
N . Then E(N) = E(X)⊕ E(Y ) and

EM (N) = Σ{f(M) : f ∈ Hom(M,EN)}
⊆ Σ{f1(M) : f1 ∈ Hom(M,EX)}+ Σ{f2(M) : f2 ∈ Hom(M,EY )}
= EM (X)⊕ EM (Y ).

Since K1 and K2 are closed under M -injective hulls, EM (X) is in K1 and
EM (Y ) is in K2. Thus, EM (N) = EM (X)⊕ EM (Y ) is in K1 ∨ K2. 2

6.1.5. COROLLARY. Nr(R) is a sublattice of N p
r (R). 2
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In general, N (R,M) is not a complete sublattice of N p
r (R) even though

N (R,M) itself is a complete lattice (see 6.2.16). In fact there exists a ring R
such that Nr(R) is not a complete sublattice of N p

r (R).

6.1.6. EXAMPLE. Let Q =
∏∞

i=1 Fi, where each Fi = Z2, be the direct
product of rings Z2. Let R be the subring of Q generated by ⊕∞i=1Fi and 1Q.
Then Soc(R) = ⊕iFi is the only essential right ideal of R. For each i and each
index set I, F (I)

i is an injective R-module. To see this, let f : Soc(R) −→ F
(I)
i

be an R-homomorphism. Then f(Fj) = 0 for all j 6= i. Note that Fi is a
direct summand of R. Write R = Fi ⊕ Ai and let π be the projection of R
onto Fi. Then fπ : R −→ F

(I)
i extends f . So F (I)

i is R-injective. For each i,
let Ki = d(Fi) ∩ σ[Fi]. Then Ki = σ[Fi] is closed under injective hulls and so
Ki ∈ Nr(R). Let K = ∨iKi. Then, by (6.1.3),

K = d(Soc(R)) ∩ σ[Soc(R)] = σ[Soc(R)].

Since R is not semisimple, R is not in σ[Soc(R)]. But Soc(R) is essential in
R, so σ[Soc(R)] is not closed under injective hulls. Thus, K is not a natural
class, showing that Nr(R) is not a complete sublattice of N p

r (R). 2

6.1.7. COROLLARY. If K,L ∈ Nr(R), then

K ∨ L = {M ∈ Mod-R : X ∈ K and M/X ∈ L
for some X ⊆M}.

PROOF. By (6.1.5), K ∨ L ∈ Nr(R), so K ∨ L is closed under extensions of
modules by (2.4.5). Hence the inclusion in one direction is clear.

Suppose M ∈ K∨L. Let N be a submodule of M maximal with respect to
N ∈ L and let P be a submodule of M maximal with respect to N ∩P = 0 (N
and P exist by Zorn’s Lemma). Then N is essentially embeddable in M/P ,
implying M/P ∈ L. By the maximality of N , we have P ∈ c(L). Therefore,
by (5.1.5),

P ∈ c(L) ∧ (K ∨ L) = (c(L) ∧ K) ∨ (c(L) ∧ L)
= (c(L) ∧ K) ∨ 0
= c(L) ∧ K ≤ K.

2

Let Fr(R) be the set of all hereditary torsion free classes, and let T p
r (R) (re-

spectively, Tr(R)) be the set of all hereditary pretorsion classes (respectively,
all hereditary torsion classes).

6.1.8. COROLLARY. Fr(R) is a sublattice of N p
r (R).

PROOF. Let K1,K2 ∈ Fr(R). Clearly we have K1 ∧ K2 ∈ Fr(R). Let
L = K1 ∨ K2. We prove that L ∈ Fr(R). By (6.1.7),

L = {M ∈ Mod-R : ∃X ≤M such that X ∈ K1 and M/X ∈ K2}.
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We only need to prove that L is closed under direct products. Let Mi be in
L (i ∈ I). Then for each i, there exists an Xi in K1 such that Mi/Xi is in
K2. Thus, we have ΠXi is in K1 and (ΠMi)/(ΠXi) ∼= Π(Mi/Xi) is in K2. So
ΠMi is in L. 2

There is a well-known frame structure on the set Tor-R of all hereditary
torsion theories of R (see Golan [59]). For τ ∈ Tor-R, let Fτ be the class of all
τ -torsion free modules. It can be checked that the correspondence τ 7−→ Fτ

gives a lattice anti-isomorphism of Tor-R onto Fr(R).

6.1.9. COROLLARY. T p
r (R) is a complete sublattice of N p

r (R).

PROOF. Let {Ki : i ∈ I} ⊆ T p
r (R). Clearly, we have ∧i∈IKi ∈ T p

r (R). Let
{Xt : t ∈ J} be a complete set of representatives of the isomorphic classes of
cyclic modules in ∪i∈IKi and M = ⊕t∈JXt. By (6.1.2), ∨i∈IKi = d(K)∩σ[M ]
where K = ∪i∈IKi. If ∨i∈IKi 6= σ[M ], then there exists an N ∈ σ[M ] but
N /∈ d(K). Thus, there exists a nonzero cyclic submodule Y of N such that
Y has no nonzero submodules in ∪i∈IKi. Since Y ∈ σ[M ] is cyclic, there
exists some Xt such that Y has a nonzero submodule which is isomorphic to
a subfactor of Xt. But Xt is in some Ki, so Y has a nonzero submodule which
is in Ki. This is a contradiction. 2

There is a complete lattice structure on fil-R, the set of all right linear
topologies of R (see Golan [60]). For A ∈ fil-R, let TA be the class of all M
in Mod-R such that x⊥ ∈ A for all x ∈ M . Then A 7−→ TA gives a lattice
isomorphism of fil-R onto T p

r (R).

6.1.10. COROLLARY. The following hold:

1. For modules X and Y , d(X) ∨ d(Y ) = d(X ⊕ Y ).

2. For a family {Xi : i ∈ I} of modules, ∨i∈Iσ[Xi] = σ[⊕i∈IXi].

PROOF. (1) By (6.1.5), d(X) ∨ d(Y ) must be the smallest natural class
containing X and Y , so d(X) ∨ d(Y ) = d(X ⊕ Y ).

(2) By (6.1.9), ∨i∈Iσ[Xi] must be the smallest hereditary pretorsion class
containing all Xi, so ∨i∈Iσ[Xi] = σ[⊕i∈IXi]. 2

6.1.11. REFERENCES. Dauns [31,32]; Dauns and Zhou [40]; Golan
[59,60]; Zhou [136,142].
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6.2 More Sublattice Structures

There is a rich supply of sublattices of the lattice N p
r (R). Some of these

sublattices will be described in this section.
For a pre-natural class K, let

T p
r (K, R) = {K ∩ T : T ∈ T p

r (R)}.

We will show next that T p
r (K, R) is a complete sublattice of N p

r (R), and that
the lattice T p

r (K, R) is algebraic, upper continuous, and modular. Note that
when K = Mod-R, T p

r (K, R) = T p
r (R) is the set of all hereditary pretorsion

classes. When K = σ[M ], T p
r (K, R) is the set of all hereditary pretorsion

classes contained in σ[M ], which was denoted by M -ptors in [104] and is the
subject of [104], [124], and [125].

6.2.1. LEMMA. The following are equivalent for a pre-natural class K:

1. L ∈ T p
r (K, R).

2. L is a subclass of K such that L is closed under submodules, direct sums,
and whenever A −→ B −→ 0 with A ∈ L and B ∈ K we have B ∈ L.

PROOF. (1) =⇒ (2). It is obvious.
(2) =⇒ (1). We claim that L = K ∩ σ[ML]. Clearly, L ⊆ K ∩ σ[ML]. Let

X ∈ K∩σ[ML]. There exists an index set I and a submodule C of M (I)
L such

that X is embeddable in M
(I)
L /C. Write X ∼= A/C where A is a submodule

of M (I)
L . Since M (I)

L is in L, A is in L. So, by (2), X is in L. Thus, the claim
is proved. 2

6.2.2. LEMMA. For any K ∈ Nr(R) and Ki ∈ T p
r (R) (i ∈ I),

∨i∈I(K ∧Ki) = K ∧ (∨i∈IKi).

PROOF. Obviously, we have ∨i∈I(K∧Ki) ⊆ K∧(∨i∈IKi). In view of (2.5.6),
it suffices to show that every cyclic moduleN ∈ K∧(∨i∈IKi) is in ∨i∈I(K∧Ki).
Write Ki = σ[Mi] for each i ∈ I. Then

N ∈ ∨i∈IKi = ∨i∈Iσ[Mi] = σ[⊕i∈IMi]

by (6.1.10). Since N is cyclic, N ∈ σ[⊕i∈I0Mi] = ∨i∈I0Ki, where I0 is a
finite subset of I. So we may assume that I is a finite set. Since any join of
elements in T p

r (R) is still in T p
r (R) (by 6.1.9), we may assume that I = {1, 2}.

Let M = M1 ⊕M2. Now N ∈ K ∧ σ[M ]. Then N ⊆ EM (N) ∈ K ∧ σ[M ]
and EM (N) = EM1(N) + EM2(N). It follows that EM1(N) ∈ K ∧ σ[M1]
and EM2(N) ∈ K ∧ σ[M2]. We actually proved that every nonzero module
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in K ∧ σ[M1 ⊕M2] has a nonzero submodule in K ∧ σ[M1] or in K ∧ σ[M2].
So we have EM (N) ∈ d(ML), where L = (K ∧ K1) ∨ (K ∧ K2). Since L =
σ[ML] ∩ d(ML),

EM (N) = EM1(N) + EM2(N) ∈ σ[ML].

Thus, EM (N) ∈ L, which shows N ∈ L. 2

6.2.3. THEOREM. For every pre-natural class K, T p
r (K, R) is a complete

sublattice of N p
r (R).

PROOF. Let Ki = K∩Ti ∈ T p
r (K, R) (i ∈ I), where all Ti ∈ T p

r (R). Clearly,
∧i∈IKi = K ∩ (∩i∈ITi) ∈ T p

r (K, R).
Write K = L0 ∩ T0, where L0 ∈ Nr(R) and T0 ∈ T p

r (R). Note that ∨i∈ITi ∈
T p

r (R) by (6.1.9). In view of (6.2.2), we have

∨i∈IKi = ∨i∈I(L0 ∩ T0 ∩ Ti)
= L0 ∧ [∨i∈I(T0 ∩ Ti)]
= L0 ∧ {T0 ∧ [∨i∈I(T0 ∩ Ti)]}
= K ∩ [∨i∈I(T0 ∩ Ti)] ∈ T p

r (K, R).

Therefore, T p
r (K, R) is a complete sublattice of N p

r (R). 2

6.2.4. LEMMA. Let K be a pre-natural class. If M = Σi∈IMi ∈ K, then
K ∩ σ[M ] = ∨i∈I(K ∩ σ[Mi]).

PROOF. Write K = L0 ∩ T0, where L0 ∈ Nr(R) and T0 ∈ T p
r (R). Since

M ∈ K, T0 ∩ σ[M ] = σ[M ]. Thus,

K ∩ σ[M ] = L0 ∩ σ[M ]
= L0 ∧ (∨i∈Iσ[Mi])
= ∨i∈I(L0 ∧ σ[Mi])
= ∨i∈I(K ∧ σ[Mi]).

The second to the last equality is by (6.2.2). 2

6.2.5. LEMMA. Let K be a pre-natural class. If L ∈ T p
r (K, R), then

L = K ∩ σ[ML].

PROOF. Write L = K ∩ T , where T ∈ T p
r (R). Thus L ⊆ σ[ML] ⊆ T . It

follows that L = K ∩ σ[ML]. 2

An element c in a complete lattice L is said to be compact if for any subset
Y of L with c ≤ ∨{a : a ∈ Y }, we have c ≤ ∨{a : a ∈ F} for a finite subset F
of Y . A complete lattice is said to be algebraic if each of its elements is the
join of compact elements.

6.2.6. PROPOSITION. Let K be a pre-natural class. L ∈ T p
r (K, R) is

compact iff L = K ∩ σ[M ] for some finitely generated module M ∈ K.
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PROOF. Suppose L ∈ T p
r (K, R) is compact. Write L = K∩T for some T ∈

T p
r (R). By (6.2.5), we may write L = K∩σ[X], where X = ⊕t∈IXt ∈ K with

all Xt cyclic. By (6.2.4), L = K∩σ[X] = ∨i∈I(K∩σ[Xi]). Since L is compact
in T p

r (K, R), there exists a finite subset F of I such that L = ∨i∈F (K∧σ[Xi]),
which is, by (6.2.4), equal to K ∩ σ[N ], where N = ⊕i∈FXi ∈ K.

Suppose that L = K∩σ[M ] for some finitely generated module M ∈ K and
L ≤ ∨i∈IKi where Ki ∈ T p

r (K, R). By (6.2.5), we may write Ki = K ∩ σ[Xi]
with Xi ∈ K. Then

L ≤ ∨i∈I(K ∩ σ[Xi]) ≤ K ∩ (∨i∈Iσ[Xi]) = K ∩ σ[⊕i∈IXi].

Since M ∈ L is finitely generated, M ∈ σ[⊕i∈FXi] for a finite subset F of I.
Thus

L = K ∩ σ[M ] ⊆ K ∩ σ[⊕i∈FXi] = ∨i∈F (K ∩ σ[Xi]) = ∨i∈FKi.

The second last equality is by (6.2.4). Thus L is compact in T p
r (K, R). 2

6.2.7. THEOREM. For any pre-natural class K, the lattice T p
r (K, R) is

algebraic.

PROOF. Let L ∈ T p
r (K, R). By (6.2.5), there exists a module X such that

X = ⊕i∈IXi with all Xi cyclic, X ∈ K, and L = K ∩ σ[X]. By (6.2.4),
L = ∨i∈I(K ∩ σ[Xi]). By (6.2.6), each K ∩ σ[Xi] is compact in T p

r (K, R).
Thus T p

r (K, R) is algebraic. 2

6.2.8. COROLLARY. [60] The lattice T p
r (R) is algebraic. 2

The next proposition shows that every T p
r (K, R) can be regarded as a sub-

lattice of T p
r (R).

6.2.9. PROPOSITION. For K = L0 ∧ T0 ∈ N p
r (R) where L0 ∈ Nr(R) and

T0 ∈ T p
r (R), define f : T p

r (R) −→ T p
r (K, R) by f(T ) = K ∩ T and let f0 be

the restriction of f to T p
r (T0, R). Then the following statements hold:

1. f is onto, f(0) = 0, and f(1) = K the greatest element of T p
r (K, R).

2. f preserves arbitrary infima.

3. T p
r (T0, R) is a complete sublattice of T p

r (R) and

f0 : T p
r (T0, R) −→ T p

r (K, R)

is a lattice isomorphism whose inverse sends F to σ[MF ].

4. If K ∈ Nr(R), then f preserves arbitrary suprema.

PROOF. (1) and (2) are obvious. (4) is by (6.2.2). For (3), clearly T p
r (T0, R)

is a complete sublattice of T p
r (R), and f0 is onto by (6.2.5). It is easy to see

that f0 is one-to-one. Also f0 preserves arbitrary suprema by (6.2.4). It
follows that f0 is a lattice isomorphism whose inverse sends F to σ[MF ]. 2
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6.2.10. THEOREM. [104] The lattice T p
r (R) is modular.

PROOF. Let K,L,J ∈ T p
r (R) with K ⊆ L. We need to show that

K ∨ (L ∧ J ) = L ∧ (K ∨ J ).

It is clear that K∨ (L∧J ) ≤ L∧ (K∨J ). By (2.5.6), it suffices to show that
every cyclic module mR ∈ L ∧ (K ∨ J ) is in K ∨ (L ∧ J ). Write K = σ[X]
and J = σ[Y ]. Then mR ∈ K ∨ J = σ[X ⊕ Y ]. By (2.2.5), there exist
xi + yi ∈ X ⊕ Y (i = 1, · · · , n) such that ∩i(x⊥i ∩ y⊥i ) = ∩i(xi + yi)⊥ ⊆ m⊥.
Let A = ∩ix

⊥
i and B = ∩iy

⊥
i . Then A ∩ B ⊆ m⊥, R/A ∈ K and R/B ∈ J .

Since K ≤ L, it follows that R/(A ∩ m⊥) ↪→ R/A ⊕ mR ∈ L, and hence
R/(A ∩m⊥ +B) ∈ L ∧ J . Thus,

R/[A ∩ (A ∩m⊥ +B)] ↪→ R/A⊕R/(A ∩m⊥ +B) ∈ K ∨ (L ∧ J ).

But
A ∩ (A ∩m⊥ +B) = (A ∩m⊥) + (A ∩B) ⊆ m⊥.

So mR ∼= R/m⊥ ∈ K ∨ (L ∧ J ). 2

6.2.11. COROLLARY. T p
r (K, R) is modular for every K ∈ N p

r (R).

PROOF. This is by (6.2.9)(3) and (6.2.10). 2

A partially ordered set I is called directed if for every couple i, j ∈ I
there exists a k ∈ I such that i ≤ k and j ≤ k. A lattice L is upper
continuous if for every directed subset D of L and every a ∈ L, one has
(∨d∈Dd) ∧ a = ∨d∈D(d ∧ a).

6.2.12. THEOREM. For every K ∈ N p
r (R), the lattice T p

r (K, R) is upper
continuous.

PROOF. We first prove that T p
r (R) is upper continuous. Let {σ[Xi] : i ∈ D}

be a directed subset of T p
r (R) and Y be any module. For any cyclic module

X in (∨i∈Dσ[Xi]) ∧ σ[Y ], X ∈ ∨i∈Dσ[Xi] = σ[⊕i∈DXi]. It follows that
there exist i1, · · · , in ∈ D such that X ∈ σ[⊕n

k=1Xik
] = ∨n

k=1σ[Xik
]. Since

{σ[Xi] : i ∈ D} is directed, there exists some j ∈ D such that σ[Xik
] ≤ σ[Xj ]

for k = 1, · · · , n. So X ∈ σ[Xj ]∧σ[Y ] ≤ ∨i∈D(σ[Xi]∧σ[Y ]). This shows that
(∨i∈Dσ[Xi]) ∧ σ[Y ] ≤ ∨i∈D(σ[Xi] ∧ σ[Y ]). It is obvious that

∨i∈D(σ[Xi] ∧ σ[Y ]) ≤ (∨i∈Dσ[Xi]) ∧ σ[Y ].

So ∨i∈D(σ[Xi] ∧ σ[Y ]) = (∨i∈Dσ[Xi]) ∧ σ[Y ] and T p
r (R) is upper continuous.

Now let {Ki : i ∈ D} be a directed subset of T p
r (K, R) and L ∈ T p

r (K, R).
By (6.2.5), Ki = K ∩ Ti, where Ti = σ[MKi

]. Write L = K ∩ T and K =
N ∩ T0, where N ∈ Nr(R) and T , T0 ∈ T p

r (R). Then {Ti : i ∈ D} and hence
{Ti ∩ T0 : i ∈ D} is a directed subset of T p

r (R). Then
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(∨i∈DKi) ∧ L = {∨i∈D(N ∩ T0 ∩ Ti)} ∧ (N ∩ T0 ∩ T )
= N ∧ {∨i∈D(T0 ∩ Ti)} ∧ (N ∩ T0 ∩ T ) (by 6.2.2)
= {[∨i∈D(T0 ∩ Ti)] ∧ (T0 ∩ T )} ∧ N
= [∨i∈D(T0 ∩ Ti ∧ T0 ∩ T )] ∧N (T p

r (R) is upper continuous)
= ∨i∈D(Ti ∧ T0 ∧ T ∧ N ) (by 6.2.2)
= ∨i∈D(Ki ∧ L).

2

In the last part of this section, we discuss another family of sublattices of
N p

r (R). For a pre-natural class K, let

N (R,K) = {L ∩ K : L ∈ Nr(R)}.

It will be proved that N (R,K) is a sublattice of N p
r (R), N (R,K) is a complete

Boolean lattice, andN (R,K) is an algebraic lattice iff every nonzero module in
K contains an atomic submodule. Finally, lattice decompositions ofN p

r (R) are
discussed. Note that when K = Mod-R, N (R,K) = Nr(R). When K = σ[M ],
N (R,K) = N (R,M) is the set of all M -natural classes.

6.2.13. LEMMA. The following are equivalent for a pre-natural class K:

1. F ∈ N (R,K).

2. F is a subclass of K closed under submodules, direct sums, and whenever
A is an essential submodule of B with A ∈ F andB ∈ K, we have B ∈ F .

PROOF.(1) =⇒ (2). This can easily be verified by noting that K = K0 ∩T0,
where K0 ∈ Nr(R) and T0 ∈ T p

r (R).
(2) =⇒ (1). Suppose (2) holds. We show that F = d(MF ) ∩ K. Clearly,

F ⊆ d(MF )∩K. Let X ∈ d(MF )∩K. Since X ∈ d(MF ), X contains ⊕i∈IXi

as an essential submodule with allXi ∈ F . Thus ⊕i∈IXi ∈ F . By (2), X ∈ F .
2

6.2.14. LEMMA. For any Ki ∈ Nr(R) (i = 1, 2) and any pre-natural class
L, (K1 ∨ K2) ∧ L = (K1 ∧ L) ∨ (K2 ∧ L).

PROOF. We first assume L = σ[M ] is a hereditary pretorsion class. One
inclusion is obvious. Let A ∈ (K1 ∨ K2) ∧ σ[M ]. Then A ∈ σ[M ] and, by
(6.1.7), there exists an exact short sequence 0 −→ B −→ A −→ C −→ 0,
where B ∈ K1 and C ∈ K2. Thus, B ∈ K1 ∧ σ[M ] and C ∈ K2 ∧ σ[M ].
By (6.1.4), (K1 ∧ σ[M ]) ∨ (K2 ∧ σ[M ]) is an M -natural class. It follows from
(2.4.5)(2) that A ∈ (K1 ∧ σ[M ]) ∨ (K2 ∧ σ[M ]). Therefore, the lemma holds
in this case.
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For a pre-natural class L, write L = L0 ∩ σ[M ] for some module M , where
L0 is a natural class. Then

(K1 ∨ K2) ∧ L = {(K1 ∨ K2) ∧ L0} ∧ σ[M ]
= {(K1 ∧ L0) ∨ (K2 ∧ L0)} ∧ σ[M ] (Nr(R) is distributive)
= (K1 ∧ L0 ∧ σ[M ]) ∨ (K2 ∧ L0 ∧ σ[M ]) (as above)
= (K1 ∧ L) ∨ (K2 ∧ L).

2

6.2.15. THEOREM. For any pre-natural class K, N (R,K) is a sublattice
of N p

r (R).

PROOF. Let Ki ∈ N (R,K) (i = 1, 2). Write Ki = Li∩K, where Li ∈ Nr(R).
It is obvious that K1 ∧ K2 ∈ N (R,K). And

K1 ∨ K2 = (L1 ∧ K) ∨ (L2 ∧ K)
= (L1 ∨ L2) ∧ K ∈ N (R,K) (by 6.2.14).

2

It was proved by Dauns [31] that N (R,K) is a complete Boolean lattice for
every hereditary pretorsion class K. The following result extends this to any
pre-natural class K.

6.2.16. THEOREM. For any pre-natural class K, N (R,K) is a complete
Boolean lattice.

PROOF. It is easy to show that the intersection of any family of elements in
N (R,K) is still in N (R,K). So N (R,K) is a complete lattice.
N (R,K) is complemented: For L ∩ K ∈ N (R,K) with L ∈ Nr(R), let

L′ = c(L). Then L′ ∩ K ∈ N (R,K). We have

(L
′
∩ K) ∧ (L ∩ K) = (L

′
∧ L) ∧ K = 0 ∧ K = 0,

and
(L

′
∩ K) ∨ (L ∩ K) = (L

′
∨ L) ∧ K (by 6.2.14) = 1 ∧ K = K.

N (R,K) is distributive: Let Li ∩ K ∈ N (R,K) with Li ∈ Nr(R) for i =
1, 2, 3. Then

(L1 ∩ K) ∧ {(L2 ∩ K) ∨ (L3 ∩ K)}
= (L1 ∩ K) ∧ {(L2 ∨ L3) ∧ K} (by 6.2.14)
= L1 ∧ (L2 ∨ L3) ∧ K
= {(L1 ∧ L2) ∨ (L1 ∧ L3)} ∧ K (Nr(R) is distributive)
= (L1 ∧ L2 ∧ K) ∨ (L1 ∧ L3 ∧ K) (by 6.2.14)
= {(L1 ∩ K) ∧ (L2 ∩ K)} ∨ {(L1 ∩ K) ∧ (L3 ∩ K)}.
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2

Next, we consider when the lattice N (R,K) is algebraic for K ∈ N p
r (R).

6.2.17. LEMMA. Let K be a pre-natural class. If L ∈ N (R,K), then
L = d(ML) ∩ K.

PROOF. Write L = N ∩ K, where N ∈ Nr(R). Since L = d(ML) ∩ σ[ML],
L ⊆ d(ML) ⊆ N . It follows that L = d(ML) ∩ K. 2

We note that, for a pre-natural class K and X ∈ K, d(X)∩K is the smallest
element in N (R,K) that contains X.

6.2.18. LEMMA. Let K be a pre-natural class and X ∈ K. Then d(X)∩K
is a compact element of N (R,K) iff X has finite type dimension.

PROOF. Suppose X is of finite type dimension. Then X contains an essen-
tial submodule Y such that Y = Y1 ⊕ · · · ⊕ Yn, where each Yi is an atomic
submodule and Yi ⊥ Yj for all i 6= j. Suppose that d(X) ∩ K ≤ ∨t∈IKt,
where each Kt is in N (R,K) and the infinite supremum is taken in N (R,K)
(not in N p

r (R)). By (6.2.17), for each t ∈ I there exists an Xt ∈ K such that
Kt = d(Xt) ∩ K. By the remark before (6.2.18),

∨t∈IKt = ∨t∈I [d(Xt) ∩ K] = d(⊕t∈IXt) ∩ K.

Thus Y ∈ d(⊕t∈IXt). For each Yi, there exists a ti ∈ I such that Yi and
Xti have nonzero isomorphic submodules. Thus, Y ∈ d(⊕t∈JXt), where J =
{t1, · · · , tn}. It follows that

d(X) ∩ K = d(Y ) ∩ K ≤ d(⊕t∈JXt) ∩ K
= [∨t∈Jd(Xt)] ∩ K
= ∨t∈J [d(Xt) ∩ K] = ∨t∈JKt.

Note that the second to the last equality is by (6.2.14). So d(X)∩K is compact
in N (R,K).

If X is not of finite type dimension, then X contains an essential submodule
Y such that Y = ⊕∞i=1Yi, where each Yi is nonzero and Yi ⊥ Yj for all i 6= j.
Thus

d(X) ∩ K = d(⊕∞i=1Yi) ∩ K = ∨∞i=1[d(Yi) ∩ K],

where the infinite supremum is taken in N (R,K). If d(X) ∩ K is compact in
N (R,K), then there exists an m > 0 such that

d(X) ∩ K = ∨m
i=1[d(Yi) ∩ K] = [∨m

i=1d(Yi)] ∩ K = d(⊕m
i=1Yi) ∩ K.

The second to the last equality is by (6.2.14). This shows that X and hence
Ym+1 is in d(⊕m

i=1Yi). This is impossible. So d(X) ∩ K is not compact in
N (R,K). 2
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6.2.19. THEOREM. LetK be a pre-natural class. Then the latticeN (R,K)
is algebraic iff every R-module in K contains an atomic submodule.

PROOF. “⇐=”. For any L ∈ N (R,K), we can write L = d(X)∩K for some
X ∈ K by (6.2.17). By our assumption, X contains an essential submodule
N such that N = ⊕t∈INt is a direct sum of pairwise orthogonal atomic
submodules. Then

L = d(N) ∩ K = ∨t∈I [d(Nt) ∩ K],

which is a join of compact elements in N (R,K) by (6.2.18) (Note that the
infinite supremum is taken in N (R,K)). So N (R,K) is algebraic.

“=⇒”. For any module X ∈ K, by our assumption d(X) ∩ K is a join of
compact elements in N (R,K). So d(X)∩K ⊇ d(Y )∩K for some Y ∈ K such
that d(Y ) ∩ K is a compact element of N (R,K). By (6.2.18), Y is of finite
type dimension. So Y contains an atomic submodule N . Since N ∈ d(X), X
must contain an atomic submodule. 2

6.2.20. COROLLARY. For any module M , the lattice N (R,M) is alge-
braic iff every module in σ[M ] contains an atomic submodule. 2

6.2.21. COROLLARY. The lattice Nr(R) is algebraic iff every R-module
contains an atomic submodule. 2

A sublattice K of the lattice L is called convex if a, b ∈ K, c ∈ L, and
a ≤ c ≤ b implies that c ∈ K.

6.2.22. THEOREM. For K ∈ N p
r (R), define g : Nr(R) −→ N (R,K) given

by g(F) = F ∩ K. Let N1 = N (R, c(K)) and N2 = N (R, d(K)). Then

1. g(0) = 0 and g(1) = K, the greatest element in N (R,K).

2. g preserves suprema of finitely many elements and arbitrary infima.

3. N1 and N2 are complete convex sublattices of Nr(R).

4. Nr(R) = N1 ⊕N2 is a lattice direct sum.

5. Ker(g) = N1 and g|N2 : N2 −→ N (R,K) is a lattice isomorphism whose
inverse sends L to d(ML).

PROOF. Parts (1) and (3) are obvious. Part (2) follows from (6.2.14). Part
(4) holds because for any K1 ∈ N1 and K2 ∈ N2, K1 ∧ K2 = 0 and for any
L ∈ Nr(R),

L = L ∧ 1 = L ∧ [c(K) ∨ d(K)] = [L ∧ c(K)] ∨ [L ∧ d(K)]

(by 6.2.14). For (5), g|N2 is onto by (6.2.17) and the proof of the rest is
straightforward. 2
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Finally, we extend g in (6.2.22) to a similar lattice homomorphism

ψ : N p
r (R) = N p

d(K) ⊕N
p
c(K) −→ N (R,K),

where K ∈ N p
r (R),

N p
d(K) = {F ∧ d(K) : F ∈ N p

r (R)},

N p
c(K) = {F ∧ c(K) : F ∈ N p

r (R)}.

We identify the lattice congruence that plays the role of the kernel of ψ and
show that ψ|Np

d(K)
: N p

d(K) −→ N (R,K) is a retract.

Let ρ : N p
r (R) −→ Nr(R) be the lattice homomorphism and retract de-

fined by ρ(F) = d(F) = c(c(F)) for F ∈ N p
r (R) (see [32, Thm.2.6]). It

is interesting to note that although N p
r (R) is not known to be “completely

pseudo-complemented distributive,” it behaves as if it were [10, p.148]. Define

ψ : N p
r (R) −→ N (R,K) by ψ = gρ

for g as in (6.2.22), where K ∈ N p
r (R). Thus for F ∈ N p

r (R), ψ(F) =
g(ρ(F)) = g(d(F)) = d(F) ∩ K. For any N ⊆ N p

r (R), write

N⊥ = {L ∈ N p
r (R) : L ∧ K = 0 for all K ∈ N}.

6.2.23. LEMMA. For K ∈ N p
r (R),

1. N p
r (R) = N p

d(K) ⊕N
p
c(K) is a lattice direct sum of convex and complete

sublattices of N p
r (R).

2. (N p
d(K))

⊥ = N p
c(K) and (N p

c(K))
⊥ = N p

d(K).

PROOF. (1) Note that N p
d(K) is the collection of all pre-natural classes F

such that F ≤ d(K). So N p
d(K) is clearly a convex and complete sublattice of

N p
r (R). The same reason shows thatN p

c(K) is a convex and complete sublattice
of N p

r (R). Obviously, F1 ∧ F2 = 0 for all F1 ∈ N p
d(K) and F2 ∈ N p

c(K). For
F ∈ N p

r (R), since 1 = d(K) ∨ c(K), in view of (6.2.14),

F = F ∧ 1 = [F ∧ d(K)] ∨ [F ∧ c(K)].

So (1) is proved.
(2) It follows from (1). 2

6.2.24. THEOREM. For K ∈ N p
r (R), let

ψ : N p
r (R) = N p

d(K) ⊕N
p
c(K) −→ N (R,K)

as above. Then the following statements hold:
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1. ψ is a lattice homomorphism preserving suprema and infima of finitely
many elements such that ψ(0) = 0 and ψ(1) = K.

2. Ker(ψ) = N p
c(K).

3. ψ|Nr(R) = g as in (6.2.22).

4. ψ|Np
d(K)

: N p
d(K) −→ N (R,K) is a retract.

PROOF. (1) Both g and ρ are lattice homomorphisms (6.2.22 and [32,
Thm.2.6]); hence so is ψ = gρ. (Note that g preserves arbitrary infima,
while ρ preserves arbitrary suprema.)

(2) For any c(K) ∧ F ∈ N p
c(K),

ψ(c(K) ∧ F) = ψ(c(K)) ∧ ψ(F) = c(K) ∧ K ∧ d(F) = 0.

Thus, ψ(N p
c(K)) = {0}.

Conversely, for any F ∈ N p
r (R), F = [F ∧ d(K)]∨ [F ∧ c(K)]. If F /∈ N p

c(K),
then F ∧ d(K) 6= 0. Choose 0 6= V ∈ F ∧ d(K). Then V has a nonzero
submodule W in K. Thus, W ∈ F ∧ K ≤ d(F) ∧ K = ψ(F). So ψ(F) 6= 0.

(3) For F ∈ Nr(R), F = d(F), and always ψ(F) = d(F) ∩ K = F ∩ K =
g(F). Thus, ψ|Nr(R) = g.

(4) By (2) and (3) above, we have that ψ(N p
r (R)) = ψ(N p

d(K)) = N (R,K).
For F ∈ N (R,K), F = L ∧ K, L ∈ Nr(R). Then

ψ(F) = ψ(L) ∧ ψ(K) = L ∧ d(K) ∧ K = L ∧ K = F .

Thus, ψ|N (R,K) = Id. 2

6.2.25. REFERENCES. Dauns [31,32,34]; Golan [60]; Dauns and Zhou
[40]; Raggi, Montes and Wisbauer [104]; Zhou [141,142].
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6.3 Lattice Properties of N p
r (R)

We first describe the atoms and coatoms of N p
r (R).

6.3.1. PROPOSITION. The following are equivalent for a class K of mod-
ules:

1. K is an atom of N p
r (R).

2. K = d(M)∩ σ[M ] where M is an atomic module and M ∈ σ[N ] for any
0 6= N ⊆M .

PROOF. (1) =⇒ (2). Write K = d(M)∩σ[M ] for some moduleM (see 2.5.4).
If X ⊥ Y for nonzero submodules X and Y of M , then K1 := d(X)∩σ[X] ≤ K
and Y ∈ K\K1. This is a contradiction. So M is atomic. For a nonzero
submodule N of M , (1) implies d(N) ∩ σ[N ] = K. Thus M is in σ[N ].

(2) =⇒ (1). Suppose L ≤ K where 0 6= L ∈ N p
r (R). Then there exists

a 0 6= X ≤ M such that X ∈ L. Since M is atomic, d(X) = d(M). So
d(X) ∩ σ[X] = K since σ[X] = σ[M ] by (2). It follows that L = K. 2

Homogeneous semisimple modules and the Z-modules Z, Zpn (n ≥ 2 and p
is prime), and Zp∞ are atomic, but only the first two satisfy (6.3.1)(2).

Let L be a lattice with the greatest element 1. A coatom of L is an element
c ∈ L such that c 6= 1 and c 6≤ d for any 1 6= d ∈ L. An R-module M is called
a large module if, for any nonzero R-module N , M and N have nonzero
isomorphic submodules. Thus a module N is large iff d(N) = Mod-R.

6.3.2. PROPOSITION. The following are equivalent for a class K of mod-
ules:

1. K is a coatom of N p
r (R).

2. (a) K = σ[M ] is a coatom of T p
r (R) for a large module M or

(b) K = d(M) where M is not large, but for any nonzero module Y
with M ⊥ Y , M ⊕ Y is large and X⊥ = 0 for a finite subset X of
M ⊕ Y .

PROOF. (1) =⇒ (2). Write K = d(M) ∩ σ[M ] for some module M . If M
is large, then d(M) = 1. So K = σ[M ] is a coatom of N p

r (R). Thus K is a
coatom of T p

r (R). Thus, (2a) holds. If M is not large, then d(M) < 1 and so
K = d(M). Then, for any nonzero module Y with M ⊥ Y , Y /∈ d(M). But
K = d(M) ∩ σ[M ] ≤ d(M ⊕ Y ) ∩ σ[M ⊕ Y ] and Y ∈ d(M ⊕ Y ) ∩ σ[M ⊕ Y ],
so d(M ⊕ Y ) ∩ σ[M ⊕ Y ] = 1. It follows that M ⊕ Y is a large module and
R ∈ σ[M ⊕ Y ], showing that X⊥ = 0 for a finite subset X of M ⊕ Y .
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(2) =⇒ (1). Clearly (2) implies that K 6= 1. Let L = d(N) ∩ σ[N ] with
K < L. If (2a) holds, then M ∈ d(N) is large and K = σ[M ]. Thus, N is
large and L = σ[N ]. Since σ[M ] is a coatom of T p

r (R), L = σ[N ] = 1.
Suppose (2b) holds. Then d(M) < d(N). So there exists a 0 6= Y ≤

N such that M ⊥ Y . By (2b), M ⊕ Y is large and R ∈ σ[M ⊕ Y ]. So
d(M ⊕ Y ) ∩ σ[M ⊕ Y ] = 1. Since M ⊕ Y ∈ L, L = 1. 2

6.3.3. PROPOSITION. [60] Every proper element of T p
r (R) is contained

in a coatom of T p
r (R).

PROOF. Let T ∈ T p
r (R) with T < 1. For any chain {Tα : α ∈ Λ} of elements

in T p
r (R) with T ≤ Tα < 1, ∨αTα ∈ T p

r (R). We claim ∨αTα < 1. To see so,
write Tα = σ[Mα] for some module Mα. Then by (6.1.10), ∨αTα = σ[⊕αMα].
If ∨αTα = 1, that is R ∈ σ[⊕αMα], then there exists a k > 0 such that
R ∈ σ[⊕k

j=1Mαj ] = ∨k
j=1Tαj = Tαk

(assume that Tα1 ≤ · · · ≤ Tαk
). Thus,

Tαk
= 1, a contradiction. By Zorn’s Lemma, T is contained in a coatom of

T p
r (R). 2

We next consider the question of when every proper element of N p
r (R) is

contained in a coatom of N p
r (R).

6.3.4. THEOREM. The following are equivalent for a ring R:

1. Every proper element of N p
r (R) is contained in a coatom of N p

r (R).

2. There does not exist a pair of nonzero R-modules X and Y such that

(a) R is in σ[X].

(b) X ⊥ Y .

(c) Y contains no atomic submodules.

PROOF. (1) =⇒ (2). Suppose that there exist nonzero modules X and Y
satisfying (a), (b), and (c). Let K = c(Y ). Then X ∈ K ∈ N p

r (R). We claim
that K is not contained in any coatom of N p

r (R). To see this, let K ≤ L < 1
for some L ∈ N p

r (R). Write L = d(M) ∩ σ[M ] for some module M . Since
X ∈ K, X is in σ[M ]. So σ[M ] = 1 because of 2(a) and hence L = d(M).
Since L 6= 1, there exists a nonzero module A such that A ⊥ M . Then A
is not in K. Thus, there exists a 0 6= B ≤ A such that B ↪→ Y . By (c), B
is not atomic, so B contains two nonzero submodules B1 and B2 such that
B1 ⊥ B2. Let H = d(F) where F = L ∪ {B1}. Then L ≤ H such that B1 is
in H\L and B2 /∈ H.

(2) =⇒ (1). Suppose that (1) does not hold. Then there exists 1 6= K ∈
N p

r (R) such that K is not contained in any coatom of N p
r (R). If σ[MK] 6=

1, then by (6.3.3), there exists a maximal element T in T p
r (R) such that

σ[MK] ≤ T 6= 1. Since T is not a coatom of N p
r (R), we have T < H 6= 1 for

some H ∈ N p
r (R). Since K ≤ H, H is not contained in any coatom of N p

r (R).
Note that H ⊆ σ[MH]. By the maximality of T , R is in σ[MH]. Therefore,
we may assume R ∈ σ[MK]. It follows that K = d(MK) ∩ σ[MK] = d(MK).
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Since d(MK) 6= 1, there exists a nonzero module Y such that Y ⊥ MK. Let
X = MK. We now prove that Y contains no atomic submodules and hence the
pair of X and Y gives a contradiction to (2). If Y has an atomic submodule P ,
then K ≤ c(P ) 6= 1. Suppose c(P ) < L ∈ N p

r (R). Since R ∈ σ[MK] ≤ σ[ML],
L = d(ML) ∩ σ[ML] = d(ML). So c(P ) < d(ML). It follows that P ∈ d(ML)
since P is atomic. Thus, 1 = c(P ) ∨ d(P ) ≤ d(ML) = L, so L = 1. This
shows that c(P ) is a coatom of N p

r (R), a contradiction. 2

6.3.5. COROLLARY. If every nonzero R-module contains an atomic sub-
module, then every proper element of N p

r (R) is contained in a coatom of
N p

r (R).

6.3.6. EXAMPLE. There exists a ring R such that some proper element of
N p

r (R) is not contained in any coatom of N p
r (R).

PROOF. Let F1, F2, · · · be fields and R = Π∞i=1Fi. Let XR = R and YR =
(ΠFi)/(⊕Fi). Then it can easily be verified that the pair of X and Y satisfies
the conditions (a)− (c) of (6.3.4). Therefore, R is the required ring. 2

For any ring R, N p
r (R) has at least one coatom as shown below.

6.3.7. PROPOSITION. There exists at least one coatom of N p
r (R).

PROOF. Take a simple module X and let K = c(X). If K is a coatom, then
we are done. If not, then K < L 6= 1 for some L ∈ N p

r (R). It follows that X is
in L. For any module Y , either X is embeddable in Y or Y is in K. So Y has
an essential submodule in d(ML), showing that Y ∈ d(ML). Thus, d(ML) = 1
and so L = d(ML) ∩ σ[ML] = σ[ML]. Since σ[ML] 6= 1, (6.3.3) implies that
there exists H which is maximal with respect to σ[ML] ⊆ H ∈ T p

r (R) and
H 6= 1. We claim that H is a coatom of N p

r (R). In fact, if H < G for some
G ∈ N p

r (R), then d(ML) ≤ d(MG) and σ[MH] ≤ σ[MG ]. So d(MG) = 1
and hence G = σ[MG ]. Thus, σ[MH] < σ[MG ]. By the maximality of H,
G = σ[MG ] = 1. 2

For a ring R, Nicholson and Sarath [91, Theorem 1] gives a necessary and
sufficient condition for T p

r (R) to have a unique coatom. That result was used
in [142] to characterize the ring R for which ∨{K : 1 6= K ∈ N p

r (R)} 6= 1.

A lattice L with the greatest element 1 and the least element 0 is called
a complemented lattice if, for any a ∈ L, there exists ac ∈ L such that
a ∧ ac = 0 and a ∨ ac = 1. If such an ac is unique for every a ∈ L, then L is
called uniquely complemented.

6.3.8. PROPOSITION. The following are equivalent for a ring R:

1. N p
r (R) is a complemented lattice.

2. For any R-module A, there exists a module B such that A ⊥ B, A⊕B
is a large module, and X⊥ = 0 for a finite subset X of A⊕B.
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PROOF. (1) =⇒ (2). For any module A, let K = σ[A]∩ d(A). By (1), there
exists K′ ∈ N p

r (R) such that K∧K′
= 0 and K∨K′

= 1. It follows that K′ ⊆
c(K). Thus, we have K∨c(K) = 1. By (6.1.3), σ[A⊕Mc(K)]∩d(A⊕Mc(K)) = 1.
Let B = Mc(K). Then A ⊥ B and A⊕B is a large module. Since R ∈ σ[A⊕B],
there exists a finite subset X of A⊕B such that X⊥ = 0.

(2) =⇒ (1). Let K ∈ N p
r (R). Write K = σ[MK] ∩ d(MK). Let A = MK.

By (2), there exists a B such that A and B satisfy the properties in (2). Let
L = σ[B] ∩ d(B). Then K ∧ L = 0 since A ⊥ B. Because A ⊕ B is a large
module, d(A⊕B) = 1. By the fact that X⊥ = 0 for a finite subset X of A⊕B,
we see that σ[A⊕B] = 1. Therefore, K∨L = σ[A⊕B]∩d(A⊕B) = 1∧1 = 1.
2

Thus, N p
r (Z) is a complemented lattice but N p

r (Z4) is not. Next, we will
see that several concepts of rings can be characterized by properties of some
sublattices of N p

r (R). A ring R is called right QI if every quasi-injective
module is injective. The equivalence “(1) ⇐⇒ (3)” of the next result belongs
to Gabriel [54], and Golan and López-Permouth [62].

6.3.9. THEOREM. The following are equivalent for a ring R:

1. R is a right QI-ring.

2. N p
r (R) = Nr(R).

3. T p
r (R) ⊆ Nr(R).

4. N p
r (R) is a uniquely complemented lattice.

PROOF. (1) =⇒ (2). For K ∈ N p
r (R), we need to show that K is closed

under injective hulls. Write K = d(M) ∩ σ[M ] for some module M and let
N ∈ K. Since N ∈ σ[M ], we have N ⊆ EM (N) ⊆ E(N) by (2.2.9). Note
EM (N) is M -injective, so EM (N) is quasi-injective by (2.2.10). Thus, EM (N)
is injective by (1). This shows that E(N) = EM (N) is in σ[M ]. But, clearly
E(N) is in d(M). So E(N) ∈ K.

(2) =⇒ (4). This follows from (5.1.5) that Nr(R) is a complete Boolean
lattice.

(4) =⇒ (3). Let K ∈ T p
r (R). By (4) there exists L ∈ N p

r (R) such that
K∧L = 0 and K∨L = 1. Then K ≤ c(L), so c(L)∨L = 1 and L∧ c(L) = 0.
By (4), K = c(L) is a natural class.

(3) =⇒ (1). Let M be a quasi-injective module. Then K = σ[M ] ∈ T p
r (R),

so E(M) is in σ[M ] by (3). Since M is M -injective, M is N -injective for each
N in σ[M ] by [87, 1.3 and 1.5]. Thus, M is E(M)-injective. This shows that
M is a direct summand of E(M). So M = E(M) is injective. 2

A ring R is called right semiartinian if every nonzero right R-module
contains a nonzero simple submodule.
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6.3.10. THEOREM. The following are equivalent for a ring R:

1. R is right semiartinian.

2. Nr(R) = Fr(R).

3. The natural class K = {M ∈ Mod-R : Soc(M) ≤e M} is in Fr(R).

4. Fr(R) is a Boolean lattice.

PROOF. (1) =⇒ (2). Let R be right semiartinian and let K be a natural
class. Set F = {Soc(M) : M ∈ K}. Then K = d(F). Consider M = ΠiMi

with Mi ∈ K. If M /∈ K, then there exists a nonzero submodule N of M
such that N has no nonzero submodule in F . Since R is right semiartinian,
we may assume N = xR is simple. Write x = (xi) with xi ∈ Mi and some
xk 6= 0. Then the map N = xR −→ xkR by xr 7−→ xkr is an isomorphism.
Thus, the fact that N ∼= xkR ⊆ Mk ∈ K implies N ∈ F , a contradiction. So
M is in K and hence K is closed under products.

(2) =⇒ (3). The class K = {M ∈ Mod-R : Soc(M) ≤e M} is a natural
class, so is in Fr(R) by (2).

(3) =⇒ (1). By (3), K = {M : Soc(M) ≤e M} is a hereditary torsion free
class. Since all injective hulls of simple modules are in K, the least cogenerator
C, i.e., the direct sum of injective hulls of non-isomorphic simple modules, is
in K. Since C cogenerates all modules, it follows that K = 1. So R is right
semiartinian.

(2) =⇒ (4) follows from (5.1.5).
(4) =⇒ (1). Suppose (1) does not hold. Let K be a complete set of repre-

sentatives of isomorphism classes of simple right R-modules, and let

F = {F ∈ Mod-R : HomR(K,F ) = 0, ∀K ∈ K},
T = {T ∈ Mod-R : HomR(T, F ) = 0, ∀F ∈ F}.

Since F is clearly closed under injective hulls, (T ,F) is a hereditary torsion
theory by (2.1.6). By (4), there exists a hereditary torsion theory (T ′

,F ′
)

such that F ∨ F ′
= 1 and F ∧ F ′

= 0. If T ′ 6= 0, then there exists a simple
module N ∈ T ′

. Thus, N /∈ F ′
but N ∈ F ∨ F ′

. It must be that N ∈ F .
This is a contradiction. Therefore, T ′

= 0 and so F ′
= 1. It follows that

F = 0. Thus, every nonzero module has a nonzero socle, so (1) holds. 2

It was proved in Popescu [103] that R is right semiartinian iff Tor-R is
a Boolean lattice. This result follows from (6.3.10) because the two lattices
Fr(R) and Tor-R are anti-isomorphic. The next result is taken from Alin
and Armendariz [6] and Dlab [44] (see Golan [59]). A ring R is called left
perfect if R/J(R) is a semisimple ring and J(R) is left T-nilpotent.

6.3.11. THEOREM. The following are equivalent for a ring R:

1. R is a left perfect ring.
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2. Fr(R) is a Boolean lattice and every T ∈ Tr(R) is closed under direct
products.

PROOF. (1) =⇒ (2). Since R is left perfect, R is right semiartinian and there
are only finitely many simple right R-modules, up to isomorphism. So Fr(R)
is a Boolean lattice by (6.3.10). Let (T ,F) be a hereditary torsion theory. We
want to show that T is closed under direct products. We can assume F 6= 0
and assume {M1, · · · ,Mk} is a complete set of representatives of isomorphic
classes of simple modules in F . Because R is left perfect, M1 ⊕ · · · ⊕ Mk

has a projective cover. That is, there exists a projective module P and an
epimorphism σ : P −→ M1 ⊕ · · · ⊕Mk such that Ker(σ) is small in P (i.e.,
Ker(σ) +X 6= P whenever X ⊂ P ).

We claim that

T = {M ∈ Mod-R : HomR(P,M) = 0}.

In fact, for M ∈ T and f ∈ HomR(P,M), P/[Ker(σ) +Ker(f)] is an image
of P/Ker(σ) ∼= M1 ⊕ · · · ⊕ Mk, so P/[Ker(σ) + Ker(f)] ∈ F ; but since
P/Ker(f) ∈ T , P/[Ker(σ) + Ker(f)] ∈ T . So P/[Ker(σ) + Ker(f)] = 0.
Thus, P = Ker(f) since Ker(σ) is a small submodule of P , and hence f = 0.
On the other hand, if N /∈ T , then 0 6= N/X ∈ F for some submodule X
of N . Since R is left perfect, N/X contains a simple submodule Y/X. So
Y/X ∼= Mj for some j with 1 ≤ j ≤ k. Thus there exists an epimorphism
P −→ Y/X. Since P is projective, there exists a nonzero homomorphism
P −→ Y . Hence HomR(P,N) 6= 0. So we have proved the claim. It follows
from the claim that T is closed under direct products.

(2) =⇒ (1). By (6.3.10), R is right semiartinian, and hence is left T-
nilpotent (see [8, 28.5. Remark]). So it suffices to show that R/J(R) is
semisimple Artinian. Since R is right semiartinian,

K/J(R) = Soc((R/J(R))R) ≤e (R/J(R))R.

We prove next that K = R. Suppose that K 6= R. Then K ⊆ I0 for some
maximal right ideal I0 of R. Certainly, I0/J(R) ≤e (R/J(R))R.

Let I be a maximal right ideal I with R/I ∼= R/I0. If I/J(R) is not essential
in (R/J(R))R, then there exists a right ideal L of R properly containing J(R)
such that I ∩ L = J(R). Thus, R = I + L and so

R/J(R) = (I/J(R))⊕ (L/J(R)).

It follows that R/I, and hence R/I0, is a projective right R/J(R)-module.
In particular, I0/J(R) is a summand of R/J(R), contradicting the fact that
I0/J(R) ≤e (R/J(R))R. Therefore, I/J(R) is indeed essential in (R/J(R))R.
Thus, I/J(R) ⊇ Soc(((R/J(R))R) = K/J(R), i.e., I ⊇ K. So we have proved
that

K ⊆ ∩{I : I is a maximal right ideal of R with R/I ∼= R/I0}.
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Since J(R) ⊂ K, it follows that

J(R) = ∩{I : I is a maximal right ideal of R with R/I 6∼= R/I0}.

Now let K be a complete set of representatives of isomorphism classes of simple
right R-modules not isomorphic to R/I0, and let

F = {F ∈ Mod-R : HomR(K,F ) = 0, ∀K ∈ K},
T = {T ∈ Mod-R : HomR(T, F ) = 0, ∀F ∈ F}.

Since F is clearly closed under injective hulls, (T ,F) is a hereditary torsion
theory by (2.1.6). Since
R/J(R) ↪→ Π{R/I : I is a maximal right ideal of R with R/I 6∼= R/I0},

R/J(R) ∈ T by (2). Thus, R/I0 ∈ T since J(R) ⊆ I0. This is a contradiction
since R/I0 ∈ F . So R/J(R) = K/J(R). 2

Dlab [44] gave a non-left perfect ring with only a finite number of hereditary
torsion classes, all of which are closed under direct products. The equivalence
“(2) ⇐⇒ (3)” of the next corollary is contained in Dlab [45] and Gardner [57].

6.3.12. COROLLARY. The following are equivalent for a ring R:

1. R is left perfect with a unique simple module up to isomorphism.

2. R is right semiartinian with a unique simple module up to isomorphism.

3. Tr(R) = {0,1}.

4. Nr(R) = {0,1}.

PROOF. (1) =⇒ (2) is obvious; (2) + (3) =⇒ (1) follows from (6.3.11).
(2) =⇒ (4). Fix a simple module M0. By (2), M0 embeds in every nonzero

module. It follows that d(M0) = 1 and that d(M0) ≤ K for every 0 < K ∈
Nr(R). So Nr(R) = {0,1}.

(4) =⇒ (3). (4) clearly implies that Fr(R) = {0,1}. So (3) follows.
(3) =⇒ (2). Fix a simple right R-module M0, and let

F = {F ∈ Mod-R : HomR(M0, F ) = 0},
T = {T ∈ Mod-R : HomR(T, F ) = 0,∀F ∈ F}.

Since F is clearly closed under injective hulls, (T ,F) is a hereditary torsion
theory by (2.1.6). By (3), T = 1. Thus, M0 embeds in every nonzero module.
So (2) holds. 2

The equivalence “(1) ⇐⇒ (2)” of the next theorem is obtained in Teply
[116].

6.3.13. THEOREM. The following are equivalent for a ring R:

1. R is isomorphic to a finite direct product of left perfect rings, each of
which has a unique simple module up to isomorphism.
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2. Fr(R) ⊆ Tr(R).

3. Nr(R) ⊆ Tr(R).

4. Nr(R) ⊆ T p
r (R).

5. N p
r (R) = T p

r (R).

PROOF. (1) =⇒ (2). Write R = R1 ⊕ · · · ⊕ Rn where each Ri is a left
perfect ring with a unique simple module up to isomorphism. Let (T ,F) be
a hereditary torsion theory. Suppose that F is not closed under quotients.
Then some nonzero module in F has a nonzero image in T . This implies that
some cyclic module xR ∈ F has a simple image Y in T . Let I = x⊥. Then
I = (R1 ∩ I)⊕ · · · ⊕ (Rn ∩ I) and so

xR ∼= R/I ∼= R1/(R1 ∩ I)⊕ · · · ⊕Rn/(Rn ∩ I).

Then Y is a simple image of some Ri/(Ri∩I). Of course, 0 6= Ri/(Ri∩I) ∈ F .
Since Ri is right semiartinian with a unique simple module, Y embeds in
Ri/(Ri ∩ I), so Y ∈ F . This contradiction shows that F is closed under
quotients.

(2) =⇒ (1). Let {Xα : α ∈ Λ} be a complete set of representatives of
isomorphism classes of simple R-modules and M0 = ⊕{Xα : α ∈ Λ}. Let

F = {F ∈ Mod-R : HomR(M0, F ) = 0},
T = {T ∈ Mod-R : HomR(T, F ) = 0,∀F ∈ F}.

Since F is clearly closed under injective hulls, (T ,F) is a hereditary torsion
theory by (2.1.6). Since F is closed under quotients by hypothesis and since T
contains all simple modules, we have F = 0 and so T = 1. Hence R is right
semiartinian. Thus, it follows from (6.3.10) and the hypothesis that every
natural class is closed under quotients.

For each α ∈ Λ, let Iα be a right ideal of R maximal with respect to
Iα ∈ d(Xα). Since d(Xα) is closed under quotients, Iα is indeed a unique
largest right ideal of R in d(Xα). Since d(Xα) is closed under extensions
by (2.3.5), the maximality of Iα implies R/Iα ∈ c(d(Xα)) = d(⊕β 6=αXβ).
It follows that R/(Σγ∈ΛIγ) ∈ d(⊕β 6=αXβ) since d(⊕β 6=αXβ) is closed under
quotients. Thus,

R/(Σγ∈ΛIγ) ∈ ∩α∈Λd(⊕β 6=αXβ) = 0,

so R = Σγ∈ΛIγ = Σn
i=1Iγi

for some n > 0. Thus, R = ⊕n
i=1Iγi

since

Iγi ∩ Σj 6=iIγj ∈ d(Xγi) ∩ d(⊕j 6=iXγj ) = 0

(for every i). Moreover, this direct sum is a ring direct sum, because each
Iγi

is a two-sided ideal of R (since d(Xγi
) is closed under quotients). Since

Iγi ∈ d(XIγi
) and d(XIγi

) is closed under quotients, each Iγi has a unique
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simple module up to isomorphism. Since R is right semiartinian, it follows
that each Iγi

is a right semiartinian ring. Thus, by (6.3.12), each Iγi
is a left

perfect ring with one simple module up to isomorphism.
(1) + (2) =⇒ (3). Because of (1), R is left perfect and hence right semi-

artinian. Thus, Nr(R) = Fr(R) by (6.3.10) and hence Nr(R) ⊆ Tr(R) by
(2).

(3) =⇒ (4) =⇒ (2) and (4) ⇐⇒ (5) are obvious. 2

6.3.14. COROLLARY. The following are equivalent for a ring R:

1. R is semisimple Artinian.

2. N p
r (R) = Fr(R).

3. T p
r (R) = Nr(R).

4. T p
r (R) = Fr(R).

PROOF. (1) ⇐⇒ (2) follows from (6.3.9), (6.3.10), and the fact that a ring
is right semiartinian, right QI iff it is semisimple Artinian.

(1) =⇒ (3). Let R be semisimple Artinian. Then T p
r (R) ⊆ Nr(R) by (6.3.9)

and, since R satisfies (6.3.13)(1), Nr(R) ⊆ T p
r (R). So T p

r (R) = Nr(R).
(3) or (4) =⇒ (1). Suppose (3) holds. Then R is right QI by (6.3.9) and R

is left perfect by (6.3.13). So R is semisimple Artinian. Note that (4) clearly
implies that R is right QI by (6.3.9); and (4) also implies Fr(R) ⊆ Tr(R), so
R is left perfect by (6.3.13). Thus R is semisimple Artinian.

(1) + (3) =⇒ (4). By (6.3.10), Nr(R) = Fr(R), so (4) follows from (3). 2

6.3.15. THEOREM. [9] The following are equivalent for a ring R:

1. R is right Artinian.

2. Every T ∈ T p
r (R) is closed under direct products.

PROOF. (1) =⇒ (2). Let T ∈ T p
r (R) and let N = Π{Nα : α ∈ Λ} where

all Nα ∈ T . To show N ∈ T , it suffices to show xR ∈ T for every x ∈ N .
Write x = (xα) where xα ∈ Nα. Then x⊥ = ∩αx

⊥
α . Since R is right Artinian,

x⊥ = ∩n
i=1x

⊥
αi

for some n > 0. Thus,

xR ∼= R/x⊥ ↪→ ⊕n
i=1R/x

⊥
αi
∼= ⊕n

i=1xαi
R ∈ T .

So xR ∈ T .
(2) =⇒ (1). Claim: for any module M , M⊥ = X⊥ for a finite subset X of

M . In fact, we have

R/M⊥ = R/(∩x∈Mx⊥) ↪→ Πx∈MR/x⊥ ∼= Πx∈MxR ∈ σ[⊕x∈MxR]

by hypothesis. So R/M⊥ ∈ σ[⊕x∈MxR]. Then by (2.2.5), Z⊥ ⊆ M⊥ for a
finite subset Z of ⊕x∈MxR. It follows that there exists a finite subset X of
M such that M⊥ = X⊥.
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Let {Xα : α ∈ Λ} be a complete set of representatives of isomorphism classes
of simple R-modules and M0 = ⊕{Xα : α ∈ Λ}. Since R/J(R) embeds in a
direct product of simple R-modules, we have R/J(R) ∈ σ[M0] by hypothesis,
so R/J(R) is semisimple. Thus there are only finitely many simple R-modules
up to isomorphism and so M0 is finitely generated. Let E = E(M0). Since ER

is faithful, it follows from the Claim that R ↪→ En for some n > 0. So R has
a finitely generated essential right socle. Thus, for any faithful module NR, R
embeds in Nk for some k > 0 (by the Claim), showing that Soc(N) 6= 0. Now
for any nonzero module NR, let I = N⊥. Since R/I inherits the hypothesis
and N is faithful over R/I, N has a nonzero socle over R/I and hence over R.
So we have proved that every nonzero module over R has a nonzero socle, i.e.,
R is right semiartinian. Thus, R is left T -nilpotent, and hence is left perfect
since R/J(R) is semisimple.

Let K = ∩{J(R)i : i = 1, 2, · · · }. By hypothesis, R/K ∈ σ[⊕∞i=1R/J(R)i].
Thus, R/K ∈ σ[⊕n

i=1R/J(R)i] for some n > 0. It follows that J(R)n =
J(R)n+1 = · · · = K. Since R is left T -nilpotent, it follows that J(R)n = 0.
Since R/J(R) is semisimple, J(R)i/J(R)i+1 is semisimple. Since R/J(R)i+1

inherits the hypothesis, it has a finitely generated essential right socle as
above. Thus, J(R)i/J(R)i+1 is finitely generated and hence has finite length
for i = 1, · · · , n− 1. Therefore, being of finite length, R is right Artinian. 2

6.3.16. PROPOSITION. Suppose that Nr(R) is a complete sublattice of
N p

r (R). Then K ∈ N p
r (R) is compact iff K = d(N) ∩ σ[N ] for some finitely

generated module N of finite type dimension.

PROOF. “=⇒”. Recall that MK = ⊕t∈IXt where {Xt : t ∈ I} is a complete
set of representatives of the isomorphic classes of cyclic modules in K. By
(2.5.4) and (6.1.3), K = d(MK) ∩ σ[MK] = ∨tKt where Kt = d(Xt) ∩ d(Xt).
Since K is compact, there exists a finite subset F of I such that K = ∨t∈FKt =
d(N) ∩ σ[N ], where N = ⊕t∈FXt is finitely generated. Suppose that N
is not of finite type dimension. Then N contains an essential submodule
A = ⊕∞j=1Aj such that all Aj 6= 0, Ai ⊥ Aj , whenever i 6= j. By hypothesis,
L = ∨jd(Aj) is a natural class. Then N ∈ L since A ∈ L. This shows that
K ≤ L. It follows that K ≤ ∨n

j=1d(Aj) = d(⊕n
j=1Aj) for some n > 0. Since

An+1 ∈ K, there exists a 0 < m ≤ n such that An+1 and Am have nonzero
isomorphic submodules, a contradiction.

“⇐=”. Suppose N is a finitely generated module of finite type dimension
and K = d(N) ∩ σ[N ]. Let K ≤ ∨i∈IKi with each Ki ∈ N p

r (R). Write
Ki = d(Mi) ∩ σ[Mi]. Thus, N ∈ ∨i∈IKi = d(⊕iMi) ∩ σ[⊕iMi]. Since N is
finitely generated, N is in σ[⊕i∈F1Mi] for some finite subset F1 of I. Since N
is of finite type dimension, there exists a finite subset F2 of I such that every
nonzero submodule of N has a nonzero submodule embeddable in ⊕i∈F2Mi.
Let F = F1 ∪ F2. Then

d(N) ∩ σ[N ] ⊆ d(⊕i∈FMi) ∩ σ[⊕i∈FMi] = ∨i∈FKi.

So K is a compact element in N p
r (R). 2
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6.3.17. COROLLARY. Suppose that N (R,M) is a complete sublattice of
N p

r (R) for each module M . Then the following are equivalent:

1. N p
r (R) is an algebraic lattice.

2. Every nonzero R-module contains an atomic submodule.

PROOF. (1) =⇒ (2). Let N be a nonzero module. Then, by (6.3.16),

d(N) ∩ σ[N ] = ∨i(d(Ni) ∩ σ[Ni]) = d(⊕iNi) ∩ σ[⊕iNi],

where each Ni is a finitely generated module of finite type dimension. Thus,
N ∈ d(⊕iNi) and so N contains a nonzero submodule X embeddable in Ni

for some i. Since Ni contains an essential submodule, which is a direct sum
of atomic modules, X contains an atomic submodule.

(2) =⇒ (1). Let K ∈ N p
r (R) and write K = d(N) ∩ σ[N ]. By (2), N

contains an essential submodule, which is a direct sum ⊕i∈INi of atomic
submodules. Let Ki = d(Ni) ∩ σ[N ]. Then Ki ∈ N (R,N) by (2.4.4) and
hence L = ∨Ki ∈ N (R,N) by hypothesis. Since Ni ∈ Ki for each i ∈ I, ⊕iNi

is in L and so N is in L by (2.4.2). Thus, K = L = ∨iKi. Now it suffices to
show that each Ki is a join of compact elements of N p

r (R). Let {Xi
t : t ∈ Ii}

be a complete set of representatives of the isomorphic classes of cyclic modules
in Ki and let Xi = ⊕t∈Ii

Xi
t . Then, by (2.5.4) and (6.1.3),

Ki = d(Xi) ∩ σ[Xi] = ∨t(d(Xi
t) ∩ σ[Xi

t ]).

Note that, since Ni is an atomic module, Xi
t is atomic. Thus, d(Xi

t) ∩ σ[Xi
t ]

is a compact element of N p
r (R) by (6.3.16). 2

In the final part of this section, we are concerned with a result of right
distributive rings. A ring R is called right distributive if the lattice of all
right deals of R is a distributive lattice, i.e., I ∩ (J+K) = (I ∩J)+(I ∩K)
for all right ideals I, J,K of R, or equivalently I+(J ∩K) = (I+J)∩ (I+K)
for all right ideals I, J,K of R.

6.3.18. THEOREM. [79] If R is right distributive, then fil-R is a distrib-
utive lattice. Conversely, if fil-R is a distributive lattice, then the lattice of
ideals of R is distributive. Therefore, a commutative ring R is distributive iff
fil-R is a distributive lattice.

PROOF. Let R be a right distributive ring. Since fil-R is isomorphic to
T p

r (R), we prove that T p
r (R) is a distributive lattice. Let K,L,J ∈ T p

r (R).
We need to show that K ∧ (L ∨ J ) = (K ∧ L) ∨ (K ∧ J ). It is clear that
K ∧ (L ∨ J ) ≥ (K ∧ L) ∨ (K ∧ J ). By (2.5.6), it suffices to show that every
cyclic module mR ∈ K ∧ (L ∨ J ) is in (K ∧ L) ∨ (K ∧ J ). Write L = σ[Y ]
and J = σ[Z]. Then mR ∈ L∨J = σ[Y ⊕Z]. By (2.2.5), there exist yi ∈ Y ,
zi ∈ Z (i = 1, · · · , n) such that ∩i(y⊥i ∩ z⊥i ) = ∩i(yi + zi)⊥ ⊆ m⊥. Let
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B = ∩iy
⊥
i and C = ∩iz

⊥
i . Then B ∩ C ⊆ m⊥, R/B ∈ L, and R/C ∈ J .

Thus, R/(m⊥ +B) ∈ K ∧ L and R/(m⊥ + C) ∈ K ∧ J . It follows that

R/[(m⊥ +B) ∩ (m⊥ + C)] ∈ (K ∧ L) ∨ (K ∧ J ).

But, by hypothesis,

(m⊥ +B) ∩ (m⊥ + C) = m⊥ + (B ∩ C) = m⊥.

So mR ∼= R/m⊥ ∈ (K ∧ L) ∨ (K ∧ J ). Before proving the second part, let us
note the following facts: for any ideals I and J of R,

1. σ[R/I] = σ[R/J ] iff I = J .

2. σ[R/I] ∨ σ[R/J ] = σ[R/(I ∩ J)].

3. σ[R/I] ∧ σ[R/J ] = σ[R/(I + J)].

Facts (1) and (2) are easy to see. Let us verify (3). It is obvious that
σ[R/I]∧σ[R/J ] ⊇ σ[R/(I+J)]. To show the other inclusion, we only need to
show that every cyclic module xR ∈ σ[R/I]∧σ[R/J ] is in σ[R/(I+J)]. From
R/x⊥ ∈ σ[R/I]∧ σ[R/J ], it follows that I ⊆ x⊥ and J ⊆ x⊥. So I + J ⊆ x⊥,
and thus xR ∼= R/x⊥ ∈ σ[R/(I + J)].

Now suppose fil-R, and hence T p
r (R), is a distributive lattice, and let

A,B,C be ideals of R. Then

σ[R/A] ∧ (σ[R/B] ∨ σ[R/C]) = (σ[R/A] ∧ σ[R/B]) ∨ (σ[R/A] ∧ σ[R/C]).

By the facts above, the classes on the two sides are equal to σ[R/(A+(B∩C))]
and σ[R/((A+B) ∩ (A+C))], respectively. Thus, A+ (B ∩C) = (A+B) ∩
(A+ C) by (1). 2

6.3.19. EXAMPLE. There exists a ring R such that N p
r (R) is a complete

Boolean lattice (in particular, fil-R is a distributive lattice) but R is not right
distributive.

For convenience of references, we give below a ring R such that N p
l (R) is

a complete Boolean lattice but R is not left distributive. Let F be a field
of characteristic 0 and α be the derivation of F [x] defined by α(Σaix

i) =
Σiaix

i−1. Let Q be the quotient field of F [x]. Then α induces a derivation
α on Q via the usual quotient rule for derivations. Thus, α(Q) 6= 0 and the
characteristic of Q is 0. By Kolchin [81] (or see Faith [48, p.361]), there is a
universal differential field k ⊇ Q and a derivation D of k extending α. Thus,
D(k) 6= 0. Let R = k[y,D] be the Cozzens domain. As it is well-known, R is
a two-sided QI-ring. By (6.3.9), N p

l (R) = Nl(R). Then, by (5.1.5), N p
l (R) is

a complete Boolean lattice. Consider the maximal left ideal Ry of R. Note
that Ry = {Σn

i=1aiy
i : n ≥ 1, ai ∈ k}. Choose a ∈ k such that D(a) 6= 0.

Then ya = D(a) + ay. If ya ∈ Ry, then D(a) ∈ Ry. This is impossible. So
Ry is not a two-sided ideal. By the result of Stephenson [111, Corollary 4]
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that every maximal left ideal of a left distributive ring is a two-sided ideal, R
is not left distributive. 2

Our concluding examples illustrate that some of the lattice properties of
N p(R) as well as N (R) are not, in general, left-right symmetric.

6.3.20. EXAMPLE. There is a ring R such that |N p
r (R)| = 3 but |N p

l (R)| >
3.

We here use an example of A. Viola-Prioli and J. Viola-Prioli [122]. Let K
be a field, and f : K −→ K a field monomorphism which is not onto. Consider
the ring S of twisted power series, that is, S = {Σxjaj : aj ∈ K} = K[[x; f ]]
with the usual addition and ax = xf(a), for every a ∈ K. Let R be the ring
S/x2S. By [122], R has the following properties:

1. R has only three right ideals R, xR, and (0).

2. |T p
r (R)| = 3.

3. The lattice T p
l (R) is not linearly ordered.

Since R is a right Artinian ring with a unique (up to isomorphism) simple
R-module, N p

r (R) = T p
r (R) by (6.3.13).

By (3), there exist left R-modules X and Y such that σ[X] 6⊆ σ[Y ] and
σ[Y ] 6⊆ σ[X]. Thus, d(X) ∩ σ[X] 6= d(Y ) ∩ σ[Y ], for otherwise, σ[X] = σ[Y ].
So 0, d(X)∩σ[X], d(Y )∩σ[Y ], and 1 are distinct pre-natural classes in N p

l (R).
Therefore, |N p

l (R)| ≥ 4. 2

6.3.21. EXAMPLE. There is a ring R such that |Nr(R)| = 2 but |Nl(R)| =
4.

Let R be the ring of all N-square lower triangular matrices over a field K
that are constant on the diagonal and have only finitely many nonzero entries
off the diagonal. Let J be the set of elements of R with only finitely many
nonzero entries, all occurring below the diagonal. Then J is equal to the
Jacobson radical of R and is left T -nilpotent ([8, Ex.15.8]) and R/J ∼= K. So
R is a local left perfect ring. Therefore, by (6.3.12), |Nr(R)| = 2.

Since R is local, there is a unique (up to isomorphism) simple left R-module,
say RX. To show |Nl(R)| = 4, we let Jk = {(aij) ∈ J : aij = 0 if j 6= k} for
k = 1, 2, · · · . It is true that Jk are uniform left ideals of R and J = ⊕∞k=1Jk.
Moreover, if n < m, we have as left R-modules an embedding Jm ↪→ Jn by
(aij) 7−→ (bij), where bij = ai,j+m−n. This implies that RJ is an atomic
module. For a cyclic socle-free left R-module R/I, it must be true that I =
⊕i∈V Ji for a proper subset V of N. Since J is the only maximal left ideal of
R, I is a complement left ideal of R. It follows that ⊕i∈N\V Ji is essentially
embeddable in R/I. Because RJ is atomic, we proved that any two socle-
free cyclic left R-modules have isomorphic submodules. Since Soc(RR) = 0,
X ⊥ J . Therefore, d(X) ∧ d(J) = 0 and d(X) ∨ d(J) = 1. So Nl(R) =
{0, d(X), d(J),1}. 2
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6.4 More Lattice Properties of N p
r (R)

In this section, the interrelatedness of lattice properties of N p
r (R) and ring

and module theoretic properties of R and Mod-R is pursued further, and
applications are given to the rings R for which T p

r (R) = Tr(R). The approach
is to relate the join operation of N p

r (R) to the module extension operator
E(−,−). For any module classes K1,K2, let

E(K1,K2) = {M : X ∈ K1,M/X ∈ K2 for someX ⊆M}.

We have K1 ∨K2 = E(K1,K2) for all K1,K2 ∈ Nr(R) by (6.1.7). This fact is
an immediate consequence of the following result.

6.4.1. PROPOSITION. The following are equivalent for a module M :

1. σ[M ] is closed under extensions.

2. K1 ∨ K2 = E(K1,K2) for all K1,K2 ∈ N (R,M).

PROOF. (2) =⇒ (1). Let 0 −→ X −→ N −→ Y −→ 0 be exact with
X,Y ∈ σ[M ]. Let K1 = d(X) ∩ σ[M ] and K2 = d(Y ) ∩ σ[M ]. Then K1,K2 ∈
N (R,M). Since X ∈ K1 and Y ∈ K2, we have N ∈ E(K1,K2). So, by (2),
N ∈ K1 ∨ K2. Thus, N ∈ σ[M ].

(1) =⇒ (2). Let K1,K2 ∈ N (R,M). Write K1 = L1 ∩ σ[M ] and K2 =
L2 ∩ σ[M ], where L1,L2 ∈ Nr(R). We have that

K1 ∨ K2 = (L1 ∩ σ[M ]) ∨ (L2 ∩ σ[M ])
= (L1 ∨ L2) ∧ σ[M ] (by 6.2.14)
= E(L1,L2) ∧ σ[M ] (by 6.1.7)
⊇ E(K1,K2) (by (1)).

It is easy to see that E(K1,K2) is closed under submodules and direct sums.
We now show that E(K1,K2) is closed under M -injective hulls, and hence is
an M -natural class. This then gives K1 ∨ K2 ⊆ E(K1,K2) since K1 ∪ K2 ⊆
E(K1,K2). Let N ∈ E(K1,K2). Then there exist A ∈ K1 and B ∈ K2

such that 0 −→ A −→ N −→ B −→ 0 is exact. By (2.2.10), we can write
EM (N) = EM (A) ⊕ C for some C. If C 6= 0, C ∩ N is essential in C
and C ∩ N ↪→ B. So C is always in K2. Since EM (A) ∈ K1, we see that
EM (N) ∈ E(K1,K2). 2

6.4.2. LEMMA. Let T ∈ Tr(R) and K ∈ T p
r (R). Then

1. E(T ,K) = E(T , E(T ,K)) and

2. E(K, T ) = E(E(K, T ), T ).
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PROOF. (1) One inclusion is obvious. Let M ∈ E(T , E(T ,K)). Let τ and σ
be the left exact preradicals corresponding to the hereditary pretorsion classes
E(T ,K) and T , respectively. Then M/σ(M) ∈ E(T ,K), and so there exist
modules A ∈ T and B ∈ K such that 0 −→ A −→ M/σ(M) −→ B −→ 0 is
exact. Since σ is a hereditary torsion theory, M/σ(M) is σ-torsion free. It
follows that A = 0. So M/σ(M) ∼= B ∈ K. This gives that M ∈ E(T ,K).

(2) One inclusion is obvious. Let M ∈ E(E(K, T ), T ). Let τ and σ be
the left exact preradicals corresponding to the hereditary pretorsion classes
E(K, T ) and K, respectively. Then we have M/τ(M) ∈ T . Since τ(M) ∈
E(K, T ), τ(M)/σ(M) = τ(M)/σ(τ(M)) ∈ T . Because T is closed under
extensions, we have M/σ(M) ∈ T . It follows that M ∈ E(K, T ). 2

6.4.3. THEOREM. The following statements are equivalent for a ring R:

1. Tr(R) is a sublattice of T p
r (R).

2. K1 ∨ K2 = E(K1,K2) for all K1,K2 ∈ Tr(R).

PROOF. (1) =⇒ (2). For K1,K2 ∈ Tr(R), K1 ∪ K2 ⊆ K1 ∨ K2. By (1),
K1 ∨K2 is closed under extensions, so E(K1,K2) ⊆ K1 ∨K2. Since K1 ∨K2 ≤
E(K1,K2), K1 ∨ K2 = E(K1,K2).

(2) =⇒ (1). By (2), it is enough to show that E(K1,K2) is closed un-
der extensions. Let 0 −→ X −→ M −→ M/X −→ 0 be exact such that
X,M/X ∈ E(K1,K2) and let τ, τ1 be the left exact preradicals correspond-
ing to the hereditary pretorsion classes E(K1,K2) and K1, respectively. It
follows that M/τ(M) ∈ E(K1,K2). From τ(M) ∈ E(K1,K2), we have
τ(M)/τ1(M) ∈ K2. Since

0 −→ τ(M)/τ1(M) −→M/τ1(M) −→M/τ(M) −→ 0

is exact, we see that M/τ1(M) ∈ E(K2, E(K1,K2)). Note that (2) implies
that E(K1,K2) = E(K2,K1). So, by (6.4.2), we have

M/τ1(M) ∈ E(K2, E(K2,K1)) = E(K2,K1) = E(K1,K2).

Thus, M ∈ E(K1, E(K1,K2)) = E(K1,K2) by (6.4.2). 2

The next example gives a ring R such that Tr(R) is not a sublattice of
T p

r (R).

6.4.4. EXAMPLE. Let Q = Π∞i=1Fi be a direct product of rings, where
F1 = Z4 and Fi = Z2 for i > 1. Let R be the subring of Q generated
by 2F1 ⊕ (⊕∞i=2Fi) and 1Q. Then Soc(R) = 2F1 ⊕ (⊕∞i=2Fi) is the unique
proper essential ideal of R. It follows that Z(R) = 2F1 and K = ⊕∞i=2Fi is
nonsingular and hence projective. Note that Z(R) and K are complements
of each other in R. So Z(R) is essentially embeddable in R/K and K is
essentially embeddable in R/Z(R). It follows that R/K is Goldie torsion and
R/Z(R) is nonsingular. So Z2(R) = Z(R). Let K be the class of all Goldie
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torsion modules and L be the class of all projective semisimple modules.
Clearly K and L are in Tr(R). Thus, RR ∈ E(L,K). Since Z2(R) is not
a direct summand of RR, R/Z2(R) is not projective. So R/Z2(R) is not in L.
This shows that RR /∈ E(K,L). Therefore, E(L,K) 6= E(K,L). By (6.4.3),
Tr(R) is not a sublattice of N p

r (R). 2

6.4.5. COROLLARY. The following statements are equivalent for a ring
R:

1. T p
r (R) = Tr(R).

2. K1 ∨ K2 = E(K1,K2) for all K1,K2 ∈ T p
r (R).

PROOF. (1) =⇒ (2) is by (6.4.3).
(2) =⇒ (1). For any K ∈ T p

r (R), K = K ∨ K = E(K,K). This shows that
K is closed under extensions, and so K ∈ Tr(R). 2

It follows clearly that T p
r (R) = Tr(R) implies E(K1,K2) = E(K2,K1) for

all K1,K2 ∈ T p
r (R). The study of rings R with T p

r (R) = Tr(R) was initiated
by J. Viola-Prioli in [126], and continued by Fenrick [50], Handelman [72],
A. Viola-Prioli and J. Viola-Prioli [123], Teply [118], van den Berg [119], and
Dauns and Zhou [40]. It is suggested by (6.4.5) that there exist connections
between properties of this class of rings and lattice properties of N p

r (R).

6.4.6. PROPOSITION. [126] Let R be a ring with T p
r (R) = Tr(R).

1. Z(RR) = 0.

2. I2 = I for every ideal I of R.

PROOF. (1). Let Z be the class of all singular right R-modules. By hypoth-
esis, Z ∈ Tr(R). From the exact sequence

0 −→ Z(RR) −→ E(Z(RR)) −→ E(Z(RR))/Z(RR) −→ 0,

it follows that E(Z(RR)) ∈ Z. Then Z(RR) = 0 by (3.1.17).
(2). For an ideal I of R, let M = (I/I2) ⊕ (R/I) and let T = σ[M ]. By

hypothesis, T ∈ Tr(R). From the exact sequence

0 −→ I/I2 −→ R/I2 −→ R/I −→ 0,

it follows that R/I2 ∈ T . Since MI = 0, (R/I2)I = 0; so I = I2. 2

6.4.7. THEOREM. Let R be a ring such that T p
r (R) = Tr(R). Then the

following statements hold:

1. For any essential submodule N of a nonsingular module M , M ∈ σ[N ].

2. Every nonsingular quasi-injective module is injective.

3. There exists a ring decomposition R = R1×R2, where R1 is a semisimple
Artinian ring and the right socle of R2 is zero.
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4. For any right ideal I of R, I⊥ is a complement right ideal of R and there
exists a finitely generated submodule X of I such that I⊥ = X⊥.

5. RR has finite type dimension.

6. R is a (finite) direct sum of indecomposable rings.

PROOF. (1) Let M be a nonsingular module and N ≤e M . Let K be the
class of all singular R-modules and L = σ[N ]. Then M ∈ E(L,K). By (6.4.5),
M ∈ E(K,L). Thus, M ∈ L = σ[N ].

(2) Let M be nonsingular quasi-injective. By (1), E(M) ∈ σ[M ]. It follows
that M is E(M)-injective. So M = E(M) is injective.

(3) By (6.4.6), Soc(RR) is nonsingular; so Soc(RR) is injective by (2).
Then R = Soc(RR)⊕ I for some right ideal I of R. Since R is semiprime (by
6.4.6) and Soc(RR) is an ideal, R = Soc(RR)⊕ I is a ring direct sum and so
Soc(II) = 0.

(4) Let I be a right ideal of R. If K is an essential extension of I⊥ in RR,
then K ∈ σ[I⊥] by (1). Note I⊥I = 0 since R is semiprime. It follows that
KI = 0. So IK = 0 and hence K = I⊥. So I⊥ is a complement right ideal of
R. Let J be a complement of I in RR. Then I is essentially embeddable in
R/J . By (1), R/J ∈ σ[IR]. There exists a finitely generated submodule X of
I such that R/J ∈ σ[X]. Thus, I ∈ σ[X]. It follows that I⊥ = X⊥.

(5) If not, then R contains an essential right ideal ⊕∞i=1Ii, where each Ii is
nonzero and Ii ⊥ Ij if i 6= j. We claim that IiIj = 0 for all i 6= j. If not, then
aIj for some i 6= j. Thus, because R is right nonsingular, Ij −→ Ii, x 7−→ ax,
is a nonzero homomorphism whose kernel is a complement submodule of Ij .
This contradicts that Ii ⊥ Ij . Now by (1), R ∈ σ[⊕∞i=1Ii]. It follows that
R ∈ σ[⊕n

i=1Ii] for some n. This gives that In+1 = RIn+1 = 0, which is a
contradiction.

(6) Suppose the type dimension of RR is n. Then R cannot be a direct sum
of n+ 1 (non-trivial) rings. So (6) follows. 2

6.4.8. COROLLARY. [126] Let R be a commutative ring. Then T p
r (R) =

Tr(R) iff R is a finite product of fields.

PROOF. If R is commutative with T p
r (R) = Tr(R), then R is (von Neumann)

regular by (6.4.6)(2) and R is a finite product of indecomposable rings by
(6.4.7)(6). It follows that R is a finite product of fields. The converse is clear.
2

6.4.9. COROLLARY. A ring R is right semiartinian with T p
r (R) = Tr(R)

iff R is a semisimple Artinian ring.

PROOF. The implication“=⇒” follows from (6.4.7)(3), and the other impli-
cation is clear. 2

6.4.10. LEMMA. Let R be a ring direct product R = Πn
i=1Ri. Then

T p
r (R) = Tr(R) iff T p

r (Ri) = Tr(Ri) for each i.
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PROOF. “=⇒”. Let πi be the projection from R onto Ri. If N ∈ Mod-Ri,
let N(i) = N ∈ Mod-R denote the induced R-module, where xr = xπi(r) for
all x ∈ N and r ∈ R. For T ∈ T p

r (Ri), let K = {N(i) : N ∈ T }. Then
K ∈ T p

r (R), so K ∈ Tr(R) by hypothesis. Thus, T ∈ Tr(Ri).
“⇐=”. For T ∈ T p

r (R), let Ti = {NRi : N ∈ T } for each i. Then Ti ∈
T p

r (Ri), and so Ti ∈ Tr(Ri) by hypothesis. Let 0 −→ X −→ M −→ Y −→ 0
be an exact sequence in Mod-R with X,Y ∈ T . Then, for each i,

0 −→ XRi −→MRi −→ Y Ri −→ 0

is an exact sequence in Mod-Ri with XRi, Y Ri ∈ Ti. So MRi ∈ Ti. Thus,
MRi = NRi for some N ∈ T . It follows that MRi ∈ T . So

M = MR1 ⊕ · · · ⊕MRn ∈ T .

2

6.4.11. COROLLARY. T p
r (R) = Tr(R) iff R = Πn

i=1Ri where Ri is an
indecomposable ring with T p

r (Ri) = Tr(Ri) for each i.

PROOF. It follows from (6.4.7)(6) and (6.4.10). 2

The Noetherian condition has attracted much interest in the study of rings
R with T p

r (R) = Tr(R). J. Viola-Prioli [126] and Handelman [72] conjectured
that any ring R with T p

r (R) = Tr(R) is right Noetherian. Fenrick [50] proved
that if R is right Noetherian such that T p

r (R) = Tr(R), then R is a right
V -ring, i.e., every simple R-module is injective. A. Viola-Prioli and J. Viola-
Prioli remarked in [123] that in spite of Fenrick’s result, even in the Noetherian
case the characterization of the rings R for which T p

r (R) = Tr(R) remains
open. A study of rings R with Gabriel dimension such that T p

r (R) = Tr(R)
was carried out in Teply [118] where it was proved that these rings are right
Noetherian and every T ∈ T p

r (R) is closed under injective hulls. With the
help of Teply’s result, it was proved in Dauns and Zhou [40] that a ring R is a
right Noetherian ring R with T p

r (R) = Tr(R) iff R is a right QI-ring. In [119],
van den Berg gave examples of rings R with T p

r (R) = Tr(R) but which are
neither right V-rings nor right Noetherian, thus answering the above question
of J. Viola-Prioli and Handelman.

We inductively define the Gabriel dimension of a module M , denoted
GdimM , as follows: We put Gdim(M) = 0 iff M = 0. Let α be a nonlimit
ordinal and assume Gdim is defined for all β < α. Then we say that a
module X is α-simple if for every 0 6= Y ⊆ X both Gdim(Y ) 6< α and
Gdim(X/Y ) < α. We then say that GdimM = α if GdimM 6< α and for
each N ⊂ M , M/N contains a β-simple module for β ≤ α. Note that GdM
has been used for the Goldie dimension of M (see 5.1.17).

Several facts on Gabriel dimension needed are stated here as well as in the
next lemma: For N ⊆M ,

GdimM = sup{Gdim(M/N), GdimN}
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if either side exists; if M contains a chain of submodules each of the same
dimension, then the union must have the same dimension; for an α-simple
module M , GdimM = α and α is a nonlimit ordinal; a nonzero submodule
of an α-simple M is α-simple; the 1-simple modules are precisely the usual
simple modules; if R has Gabriel dimension, so does every R-module; right
Noetherian rings always have Gabriel dimension. For more information on
the Gabriel dimension, see Gordon and Robson [69,70].

6.4.12. LEMMA. Let U = {M ∈ Mod-R : GdimM exists}. Then U ∈
T p

r (R).

In the rest of this section, µ denotes the left exact preradical corresponding
to the hereditary pretorsion class U .

6.4.13. LEMMA. Let N be a β-simple submodule of M . Then there exists
a β-simple submodule X of M maximal with respect to N ⊆ X.

PROOF. Let {Xi : i ∈ I} be a chain of submodules of M where each Xi is
β-simple and N ⊆ Xi, and let X = ∪iXi. We prove X is β-simple, and then
the claim follows from Zorn’s Lemma. Clearly, GdimX = β. It suffices to
show that, for any 0 6= Y ⊆ X, Gdim(X/Y ) < β. Since Y 6= 0,

K = {i ∈ I : Y ∩Xi 6= 0}

is not empty; and

X/Y = ∪i∈I(Xi + Y )/Y = ∪i∈K(Xi + Y )/Y

with {(Xi + Y )/Y : i ∈ K} a chain of submodules of X/Y . For each i ∈ K,
since Xi is β-simple,

Gdim((Xi + Y )/Y ) = Gdim(Xi/(Y ∩Xi)) ≤ β − 1.

It follows that Gdim(X/Y ) < β. 2

6.4.14. LEMMA. Let N ≤e M such that Gdim(M/N) = α and N is a
β-simple module. If α < β, then M is β-simple.

PROOF. From the hypothesis, it follows that GdimM = β. It suffices to
show that for any 0 6= X ⊆ M , Gdim(M/X) < β. Since N ≤e M , we have
N ∩X 6= 0; so

Gdim((X +N)/X) = Gdim(N/(X ∩N)) < β

asN is β-simple. Moreover, Gdim(M/(X+N)) ≤ α < β asGdim(M/N) = α.
It follows that Gdim(M/X) < β. 2

6.4.15. LEMMA. [118] Let R be a ring with T p
r (R) = Tr(R).

1. If M is a β-simple module, then µ(E(M)) is β-simple.
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2. If M is a semisimple module, then M = µ(E(M)).

PROOF. (1) Since M is a β-simple submodule of µ(EM), there exists a β-
simple submodule X of µ(EM) maximal with respect to M ⊆ X by (6.4.13).
It suffices to show that X = µ(EM). Suppose X 6= µ(EM). Then there
exists an N ⊆ µ(EM) such that N/X is α-simple for some ordinal α > 0.
By (6.4.14), it follows from the maximality of X that β ≤ α. Let F be
the class of all α-simple and all β-simple modules. Then σ[MF ] ∈ Tr(R),
so N ∈ σ[MF ]. By (2.2.1), there exist W ≤ K ≤ M

(I)
F for an index set I

such that N ∼= K/W ≤e M
(I)
F /W . Write M (I)

F = A ⊕ B where A = ⊕γ∈IAγ

with each Aγ β-simple, and B = ⊕γ∈JBγ with each Bγ α-simple. Thus,
K ≤e A⊕B, and there exists an epimorphism θ : K −→ N . Let H = θ−1(X),
so N/X ∼= K/H ↪→ (A ⊕ B)/H. Since X ≤e N (as M ≤ X ≤ N ≤ EM),
we have H ≤e K and so H ≤e A⊕ B. Then H ∩ Aγ 6= 0 for each γ ∈ I and
H ∩Bγ 6= 0 for each γ ∈ J . Thus,

α = Gdim(N/X)
≤ Gdim((A⊕B)/H)
≤ Gdim((A⊕B)/[(⊕γ∈IH ∩Aγ)⊕ (⊕γ∈JH ∩Bγ)]
= Gdim[(⊕γ∈IAγ/(H ∩Aγ))⊕ (⊕γ∈JBγ/(H ∩Bγ))]
< α

as each Aγ is β-simple and each Bγ is α-simple and β ≤ α. This contradiction
shows that µ(EM) = X is β-simple.

(2) If M is semisimple, then M ∈ U ; so M ⊆ µ(EM). Suppose M 6=
µ(EM). Then there exists an N ⊆ µ(EM) such that N/M is α-simple for
some ordinal α > 0. Since the class of all semisimple modules is a hereditary
pretorsion class, it is closed under extensions by hypothesis. Let F be the
class of all α-simple and all 1-simple modules. Then σ[MF ] ∈ Tr(R), so
N ∈ σ[MF ]. Next, arguing as in the proof of (1) line by line, one obtains the
contradiction α < α. 2

6.4.16. PROPOSITION. [118] Let R be a ring with T p
r (R) = Tr(R).

1. µ(R) is a ring direct summand of R.

2. If R is a right V-ring, then every ideal of R is a ring direct summand of
R.

PROOF. Let I be an ideal of R. By Zorn’s Lemma, there exists an ideal J of
R maximal with respect to I∩J = 0. Let T = σ[X] whereX = I⊕[R/(I⊕J)].
Then T is closed under extensions by hypothesis. So R/J ∈ T . Thus, there
exists a right R-module epimorphism θ : K −→ R/J where K ⊆ A ⊕ B,
A = In, and B = (R/(I ⊕ J))n for some n > 0.
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Let L = K ∩B, and let

H/J = Σ{f(L) : f ∈ HomR(L,R/J)}.

Then H/J is an ideal of R/J and (H/J)I = (Σf(L))I = Σf(LI) = 0, as
BI = 0. But

(H/J)I ⊇ [(I ∩H + J)/J ](I ∩H) = (I ∩H + J)/J

(since (I∩H)2 = I∩H by 6.4.6), so I∩H ⊆ J . Hence I∩H = I∩J = 0. The
maximality of J shows that H = J . Thus, θ(L) ⊆ H/J = 0. So θ induces an
epimorphism

θ
′
: K/L −→ R/J.

Let π : A ⊕ (B/L) −→ A be the projection. Since (K/L) ∩ (B/L) = 0 and
since K/L ⊆ A⊕ (B/L), the restriction of π to K/L is a monomorphism.

Suppose I ⊕ J 6= R. We prove that there is a contradiction when R is a
right V-ring or I = µ(R). Choose a maximal right ideal P of R such that
I ⊕ J ⊆ P and let η : R/J −→ R/P be the natural epimorphism. Then
ηθ

′
π−1 : π(K/L) −→ R/P is an epimorphism. Since π(K/L) ⊆ A, ηθ

′
π−1

can be extended to a homomorphism φ : A −→ E(R/P ).
If I = µ(R), then µ(A) = A; so φ(A) = φ(µ(A)) ⊆ µ(E(R/P )) = R/P

by (6.4.15)(2), and thus φ(A) = R/P . If R is a right V-ring, then R/P =
E(R/P ) and so again φ(A) = R/P . Since I2 = I by (6.4.6), AI = A and so
0 = (R/P )I = φ(A)I = φ(AI) = φ(A) = R/P , a contradiction. 2

6.4.17. COROLLARY. A ring R is a right V-ring with T p
r (R) = Tr(R) iff

R = Πn
i=1Ri, where each Ri is a simple right V-ring with T p

r (R) = Tr(R).

PROOF. “=⇒”. By (6.4.11), R = Πn
i=1Ri where each Ri is an indecompos-

able ring and T p
r (Ri) = Tr(Ri). Since R is a right V-ring, each Ri is a right

V-ring. Then it follows from (6.4.16) that Ri is a simple ring.
“⇐=”. Let R = Πn

i=1Ri where each Ri is a simple right V-ring with
T p

r (Ri) = Tr(Ri). So it follows from (6.4.10) that T p
r (R) = Tr(R). To see that

R is a right V-ring, let NR be simple and let NR ≤e MR. We need to show
that N = M . Since NR is simple, there exists some k such that N = NRk

and NRi = 0 for i 6= k. It follows from NR ≤e MR that (NRj)R ≤e (MRj)R

for each j. So (NRj)Rj
≤e (MRj)Rj

for each j. Thus, MRk = NRk = N
and MRi = NRi = 0 for i 6= k. So M = MR1 ⊕ · · · ⊕MRn = N . 2

The implication (3) =⇒ (2) in the next theorem is due to Teply [118].

6.4.18. THEOREM. The following statements are equivalent for a ring R:

1. R is a right QI-ring.

2. R is a right Noetherian ring with T p
r (R) = Tr(R).

3. R has Gabriel dimension and T p
r (R) = Tr(R).
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4. K1 ∨ K2 = E(K1,K2) for all K1,K2 ∈ N p
r (R).

5. T p
r (R) = Tr(R), and E(K1,K2) ∈ N p

r (R) for all K1,K2 ∈ N p
r (R).

6. T p
r (R) = Tr(R) and every singular quasi-injective R-module is injective.

PROOF. (1) =⇒ (2) + (4). Let R be a right QI-ring. By (6.3.9), N p
r (R) =

Nr(R) and T p
r (R) ⊆ Nr(R). Thus, (4) follows from (6.1.7), and it also follows

from (6.1.7) that every T ∈ T p
r (R) is closed under extensions. So (2) holds.

(2) =⇒ (3). Right Noetherian rings always have Gabriel dimension.
(3) =⇒ (1). Since R has Gabriel dimension, U = Mod-R. Thus, for any

semisimple module M , EM ∈ U . So EM = µ(EM) = M by (6.4.15)(2). So
M is injective. A well-known result of Byrd [14] states that if every semisimple
right module over a ring is injective, this ring must be right Noetherian. So it
follows that R is right Noetherian. Next, we prove that every T ∈ T p

r (R) is
closed under injective hulls. Thus, (1) follows by (6.3.9). Let M ∈ T . Since R
is right Noetherian, EM = ⊕γEγ where each Eγ is a uniform injective module.
So it suffices to show that each Eγ ∈ T . Let N = M ∩Eγ and C = Eγ . Since
N ∈ U , N contains a nonzero β-simple module S for some ordinal β. Since
EN ∈ U , C = EN = µ(EN) = µ(ES) is β-simple by (6.4.15)(1). Let τ be
the left exact radical corresponding to σ[N ] (since σ[N ] ∈ T p

r (R)), and let

K = σ[τ(C)⊕ C/τ(C)].

Thus, K ∈ Tr(R) by hypothesis. So C ∈ K. Then there exists an epimorphism
θ : K −→ C where K ⊆ A ⊕ B, A = ⊕τ(C), and B = ⊕(C/τ(C)). Let
L = K ∩ B. Since C is β-simple and τ(C) ≤e C, Gdim(C/τ(C)) < β and
hence GdimL < β. Thus, Gdimθ(L) < β. It must be that θ(L) = 0 as C is
β-simple. Hence θ induces an epimorphism K/L −→ C. But

K/L = K/(K ∩B) ∼= (K +B)/B ↪→ A

and A ∈ σ[N ]. It follows that C ∈ σ[N ] ⊆ T .
(4) =⇒ (1). Let M be a quasi-injective R-module and let K = σ[M ].

By (4), K is closed under extensions, so it is a hereditary torsion class. Let
τ be the left exact radical corresponding to K. Since M is quasi-injective,
M = EM (M) = τ(EM). Thus, τ(EM/M) = 0̄. Let L = d(EM/M). Then
EM ∈ E(K,L). It follows from (4) that EM ∈ E(L,K). So there exists
X ≤ EM such that X ∈ L and EM/X ∈ K. Since τ(EM/M) = 0̄, X ∈ L
implies that τ(X) = 0. But X ∩M ⊆ τ(X), so it must be that X = 0. This
shows that EM ∈ K = σ[M ]. Since M is quasi-injective, M is EM -injective.
This implies that M = EM is injective. So R is right QI.

(4) =⇒ (5) is by (6.4.5).
(1) =⇒ (6). For T ∈ T p

r (R), T ∈ Nr(R) by (6.3.9). So T is closed under
extensions by (2.3.5). Thus, T ∈ Tr(R).

(5) =⇒ (4). Because of the condition T p
r (R) = Tr(R) and (2.3.5), every

pre-natural class is closed under extensions. Thus, for K,L ∈ N p
r (R),

E(K,L) ⊆ E(K ∨ L,K ∨ L) = K ∨ L.
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But K ∪ L ⊆ E(K,L) ∈ N p
r (R) by (5); so K ∨ L ⊆ E(K,L).

(6) =⇒ (1). Note that every quasi-injective module is a direct sum of
a nonsingular quasi-injective module and a singular quasi-injective module
(since Z(RR) = 0) and hence is injective by (6) and (6.4.7)(2). 2

There exist rings R such that E(−,−) is not an operation on N p
r (R).

6.4.19. EXAMPLE. For a ring R, let Z be the class of all singular R-
modules and let F be the class of all nonsingular R-modules. Then Z,F are
in N p

r (R) and E(Z,F) = {M ∈ Mod-R : M/Z(M) is nonsingular}.

Now let R =
{(

a x
0 a

)
: a ∈ Z, x ∈ Z2

}
. Then R is a ring under matrix

addition and multiplication. Let

I =
{(

0 x
0 0

)
: x ∈ Z2

}
, J =

{(
a 0
0 a

)
: a ∈ 2Z

}
.

Then I and J are ideals and I ∩ J = 0. Note that a right ideal K of R is
essential in RR iff I ⊕ L ⊆ K for some nonzero right ideal L with L ⊆ J . It
follows that IR is singular and R/I is nonsingular. So R ∈ E(Z,F). Thus,
E(Z,F) is a pre-natural class iff E(Z,F) is a natural class. But by (3.1.17),
the injective hull E(I) is not singular. Thus I ⊆ Z(E(I)) 6= E(I) and so
E(I)/Z(E(I)) is not nonsingular (is singular indeed). This shows that E(I)
is not in E(Z,F). So E(Z,F) is not a natural class. Therefore, E(Z,F) is
not a pre-natural class. 2

Below is a decomposition theorem of right QI-rings.

6.4.20. THEOREM. A ring R is right QI iff R is a (finite) direct product
of simple right QI-rings.

PROOF. Let R be a right QI-ring. Being right Noetherian, R has a decom-
position R = Πn

i=1Ri where each Ri is an indecomposable ring. Then each Ri

is right Noetherian, and T p
r (Ri) = Tr(Ri) by (6.4.10) and (6.4.18). Hence Ri

is right QI by (6.4.18). Then it follows from (6.4.16) that Ri is a simple ring.
Conversely, let R = Πn

i=1Ri where each Ri is simple right QI-ring. Then
Ri is right Noetherian with T p

r (Ri) = Tr(Ri) by (6.4.18). So R is right
Noetherian, and it follows from (6.4.10) that T p

r (R) = Tr(R). Then R is right
QI by (6.4.18). 2

Below is a decomposition theorem of rings R with T p
r (R) = Tr(R).

6.4.21. THEOREM. R is a ring with T p
r (R) = Tr(R) if and only if R =

R1 × · · · × Rn × S where each Ri is a simple right QI-ring, no nonzero ideal
of S has Gabriel dimension, and T p

r (S) = Tr(S).

PROOF. “⇐=”. This is by (6.4.10) and (6.4.18).
“=⇒”. By (6.4.16), µ(R) is a ring direct summand of R; the claim then

follows from (6.4.10), (6.4.18), and (6.4.20). 2
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We conclude by giving some examples of rings R with T p
r (R) = Tr(R). In

particular, we present rings R with T p
r (R) = Tr(R), but R is neither right

V-rings nor right Noetherian rings, as observed by van den Berg [119]. These
examples follow from a few results of Golan, A. Viola-Prioli and J. Viola-
Prioli, van den Berg and Raftery on chain rings. Recall that a right chain
ring is a ring all of whose right ideals are linearly ordered by inclusion. We
let

η(I) = {KR ⊆ RR : I ⊂ K}
for any proper ideal I of R and let

η̄(I) = {KR ⊆ RR : I ⊆ K}

for any ideal I of R.

6.4.22. PROPOSITION. [121] Let R be a right chain ring. Then A ∈ fil-R
iff A = η(I) for some proper ideal I of R or A = η̄(I) for some ideal I of R.

PROOF. “⇐=”. For an ideal I, η̄(I) is always a linear topology. For a proper
ideal I of R, to see η(I) ∈ fil-R, it suffices to show that if K ∈ η(I) and r ∈ R,
then r−1K ∈ η(I). This is obviously true if r ∈ I. Hence, assume r /∈ I and
consider L = (I + rR) ∩K ∈ η(I). Take s ∈ L\I and write s = u + rv with
u ∈ I and v ∈ R. As rv ∈ K, we have v ∈ r−1K. But, v /∈ I since s /∈ I. So
r−1K 6⊆ I. Thus, r−1K ∈ η(I) since R is a right chain ring.

“=⇒”. For A ∈ fil-R, let I0 = ∩{I : I ∈ A}. We first show that I0 is an ideal
of R. Suppose aI0 6⊆ I for a ∈ R and some right ideal I ∈ A. Then ab /∈ I for
some b ∈ I0. This implies that 0 6= (abR+ I)/I ∼= R/(ab)−1I = R/b−1(a−1I)
and thus b−1(a−1I) 6= R. But, on the other hand, since a−1I ∈ A, we have
b ∈ I0 ⊆ a−1I and hence b−1(a−1I) = R, a contradiction. So I0 is an ideal
of R. Thus, if I0 ∈ A, then A = η̄(I0). Now assume I0 /∈ A; we show that
A = η(I0). To this end, given K ∈ η(I0) we must have I0 ⊂ K, so K 6⊆ I
for some I ∈ A. Thus, I ⊂ K since R is a right chain ring. This shows that
K ∈ A; and it follows that A = η(I0). 2

The next proposition is well known.

6.4.23. PROPOSITION. Let I be an ideal of R. Then η̄(I) is a Gabriel
topology iff I2 = I.

PROOF. ⇐=. If I2 = I, then I2 ∈ η̄(I). Let A,B be ideals with A ∈ η̄(I)
and a−1B ∈ η̄(I) for all a ∈ A. Then I ⊆ A and a−1B ⊇ I for all a ∈ A.
Thus aI ⊆ B for all a ∈ A, that is, AI ⊆ B. It follows that I = I2 ⊆ AI ⊆ B,
so B ∈ η̄(I).

=⇒. If I 6= I2, then I2 /∈ η̄(I), but I ∈ η̄(I). Thus, a−1I2 ⊇ I for all a ∈ I.
So (2.1.8)(4) is not satisfied. 2

A proper ideal I of R is said to be completely prime if ab ∈ I always
implies a ∈ I or b ∈ I, or equivalently R/I is a domain. A reduced ring is a
ring containing no nonzero nilpotent elements.

6.4.24. LEMMA. [63] The following hold for a right chain ring R:
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1. If R is reduced, then R is a domain.

2. Every nonzero idempotent proper ideal of R is completely prime.

PROOF. (1) Assume ab = 0 where a, b ∈ R. Since R is a right chain ring,
either a = bc or b = ad. If a = bc, then a2 = abc = 0; hence a = 0. If b = ad,
then (ba)2 = baba = 0. Thus, ba = 0 and hence b2 = bad = 0; so b = 0.

(2) Let I 6= 0 be a proper ideal of R with I2 = I. To show I is completely
prime, it suffices to show that R/I is reduced by (1). Assume that this is not
the case. Then there exists a ∈ R such that a2 ∈ I and I ⊂ aR. We then
have I = I2 ⊆ (aR)I = aI ⊆ a2R ⊆ I. Therefore I = a2R, which in turn
implies I = I2 = a2RI = a2I. It follows that a2 = a2y for a certain element
y ∈ I. Since I is proper, 1 − y is a unit of R, which forces I = a2R = 0, a
contradiction. 2

6.4.25. PROPOSITION. [63] Let R be a right chain ring and let I be a
completely prime ideal of R. Then η(I) is a Gabriel topology.

PROOF. By (6.4.22), η(I) is a linear topology. Let U and K be right ideals
of R with K ∈ η(I) and k−1U ∈ η(I) for every k ∈ K. We prove that
U ∈ η(I). If U /∈ η(I), then U ⊆ I. Take a ∈ K\I. Since a−1U ∈ η(I), we
can choose x ∈ a−1U\I. Therefore ax ∈ U ⊆ I. But neither a nor x belongs
to I, so I is not completely prime. 2

The next theorem follows from (6.4.22), (6.4.23), and (6.4.25).

6.4.26. THEOREM. [119] Let R be a right chain ring all of whose ideals
are idempotent. Then T p

r (R) = Tr(R). 2

The following theorem of van den Berg and Raftery [120, Theorem 9] shows
that there is an abundance of rings R satisfying the hypothesis of (6.4.26). Its
proof (omitted here) uses technical methods for constructing noncommutative
right chain rings.

6.4.27. THEOREM. [120] The following conditions are equivalent for a
chain L:

1. L is an algebraic lattice.

2. There is a right chain domain R such that L is isomorphic to the lattice
of proper ideals of R, and all ideals of R are idempotent.

2

Thus, if R is a non-simple ring satisfying the hypothesis of (6.4.26), then
T p

r (R) = Tr(R), but R is neither a right V-ring by (6.4.17) nor a right
Noetherian ring by (6.4.18) and (6.4.20). We may therefore conclude from
(6.4.26) and (6.4.27) that there do exist rings R satisfying T p

r (R) = Tr(R),
but R is neither a right V-ring nor a right Noetherian ring.
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6.4.28. REFERENCES. Dauns and Zhou [40]; Fenrick [50]; Golan, A.
Viola-Prioli and J. Viola-Prioli [63]; Gordon and Robson [69,70]; Handelman
[72]; Teply [118]; van den Berg [119]; van den Berg and Raftery [120]; A.
Viola-Prioli and J. Viola-Prioli [121,123]; J. Viola-Prioli [126].
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6.5 Lattice Nr(R) and Its Applications

In this section it will be shown that Nr(·) can be made into a functor. Some
consequences of the functoriality of Nr(·) are explored. In general, natural
classes are defined for a given ring R, and depend on R. However, certain
very useful classes, the so-called universal natural classes, are defined for every
ring, e.g., Goldie torsion, molecular, bottomless, continuous, discrete, types
I, II, III. The reason for their universality will be explained by means of the
functor Nr(·).

In this section, abbreviate Nr = N . The category of all rings R,S, . . . with
identity, and identity preserving ring homomorphisms φ : R −→ S, which are
onto, is denoted by A. Here the symbol such as A for any category refers to
the disjoint union of its objects and its morphisms.

Let B denote the category whose objects are complete Boolean lattices
L1, L2, . . . with 0 and 1. And the morphisms f : L1 −→ L2 of B are zero
preserving lattice homomorphisms which are one to one with convex images.
Note that fL1 = {y ∈ L2 : y ≤ f1}. Any lattice homomorphism f : L1 −→ L2

is said to be complete if f preserves arbitrary sups and infs. It follows
that the above morphisms f ∈ B are complete. For technical reasons, the
degenerate Boolean lattice {0} with 0 = 1 must belong to B. Above, the map
f : L1 −→ L2 is a monic ring homomorphism of Boolean rings L1, L2 which
need not preserve the identity elements.

An arbitrary morphism of A will be denoted throughout as φ : R −→ S
with kernel φ−10 = I / R, and for simplicity assume that φ : R −→ R/I = S
is the natural projection. Right singular submodules and right injective hulls
with respect to the ring S are denoted by ZS , ZS

2 , and ES . (Thus ZR = Z,
ZR

2 = Z2, and ER = E). Throughout, let N = NS ∈ Mod-S. The induced
R-module is denoted by Nφ, where n · r = n(φr) = n(r + I), n ∈ N . Write
ZNφ = Z(Nφ) and ENφ = E(Nφ).

For any subclass Y of right R-modules as before, d(Y) ∈ N (R) denotes the
natural class generated by Y.

6.5.1. DEFINITION. For KS ∈ N (S), define KS
φ = {Nφ : N ∈ Ks}. The

correspondence N −→ Nφ induces a covariant functor φ# : Mod-S −→ Mod-
R which on morphisms, is the identity. This functor φ# induces a map

φ∗ : N (S) −→ N (R), KS 7−→ d(KS
φ).

More generally, for any subclass Y ⊆ Mod-S, Yφ and φ∗Y are defined as
above.

One of our objectives will be to show that the assignments S −→ N (S),
φ −→ N (φ) = φ∗ define a contravariant functor N : A −→ B.

Copyright 2006 by Taylor & Francis Group, LLC



Lattices of Module Classes 191

6.5.2. OBSERVATIONS.

1. For any N ∈ Mod-S, the lattice of S-submodules of N coincides with the
lattice of R-submodules of Nφ. In particular, essential and complement
submodules of the Abelian group N = Nφ are identical over S and R.
The same applies to quotient modules.

2. For N,N ′ ∈ Mod-S, HomS(N,N ′) = HomR(Nφ, N
′
φ).

3. Since N ≤e E
SN , by (1), also Nφ ≤e (ESN)φ. Consequently, there

exists an embedding Nφ ≤e (ESN)φ ≤e E(Nφ).

4. There is a natural copy of ESN in E(Nφ). As an Abelian group
ESN = (ESN)φ = {x ∈ ENφ : xI = 0}.

The latter equality follows from the fact that this submodule satisfies
Baer’s criterion over S, in view of (2).

5. Again by (2), (ESN) is a quasi-injective R-module. Hence ENφ contains
a unique S-injective hull of N as given in (4).

6.5.3. REMARKS. (1) For a pre-natural class K ∈ N p
r (S), Kφ ∈ N p

r (R) =
N p(R).

(2) The restriction and corestriction φ# : N p(S) −→ N p(R), φ#K = Kφ,
K ∈ N p(S), is a complete lattice monomorphism with a convex and complete
image

φ#N p(S) = {K ∈ N p(R) : ∀ V ∈ K, V I = 0}.

(3) Although both φ# : N p(S) −→ N p(R) as well as φ∗ : N (S) −→ N (R), are
lattice monomorphisms, in general they do not preserve lattice complements,
because in general they need not be onto.

PROOF. (1) It suffices to show that for any N ∈ K, tr(Kφ, ENφ) ∈ Kφ.
Using (6.5.2)(2,4), since tr(K, ESN) ∈ K, we have

tr(Kφ, ENφ) = tr(K, ESN)φ ∈ Kφ.

(2) The function φ# is order preserving and one to one, and finite or infinite
suprema are computed by the same formula in either N p

r (S) or in N p
r (R).

Thus (2) holds.

The next straightforward lemma will be used repeatedly later on.

6.5.4. LEMMA. Let I / R, S = R/I, KS ∈ N (S), and φ, φ∗ as before. For
any M ∈ Mod-R, define AnnMI = {m ∈M : mI = 0}. Then

1. φ∗KS = {M ∈ Mod-R : ∃ N ∈ KS , Nφ ≤e M};

2. φ∗KS = {M ∈ Mod-R : ∃ N ∈ KS ,M ↪→ ENφ};

3. φ∗KS = {M ∈ Mod-R : AnnMI ≤e M,AnnMI ∈ KS}.
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PROOF. Omit (1) and (2). (3) For M ∈ φ∗KS and N ∈ KS with M ↪→ ENφ

as in (2), M ∩ Nφ ≤e M , and since NI = 0, M ∩ Nφ ⊆ AnnMI. Thus
AnnMI ≤e M . Since M∩N ∈ KS , and (M∩N)S ≤e (AnnMI)S by (6.5.2)(1),
AnnMI ∈ KS . 2

6.5.5. LEMMA. For φ ∈ A, φ∗ : N (S) −→ N (R) as in (6.5.1), and A, B
as at the beginning, the following hold.

1. ∀ KS ,LS ∈ N (S), φ∗KS ⊆ φ∗LS ⇐⇒ KS ⊆ LS ; in particular, φ∗ is one
to one.

2. φ∗(N (S)) is convex and upper directed in N (R).

3. For any φ ∈ A, φ∗ ∈ B. In particular, φ∗ is a complete lattice homo-
morphism.

PROOF. (1) ⇐=. This is trivial. =⇒. Let φ∗KS ⊆ φ∗LS . Take any P ∈ KS .
Then Pφ ∈ KS

φ ⊆ φ∗KS ⊆ φ∗LS . This means that there exists a Q ∈ LS with
Qφ ≤e Pφ by (6.5.4)(1). Then QS ≤e PS by (6.5.2)(1), and hence P ∈ LS .
Thus KS ⊆ LS .

(2) Suppose that 0 ⊆ J ⊆ φ∗KS for some J ∈ N (R) and KS ∈ N (S). We
will show that J = φ∗LS where LS = {P ∈ KS : Pφ ∈ J }. To show that
LS is a natural class, it suffices to show that if PS ≤e QS where P ∈ LS and
Q ∈ Mod-S, then also Q ∈ LS . But again, by (6.5.2)(1), Pφ ≤e Qφ. Since
Pφ ∈ J , also Qφ ∈ J , and hence Q ∈ LS . Thus LS ∈ N (S). Next, it will be
proven that φ∗LS = J . By definition of φ∗,

φ∗LS = {M ∈ Mod-R : ∃ N ∈ LS , Nφ ≤e M}
= {M : ∃ N ∈ Mod-S,Nφ ∈ J , N ∈ KS , Nφ ≤e M} ⊆ J ,

where the last equality came from replacing “N ∈ LS” by the definition of LS .
In order to show that J ⊆ φ∗LS , start with M ∈ J . Since M ∈ J ⊆ φ∗KS ,
there exists Nφ ≤e M for some N ∈ KS by (6.5.4)(1). But then Nφ ∈ J since
M ∈ J . By the definition of LS , N ∈ LS . Since Nφ ≤e M with N ∈ LS ,
by (6.5.4)(1), M ∈ φ∗LS . Thus φ∗LS = J and φ∗(N (S)) is convex in N (R),
and since N (S) is upper directed, so is φ∗(N (S)).

(3) By (2), φ∗(N (S)) is a complete lattice, since N (R) is complete. The
corestriction of φ∗ to N (S) : N (S) −→ φ∗(N (S)) is a bijective map of com-
plete lattices which is order preserving with an order preserving inverse, and
hence complete. Thus φ∗ ∈ B. 2

6.5.6. DEFINITION. For any ring R and for any class of right R-modules
such as K ∈ N (R) = Nr(R), define

Kt = {M : M ∈ K, Z2M = M};
Kf = {M : M ∈ K, ZM = 0}.
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Note that Kt = {Z2M : M ∈ K}, and that Kt,Kf ∈ N (R). Set

Nt(R) = {Kt : K ∈ N (R)} and Nf (R) = {Kf : K ∈ N (R)}.

It is clear that N (R) = Nt(R) ⊕ Nf (R) is a lattice direct sum of convex
complete sublattices. The following two technical lemmas will be needed
later, and for the readers’ benefit we provide their proof.

6.5.7. LEMMA. For φ : R −→ S = R/I where I = φ−10 /R, let N ∈ Mod-
S, Nφ ∈ Mod-R, and ZS , ZS

2 as in the beginning. Then the following hold:

(1) ZSN ⊆ ZNφ;

(2) ZS
2 N ⊆ Z2Nφ.

Now let I < R be a right complement. Then

(3) ZSN = ZNφ; hence

(4) ZS
2 N = Z2Nφ; and in particular,

(5) ZS(R/I) = Z(R/I), and ZS
2 (R/I) = Z2(R/I).

PROOF. (1) Since N = Nφ as Abelian groups, for n ∈ N , AnnSn = n⊥/I,
where n⊥ = {r ∈ R : nr = 0}. If n /∈ ZNφ, then n⊥ ⊕ B ≤ R for some
0 6= B ≤ R. Then n⊥/I ⊕ [(B + I)/I] ≤ R/I shows that n /∈ ZSN . Hence
ZSN ⊆ ZNφ.

(2) Since ZSN ⊆ N , ZSN is an R-module with (ZSN)I = 0. Also ZNφ ⊆
N , and (ZNφ)I = 0. Let π : N/ZSN −→ N/ZNφ be the natural quotient
map induced by (1). Then π restricts and corestricts to induce the map

π : ZS(N/ZSN) −→ ZS(N/ZNφ) ⊆ Z(N/ZNφ),

where the last inclusion follows by applying (1) to the module N/ZNφ. Now
(2) follows.

(3) It has to be shown that for any n ∈ ZNφ, AnnSn = n⊥/I is an essential
right ideal of S. It is here that we need to use the fact that I is a complement
right ideal of R to conclude that n⊥/I ≤e R/I is essential as a right R-module,
and hence by (6.5.2)(1) also essential as a right S-module. Thus (3) holds.
Conclusions (4) and (5) now follow from (3). 2

6.5.8. LEMMA. For I /R and S = R/I, assume in addition that I < R is a
complement right ideal. Set K = I + ZR < R and let K be the complement
closure of K in R. Then

(1) K / R; and

(2) ZS
2 (S) = K/I.
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PROOF. (1) Note that K = {r ∈ R : r−1K ≤e R}. Let b ∈ R, t ∈ K,
and r ∈ t−1K. Since K / R, we have btr ∈ K, r ∈ (bt)−1K, and hence
t−1K ⊆ (bt)−1K ≤e R. Thus, bt ∈ K.

(2) Let Z(R/I) = T/I. Then T = {r ∈ R : r−1I ≤e R}, and hence
K/I ≤ Z(R/I) ≤ K/I. Since I is a complement right ideal ofR,K/I ≤e K/I;
thus K/I ≤e Z(R/I) ≤e K/I. It follows that K/I ≤e Z2(R/I). But K is
a complement right ideal of R, so K/I is a complement right ideal of R/I;
hence K/I = Z2(R/I). 2

6.5.9. For any ring R, any nonsingular cyclic module can be embedded in
E(R/Z2R). For N (R) = Nt(R) ⊕ Nf (R), both of the latter are complete
Boolean lattices with identities. For Nf (R), d(R/Z2R) is the identity element.

6.5.10. COROLLARY. Let φ : R −→ S = R/I be a morphism of A and
K = I + ZR ≤e K ≤ R as before in the last lemma. Then

φ∗(Nf (S)) ⊆ Nf (R), φ∗(d(S/Z2S)) = d(R/K).

2

PROOF. Since Z2(R/I) = K/I, Z(R/K) = 0, and hence R/K ∈ d(R/K) ∈
Nf (R). Since for any N = NS , ZSN = 0 implies by (6.5.7)(3) that ZNφ = 0,
φ∗Nf (S) ⊆ Nf (R). By (6.5.8) and by (6.5.2)(1), φ∗(d(S/Z2S)) = d(R/K). 2

6.5.11. DEFINITION. Let A∗ ⊂ A have the same objects as A, i.e., all
rings R,S, . . . with identity, but only those surjective identity preserving ring
homomorphisms φ : R −→ S ∼= R/I, whose kernels I = φ−10 are complement
right ideals of R.

6.5.12. LEMMA. The morphisms in A∗ are closed under composition, i.e.,
A∗ is a category.

PROOF. Let K/R and K ⊂ L/R. Note that L/K < R/K is a complement
R-submodule if and only if it is a complement right ideal of R/K, since the
R- and R/K-submodules of R/K coincide.

It suffices to show that if K is a complement right ideal of R and L/K is a
complement R-submodule of R/K, then L is a complement right ideal of R.
The proof will hold more generally verbatim the way it is if K < L < R are
replaced by any three right R-modules.

Choose G,H < R such that K⊕G ≤e L and L⊕H ≤e R are essential. It is
now that the hypothesis that K < R is a complement is needed to show that
(L/K)⊕ [(H ⊕K)/K] ≤e R/K remains essential. Next, the hypothesis that
L/K < R/K is a complement R-submodule is needed to conclude that it is
maximal with respect to (L/K) ∩ [(H ⊕K)/K] = 0. The latter is equivalent
to L ≤ R being a submodule maximal with respect to L ∩ (H ⊕K) = K, or
since K ⊂ L, by the modular law to (L ∩H) ⊕K = K, or L ∩H = 0. But
the latter implies that L < R is a right complement. 2

6.5.13. COROLLARY. For A∗ as above, A∗ is a subcategory of A.
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PROOF. Let K / R, L / R with K ⊂ L, and let R −→ R/K and R/K −→
(R/K)

/
(L/K) be two morphisms in A∗. Then their composite R −→ R/L is

also in A∗ by the previous lemma. 2

Finally all the pieces have been assembled in order to make N (·) into a
functor.

6.5.14. THEOREM. Let A∗ ⊂ A, B, φ : R −→ S = R/I ∈ A with kernel
φ−10 = I /R be as at the beginning, and N (S) = Nt(S)⊕Nf (S) as in (6.5.6),
and K = I + ZR ≤e K ≤ R as in (6.5.8). Define N (φ) = φ∗ as in (6.5.1).
Then the following hold:

(1) N : A −→ B is a contravariant functor, where φ∗ : N (S) −→ N (R) is a
zero preserving monic lattice homomorphism (equivalently ring homo-
morphism of associated Boolean rings) with a convex (and hence com-
plete) image in N (R). Consequently, φ∗ preserves all arbitrary infima
and suprema.

(2) φ∗Nt(S) ⊆ Nt(R), and Nt(·) ≤ N (·) is a subfunctor.

If in (3) and (4) below, in addition φ ∈ A∗, then the following hold:

(3) φ∗Nf (S) ⊆ Nf (R), Nf (·) ≤ N (·) is a subfunctor, and
N (·) = Nt(·)⊕Nf (·)

is a direct sum of functors.

(4) φ∗Nf (S) = {K ∈ N (R) : K ⊆ d(R/K)}.

6.5.15. NOTATION. As suggested by (5.1.8), let A,B,C,D be functions
mapping rings with identity R,S, . . . to elements of N (R),N (S), . . . ; A(R) ∈
N (R) are the molecular modules, and similarly for bottomless B, continuous
(uniform free) C, and discrete D. Let CA be the continuous molecular ones,
i.e., (CA)(S) = C(S) ∩ A(S). Similarly, I, II, and III are now functions,
where III(R) is the natural class of all type III right R-modules as in (5.1.11).
Again, the same way for any cardinal ℵ = 1, ℵ0,ℵ1, . . . , ∆ℵ(R) is the natural
class of all right R-modules of local Goldie dimension ℵ.

Just what is it about A, B, C, D, I, II, III, ∆ℵ and many other such
classes that they can be defined for every ring to yield a natural class? The
answer is that they are special examples of universal natural classes, which
we define and study next. As a corollary we will show that any finite pairwise
orthogonal set of universal classes can be extended to a maximal one so N is
a finite direct sum of subfunctors, e.g.,

N = NC ⊕ND = NCA ⊕ND ⊕NB = NI ⊕NII ⊕NIII .

This also helps to explain why universal natural classes give direct sum de-
compositions of modules.
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6.5.16. PROPOSITION. Let ∆ be a function defined for all rings S,R, . . .
with identity where ∆(S) ∈ N (S), ∆(R) ∈ N (R), . . . , etc. Then (1), (2), and
(3) are all equivalent, where each is to hold for all φ : R −→ S = R/I, with
φ ∈ A.

(1) ∀ N ∈ ∆(S), Nφ ∈ ∆(R); ∀0 6= P ∈ c(∆(S)), Pφ /∈ ∆(R).

(2) ∀ N ∈ Mod-S, if X ⊕ Y ≤e N with X ∈ ∆(S) and Y ∈ c(∆(S)), then
Xφ ⊕ Yφ ≤e Nφ with Xφ ∈ ∆(R) and Yφ ∈ c(∆(R)).

(3) φ∗∆(S) ⊆ ∆(R) and φ∗c(∆(S)) ⊆ c(∆(R)).

PROOF. Note that in (2), Xφ⊕Yφ ≤e Nφ simply becauseX⊕Y ≤e N . Thus,
immediately (3) =⇒ (2) =⇒ (1). Use of (6.5.4)(1) shows the converse (2) =⇒
(3). (1) =⇒ (3). By hypothesis (1) and again (6.5.4)(1), φ∗∆(S) ⊆ ∆(R). So
if (3) is false, then there is a V ∈ c(∆(S)) with Vφ /∈ c(∆(R)). By definition of
c(∆(R)), there exists a 0 6= P ≤ Vφ with P ∈ ∆(R) (and PI = 0). But then,
since P ⊆ V ∈ c(∆(S)), 0 6= P ∈ c(∆(S)) with Pφ ∈ ∆(R), contradicting (1).
2

6.5.17. DEFINITION. A universal natural class is a function ∆ map-
ping rings with identity to natural classes over those rings satisfying the equiv-
alent conditions (1), (2), and (3) of the last proposition. If the last proposition
holds only for all φ in A∗, then ∆ will be called an A∗-universal natural
class. (Thus an A-universal natural class is simply called a universal
natural class.)

The key feature in the above concepts is (6.5.16)(2), which says that if
you find one essential direct sum N1 ⊕ N2 ≤ N as in (2) for some ring S,
then this very same decomposition will also satisfy (2) for all rings R which
can be mapped surjectively onto S, i.e., φ : R � S ∼= R/I. For an A∗-
universal natural class, the above only holds for those rings R, where I < R
is a complement right ideal. “Universal natural class” sometimes will be
abbreviated to just “universal class.”

For universal classes ∆1,∆2,∆, their Boolean combinations are defined
componentwise by

(∆1 ∨∆2)(R) = ∆1(R) ∨∆2(R),
(∆1 ∧∆2)(R) = ∆1(R) ∧∆2(R),

c(∆)(R) = c(∆(R)),

and similarly for more complicated formulas. We will use the next corollary
only in the finite case.

6.5.18. COROLLARY. Any (finite or infinite) Boolean combination of
universal natural classes is one also.
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PROOF. Let ∆, ∆γ , γ ∈ Γ, be universal natural classes, where Γ is a set.
By (6.5.16)(2) or (3), so is c(∆). For any ring R, it follows immediately that
(
∧

γ∈Γ ∆γ)(R) =
∧

γ∈Γ ∆γ(R) satisfies (6.5.16)(1,2,3). Since c(∆γ), γ ∈ Γ,
has been shown to be universal, so is c(

∨
γ∈Γ ∆γ)(R) =

∧
γ∈Γ c(∆γ)(R). 2

Given any finite set of universal natural classes, upon applying a finite
number of the Boolean operations of joins, meets, and complements, this set
can be turned into a maximal pairwise disjoint set suitable for direct sum
decompositions of modules.

6.5.19. COROLLARY. The functions A, B, C, CA, D, I, II, III, and
∆ℵ, ℵ = 1,ℵ0,ℵ1, . . . are universal natural classes.

PROOF. The functor φ# : Mod-S −→ Mod-R, with φ : R −→ S = R/I and
φ#NS = Nφ, preserves submodules, essential submodules, direct summands,
essential direct sums.

By the above, clearly C, D, and ∆ℵ satisfy (6.5.16)(2).
For an S-module N , NS is atomic if and only if Nφ is atomic.
By the above for NS ∈ Mod-S, N ∈ A(S) if and only if Nφ ∈ A(R).

Next, c(A) = B, and let WS ∈ B(S). If Wφ /∈ B(R), then it contains an
atomic module 0 6= Nφ ≤ Wφ. But then NS ≤ WS is an atomic submodule,
contradicting that WS ∈ B(S). Thus A, B, and also CA now have been
shown to be universal.

In order to show that (6.5.16)(1) holds for type I, first for any NS ∈ Mod-S
the following are equivalent:

(i) ∃ ENφ = X ⊕ Y ⊕ C, 0 6= X ∼= Y ;

(ii) ∃ ESN = P ⊕Q⊕D, 0 6= P ∼= Q.

(i) =⇒ (ii). By [66, Cor.2.14], since (ESN)φ is quasi-injective by (6.5.2)(5),
(i) induces a decomposition

ESN = (X ∩ ESN)⊕ (Y ∩ ESN)⊕ (C ∩ ESN).

Let ψ : X −→ Y = ψX be an isomorphism. By (6.5.2)(4),

X ∩ ESN = {x ∈ X : xI = 0}

and ψ maps the latter set bijectively onto Y ∩ ESN = {y ∈ Y : yI = 0}.
(ii) =⇒ (i). Application of “E(·)” to (ii) produces (i), i.e.,

E(ESN)φ = ENφ = EPφ ⊕ EQφ ⊕ ED.

For any NS ∈ I(S), if Nφ /∈ I(R), then there exist decompositions (i) and (ii),
contradicting that N ∈ I(S). Since

c(I(S)) = {NS : ∀ 0 6= L ≤ N, ∃ ESL = P ⊕Q⊕D, 0 6= P ∼= Q}
= {NS : ∀ 0 6= L ≤ N, ∃ decompositions (i) and (ii)

for ELφ and ESL},
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if 0 6= L ∈ c(I(S)), then Lφ /∈ I(R). Hence by (6.5.16)(1), the function I is
universal.

For type III, for NS ∈ Mod-S, (iii) and (iv) are equivalent.

(iii) ∃ ENφ = X ⊕ Y ⊕ C, 0 6= X ∼= Y ∼= X ⊕ Y ;

(iv) ∃ ESN = P ⊕Q⊕D, 0 6= P ∼= Q ∼= P ⊕Q.

(iii) =⇒ (iv). As before, by the quasi-injectivity of (ESN)φ,

ESN = (X ∩ ESN)⊕ (Y ∩ ESN)⊕ (C ∩ ESN)

with X ∩ESN ∼= Y ∩ESN . Let f : X −→ X ⊕ Y be an isomorphism. Next,

Z = {z = x+ y : x ∈ X, y ∈ Y, xI = 0}
= {z = x+ y : x ∈ X, y ∈ Y, xI = 0 = yI}
= (X ∩ ESN)⊕ (Y ∩ ESN).

Then f maps X ∩ ESN = {x ∈ X : xI = 0} bijectively onto Z. Thus

X ∩ ESN ∼= (X ∩ ESN)⊕ (Y ∩ ESN)

holds. That (iv) =⇒ (iii) follows upon applying “E(·)” to (iv).

We verify that the function III satisfies (6.5.16)(1). For any S-module WS ,
W ∈ III(S) if and only if for any 0 6= N ≤ W , N satisfies (iv), and hence
Nφ satisfies (iii). Thus NS ∈ III(S) if and only if Nφ ∈ III(R). Suppose
that 0 6= L ∈ c(III(S)), but Lφ ∈ III(R). Then every 0 6= N ≤ Lφ satisfies
(iv) and hence also (iii). But then 0 6= LS ∈ III(S), a contradiction. Thus
(6.5.16)(1) holds and the function III is universal.

For any ring R, c(I(R) ∨ III(R)) = II(R). Hence II is easily seen to be
universal by (6.5.19). 2

For any ring R, define G(R) = {MR : M = Z2M}. Note that G(R) =∨
Nt(R) is the identity element of the Boolean latticeNt(R). Then c(G)(R) =∨
Nf (R) is the identity of Nf (R).
The next example shows that G is not a universal natural class, and that

Nf : A −→ B by Nf (φ) = φ∗ for φ ∈ A is not a functor, and Nf is not a
subfunctor of N , although on objects R, Nf (R) ⊆ N (R).

6.5.20. EXAMPLE. Let p be a prime and let

R =
{(

n x
0 n

)
: n ∈ Z, x ∈ Zp∞

}
be the trivial extension of Z and the Z-module Zp∞ . Take

I =
{(

0 x
0 0

)
: x ∈ Zp∞

}
,

and φ : R −→ S = R/I ∼= Z. Set NS = S. Since I ≤e ZR ≤e R, Z2R = R.
Then the inclusion ZS

2 N = (0) ⊂ Z2Nφ = R/I in (6.5.7)(1,2) can be proper.
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Now Nf (S) 6= 0, while N (R) = Nt(R) and Nf (R) = 0, and φ∗Nf (S) ⊆
Nt(R). Thus “φ∗Nf (S) ⊆ Nf (R)” is false, and Nf is not a functor of A −→
B.

Here S ∼= Z ∈ c(G)(S), and Sφ ∈ G(R). This violates (6.5.13)(1). So G is
not a universal natural class.

If we restrict our ring homomorphism to ones with complement kernels,
then not only is Nf a functor, but G and c(G)(S) become A∗-universal. This
can be proved by use of (6.5.7)(4) and (6.5.13)(1).

6.5.21. The function G which assigns to any ring R the class G(R) of
Goldie torsion modules and the class (cG)(R) of nonsingular modules is an
A∗-universal natural class.

6.5.22. REFERENCES. Dauns [32,25]; Zhou [136].
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6.6 Boolean Ideal Lattice

In the previous section we saw that for any ring R, N (R) = Nt(R)⊕Nf (R).
For any module M , MZ2(R) ⊆ Z2(M). Hence Nf (R) ∼= Nf (R/Z2R). In this
section it will be shown how every ring R contains a Boolean lattice of certain
two sided ideals of R isomorphic to Nf (R). In order to do this, we will have
to transfer some information from E(R/Z2R) to R. For this, the following
two lemmas will be needed.

6.6.1. LEMMA. Suppose that ZM ⊆ K < M . Then

(1) K = {m ∈M : m−1K ≤e R} is the unique complement closure of K in
M .

(2) K/Z2M ≤M/Z2M is a complement submodule.

(3) If Z2M ⊆ K and K/Z2M < M/Z2M is a complement submodule, then
K = K.

PROOF. (1) If K ≤e C ≤ M where C ≤ M is a complement submodule,
then always (even if ZM 6⊆ K) C ⊆ K. We show K ≤e K. For if m ∈ K\K,
then m⊥ ⊂ m−1K is proper, and hence 0 6= m(m−1K) ⊆ K.

(2) For any N ≤ K, K/N ≤ M/N is a complement submodule, because
K ≤M is a complement submodule.

(3) Essential extensions modulo complement submodules remain essential.
Since by (1), K ≤e K, also K/Z2M ≤e K/Z2M , and by hypothesis (3),
K = K. 2

The statement of the next lemma corrects an error in [26, Prop.1.5(2),
p.330].

6.6.2. LEMMA. Assume that Z2M ⊆ K < M . Consider the following:

(1) K < M is fully invariant.

(2) EK < EM is fully invariant.

(3) K/Z2M < M/Z2M is fully invariant.

(4) E(K/Z2M) < E(M/Z2M) is fully invariant.

Then (3) =⇒ (1), and (2) ⇐⇒ (4); and if K < M is a complement submodule,
then (2) =⇒ (1) and (4) =⇒ (3).

PROOF. (3) =⇒ (1). Let φ ∈ EndRM . Since φZ2M ⊆ Z2M , φ defines
φ̃ ∈ EndR(M/Z2M) with φ̃K/Z2M ⊆ K/Z2M , or φK ⊆ K.
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(4) ⇐⇒ (2). For any D ≤M with Z2M ⊕D ≤e M , Z2M ⊕ (K ∩D) ≤e K.
Hence E(K/Z2M) ∼= E(K ∩D) ≤ ED ∼= E(M/Z2M). Thus (4) holds if and
only if E(K ∩D) ≤ ED is fully invariant. Since E(Z2M) = Z2(EM),

EK = Z2(EM)⊕ E(K ∩D) ≤ Z2(EM)⊕ ED = EM.

For any ψ ∈ EndR(EM), since ψZ2(EM) ⊆ Z2(EM), (2) holds if and only if

ψE(K ∩D) ⊆ Z2(EM)⊕ E(K ∩D).

Hence (4) =⇒ (2).
Suppose (2) holds. Let φ ∈ EndR(ED). As seen above, to show (4) holds,

it suffices to show that φE(K ∩D) ⊆ E(K ∩D). Define

ψ ∈ EndR(EM) = EndR(Z2(EM)⊕ ED)

by setting ψ |Z2(EM)= 0 and ψ |ED= φ. Then since

EK = Z2(EM)⊕ E(K ∩D),

by hypothesis (2),

φE(K ∩D) = ψEK ⊆ Z2(EM)⊕ E(K ∩D) .

Since also φE(K ∩D) ⊆ ED by definition of φ, we have that

φE(K ∩D) ⊆ ED ∩ [Z2(EM)⊕ E(K ∩D)] = E(K ∩D)

by the modular law. Thus (4) holds.
(2) =⇒ (1). For φ ∈ EndRM , extend φ to φ̂ ∈ EndR(EM). By hypothesis

(2), φ̂EK ⊆ EK. Hence φK ⊆ φ̂EK ∩M = EK ∩M = K. The last equality
is because K ≤M is a complement submodule.

(4) =⇒ (3). Apply “(2) =⇒ (1)” to the modules K,M replaced by K/Z2M ,
M/Z2M . 2

6.6.3. LEMMA. Let P < M be a complement submodule, and for P ⊆
I < M , assume I/P < M/P is a complement. Then I < M is a complement
submodule.

PROOF. If P = I, we are done. So let P ⊕B ≤e I for some 0 6= B < M . If
I <e Q ≤ M , then P ⊕ B <e Q. Since P is a complement submodule of M ,
(P ⊕B)/P <e Q/P . Hence I/P <e Q/P is a contradiction, and I < M must
be a complement submodule. 2

The next proposition is of independent interest.

6.6.4. PROPOSITION. Let N < M be a complement submodule. Then
the following hold:

(1) EN < EM is fully invariant =⇒ N <t M . If ZM = 0, then
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(2) EN < EM is fully invariant ⇐⇒ N <t M .

PROOF. (1) If not, let N < K ≤t M with K ∈ d(N). In other words, K is
a type closure of N in M . Then N ⊕ B ≤e K for some 0 6= B ≤ M . Since
B ∈ d(N), there exist nonzero submodules V1 and V2 such that

M ⊃ N ≥ V1
∼= V2 ≤ B ⊆M .

The isomorphism V1
∼= V2 extends to a map ψ ∈ EndR(EM) with ψV1 = V2,

contradicting the full invariance of EN < EM .
(2) This is a consequence of two general facts. For any modules N < M and

any endomorphism ψ : M −→M whose kernel is a complement, ψN ∈ d(N).
If ZM = 0, then ψN ∈ Σ{V : M ≥ V ∈ d(N)}, where the latter is the unique
type closure of N in M . Now N <t M implies that EN <t EM . Simply
apply the above two facts to the modules EN < EM . 2

6.6.5. LEMMA. Assume that Z2R ⊆ J < R is a right complement and
that EJ < ER is fully invariant. Then J/Z2R is the unique type submodule
of R/Z2R of type d(J/Z2R).

PROOF. Since J < RR is a complement submodule, J/Z2R < R/Z2R is
a complement submodule with E(J/Z2R) < E(R/Z2R) fully invariant by
(6.6.2), (2) =⇒ (4). But then, by (6.6.4), J/Z2R <t R/Z2R is a type submod-
ule. In nonsingular modules, type submodules of a certain type are unique.
2

The previous lemma and next theorem correct an error in [26, 2.5, 2.6,
pp.332-333], where the hypothesis that EJ < ER is fully invariant was left
out.

6.6.6. THEOREM. For any ring R, let as before Nf (R) be the set of all
natural classes of nonsingular right R-modules. Let J (R) be the set of all
complement right ideals J ≤ R such that Z2R ⊆ J and EJ < ER is fully
invariant. (Thus for any J ∈ J (R), J /R and J/Z2R < R/Z2R are both fully
invariant.) Then there is a bijection J (R) ∼= Nf (R), which preserves order in
both directions given by

(1) J (R) −→ Nf (R), J 7−→ d(J/Z2R) ∈ Nf (R);

(2) Nf (R) −→ J (R), K 7−→ J ; where J/Z2R is the unique type submodule
of R/Z2R of type K.

PROOF. (2) It has to be shown that the map K 7−→ J is well defined, onto,
and one to one. Since J/Z2R ≤t R/Z2R is a complement, it follows that also
J ≤ R is a complement by (6.6.3). By (6.6.4), E(J/Z2R) ≤ E(R/Z2R) is fully
invariant. Thus EJ < ER is fully invariant by (6.6.2), (4) =⇒ (2). Hence
J ∈ J (R). For any J ∈ J (R), d(J/Z2R) 7−→ J by (6.6.5). Suppose that
K1 6= K2 ∈ Nf (R) are mapped to J ∈ J (R), that is, J/Z2R is the (unique)

Copyright 2006 by Taylor & Francis Group, LLC



Lattices of Module Classes 203

type submodule of R/Z2R of both type K1 and type K2. Then there exists a
cyclic module 0 6= xR ∈ K1 ∩ c(K2). Thus xR ∼= R/x⊥ with

Z2R ⊆ x⊥ < x⊥ ⊕ C ≤e R

for some 0 6= C ≤ R. Then

0 6= xC ∼= (C ⊕ Z2R)/Z2R ⊆ J/Z2R ∈ K2.

Hence 0 6= xR ∈ K2 ∩ c(K2) is a contradiction.
(1) For any K ∈ Nf (R), define J ∈ J (R) by K 7−→ J as in (2). By (6.6.5),

also d(J/Z2R) 7−→ J . By what was proved above for part (2), K = d(J/Z2R).
Thus the map in (1) is the inverse of the function given by (2). Both maps
preserve the order which is set inclusion in both Nf (R) and J (R). 2

6.6.7. COROLLARY. If ZR = 0, and ER is regarded as a ring, then
J (R) ∼= J (ER).

PROOF. Since ZR = 0, ER is a (von Neumann) regular right self injective
ring ([66, Cor.2.31, p.60]). For any J < R, EJ < ER is a right ideal of ER.

We will show that J (R) −→ J (ER), J 7−→ EJ is a bijection whose inverse
is J (ER) −→ J (R), P 7−→ P ∩ R. By [112, Cor.2.3, p.247], ER is the
ring ER = HomR(ER,ER). For J ∈ J (R), since (EJ)R < (ER)R is fully
invariant, ER · EJ ⊆ EJ ∈ J (ER).

Conversely, for P ∈ J (ER), since PR ≤e (EP )R, P = EP . But both EP
and ER are also injective right ER-modules ([66, Prop.2.9(a), p.45]). The full
invariance of EP < ER as right ER-modules implies that P is an ideal in ER.
The right R-complement closure of P ∩ R ≤ R in R is E(P ∩ R) ∩ R. From
EP ∩ R = P ∩ R ≤ R ≤e ER, we see that P ∩ R ≤ R is a right complement
ideal. Thus P ∩R ∈ J (R), and J (R) ∼= J (ER).

The next theorem serves as an example of a class of nonsingular rings R ⊂
Λ = ER for which their lattices J (R) ∼= J (Λ) can be found explicitly. Very
different kinds of techniques are required for this, which might be applicable
to the rings of continuous functions.

6.6.8. THEOREM. If R is a Boolean ring with identity, and Λ its (unique
over R) completion, then Nf (R) ∼= J (R) ∼= Λ. In particular, Nf (Λ) ∼=
J (Λ) ∼= Λ.

PROOF. Let R ⊆ Λ be, as in (1.2.6), the ring of all clopen sets and the field
of all regular open sets on X, respectively. View Λ as a lattice of characteristic
functions χH of regular open sets H ⊆ X. Each J / R defines the open set

S(J) =
⋃
{B : B ⊆ X,χB ∈ J}.

Conversely, every open set O ⊆ X defines an ideal I(O) / R by

I(O) = {χB : B ⊆ O, B is clopen}.
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These are inverse operations I[S(J)] = J and S[I(O)] = O ([71, Lemma 1,
p.82]).

Thus we have a “subset” function S, and an “ideal” function I, which are
bijections and mutual inverses:

S :{Ideals of R} −→ {Open subsets of X}, J 7−→ S(J),
I :{Open subsets of X} −→ {Ideals of R}, O 7−→ I(O).

It is next shown that the complement ideals of R under this bijection corre-
spond precisely to the elements of Λ, i.e., to regular open subsets of X.

For any J / R, let H be the interior of the closure of S(J) in X. It can be
verified by (1.2.6) that S(J) ⊆ H and that H is regular open, and hence that
χH ∈ Λ ([71, pp.12-14]). Regard Λ = ΛR as an R-module. Then J ⊆ χHR.
Suppose that J < χHR is not essential. Then J ⊂ J ⊕χGR for some χG ∈ Λ
and a regular open set G ⊆ X with ∅ 6= G ⊆ H. There exists a clopen subset
A ⊆ X with ∅ 6= A ⊆ G.

Consequently, χAχB = 0 for any χB ∈ J , that is, for all clopen B ⊆ S(J),
A ∩ B = ∅. Thus A ⊆

⋂
{X\B : χB ∈ J}. Upon taking set theoretic

complements in the set X we get S(J) =
⋃
{B : χB ∈ J} ⊆ X\A. Since A

is clopen also, H ⊆ X\A. This contradicts that ∅ 6= A ⊆ H. Consequently,
J ≤e χHR.

From Λ = χHΛ⊕(1−χH)Λ it follows that χHΛ < ΛΛ and K ≡ χHR∩R =
χHΛ ∩ R ≤ R are complement ideals. Since J ≤e K, K is the complement
closure of J . Note that I(H) = χHR = K.

In any Boolean ring R, for any K < R and any R-map f : K −→ R,
fK ⊆ K, i.e., every K < R is fully invariant. By (1.2.6), ER is a Boolean
ring if R is, so also EK < ER is automatically fully invariant. Therefore, in
view of (6.6.6),

J (R) = {χHR ∩R : X ⊇ H is regular open}, and
J (Λ) = {χHΛ : X ⊇ H is regular open}.

Hence J (R) ∼= J (Λ) ∼= Λ. Thus

N (R) = {d(χHR ∩R) : X ⊇ H is regular open}

and N (R) −→ Λ, d(χHR ∩ R) 7−→ H is a ring and lattice isomorphism. So
N (R) ∼= Λ. 2

6.6.9. REFERENCES. Brainerd and Lambek [13]; Dauns [24, 26]; Halmos
[71]; Zhou [136].
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[5] T. Albu and C. Nástásescu, Relative Finiteness in Module Theory, Mar-
cel Dekker, Inc., 1984.

[6] J.S. Alin and E.P. Armendariz, TTF-classes over perfect rings, J. Aus-
tral. Math. Soc. 11(1970), 499-503.

[7] A. Alvarado Garcia, H. Aincón, and J. Rios Montes, On the lattices of
natural and conatural classes in R-mod, Comm. Algebra 29(2)(2001),
541-556.

[8] F.W. Anderson and K.R. Fuller, Rings and Categories of Modules,
Springer-Verlag, New York-Heidelberg-Berlin, 1974.

[9] A. Beachy and W.D. Blair, Finitely annihilated modules and orders in
artinian rings, Comm. Algebra 6(1978), 1-34.

[10] G. Birkhoff, Lattice Theory, Amer. Math. Soc. Colloq. Pub. XXV, Prov-
idence, RI, 1948.

[11] P.E. Bland, Topics in Torsion Theory, Mathematical Research 103
Wiley-VCH Verlag, Berlin, 1998.

[12] A.K. Boyle and K.R. Goodearl, Rings over which certain modules are
injective, Pacific J. Math. 58(1975), 43-53.

[13] B. Brainerd and J. Lambek, On the ring of quotients of a Boolean ring,
Canad. Math. Bull. 2(1959), 25-29.

[14] K.A. Byrd, Rings whose quasi-injective modules are injective, Proc.
Amer. Math. Soc. 33(1972), 235-240.

205

Copyright 2006 by Taylor & Francis Group, LLC



206 References
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Gabriel topologies, Comm. Algebra 13(1985), 58-83.

[57] B.J. Gardner, Rings whose modules form few torsion classes, Bull. Aus-
tral. Math. Soc. 4(1971), 355-359.

[58] J. Golan, Localization of Noncommutative Rings, Marcel Dekker, New
York, 1975.

[59] J. Golan, Torsion Theories, Pitman Monographs and Surveys in Pure
and Applied Mathematics, 29. Longman Scientific & Technical, Harlow;
John Wiley & Sons, Inc., New York, 1986.

[60] J.S. Golan, Linear Topologies on a Ring: an Overview, Longman Scien-
tific & Technical, New York, 1987.

[61] J.S. Golan, Embedding the frame of torsion theories in a larger con-
text - some constructions, in : Rings, Modules and Radicals, pp. 61-71,
Longman Scientific & Technical, 1989.
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